
Івано-Франківське математичне товариствоІвано-Франківське математичне товариство
Прикарпатський національний університетПрикарпатський національний університет

 імені Василя Стефаника імені Василя Стефаника

СУЧАСНІ ПРОБЛЕМИСУЧАСНІ ПРОБЛЕМИ
 ТЕОРІЇ ЙМОВІРНОСТЕЙ ТЕОРІЇ ЙМОВІРНОСТЕЙ

ТА ТА 
МАТЕМАТИЧНОГОМАТЕМАТИЧНОГО  

АНАЛІЗУАНАЛІЗУ

ВСЕУКРАЇНСЬКАВСЕУКРАЇНСЬКА  НАУКОВАНАУКОВА  КОНФЕРЕНЦІЯКОНФЕРЕНЦІЯ

ВорохтаВорохта
 25 лютого  25 лютого –– 1 березня 2015 1 березня 2015





Івано-Франківське математичне товариство
Прикарпатський національний університет

 імені Василя Стефаника

СУЧАСНІ ПРОБЛЕМИ  ТЕОРІЇ 
ЙМОВІРНОСТЕЙ

ТА 
МАТЕМАТИЧНОГО АНАЛІЗУ

Всеукраїнська наукова конференція

Тези доповідей

Ворохта
 25 лютого – 1 березня 2015 року

Івано-Франківськ, 2015



Сучасні  проблеми  теорії  ймовірностей  та  математичного  аналізу: 
Всеукраїнська наукова конференція, тези доповідей. Ворохта, 25 лютого 
– 1  березня  2015  р.   – Івано-Франківськ:  ДВНЗ  “Прикарпатський 
національний університет імені Василя Стефаника”, 2015. – 78 с. 

Організаційний комітет:

Загороднюк Андрій Васильович

Копач Михайло Іванович

Осипчук Михайло Михайлович

Шарин Сергій Володимирович

Шевчук Роман Володимирович

У  збірнику  представлено  стислий  виклад  доповідей  і  повідомлень, 
поданих  на  Всеукраїнську  наукову   конференцію  “Сучасні  проблеми  теорії 
ймовірностей  та  математичного  аналізу”.  Тези  доповідей  і  повідомлень 
викладені  в  авторському  варіанті  та  розміщені  в  алфавітному  порядку  за 
прізвищем (українською мовою) першого автора.



On the Friedrichs extension of the Bessel operator

Ananieva Oleksandra Yuriivna

Institute of Applied Mathematics and Mechanics, Donetsk
ananeva89@gmail.com

We consider the minimal operator S(ν; b)(A(ν;∞)) and the maximal operator
S(ν; b)∗(A(ν;∞)∗) generated by one-dimensional Bessel di�erential expression

A(ν) = − d2

dx2
+
ν2 − 1

4

x2
, ν ∈ [0, 1) (1)

on the interval [0; b], b ∈ (0,∞), or on the half�line R+ := (0,∞).

W.N. Everitt and H. Kalf [3] described the Friedrichs extension of the mi-
nimal operator on R+ by applying the principal solution.

We obtain a description of the domain of the Friedrichs extension S(ν; b)F
(A(ν;∞)F ) in the framework of extension theory of symmetric operators by
applying the technique of boundary triplets and the corresponding Weyl functi-
on (see e.g. [2]), and by using the quadratic form method. By H2[0, b] and
H2

0 [0, b] we denote the Sobolev spaces

H2[0, b] := {f ∈ L2(0, b) : f, f ′ ∈ ACloc(0, b), f ′′ ∈ L2(0, b)},

H2
0 [0, b] = {f ∈ H2[0, a] : f(0) = f ′(0) = f(b) = f ′(b) = 0}.

Proposition 1. If ν ∈ (0, 1), then the domain of the Friedrichs extension
S(ν; b)F of the operator S(ν; b) on the interval [0; b], b ∈ (0,∞) is

dom(SF (ν; b)) = H2
0 [0, b]u span{x1/2+ν(x− b), x2(x− b)}.

If ν = 0, then the domain of the Friedrichs extension S(ν; b)F of the operator
S(ν; b) on the interval [0; b], b ∈ (0,∞) is

dom(SF (ν; b)) = H2
0 [0, b]u span{x1/2(x− b), x1/2 lnx(x− b)},

Proposition 2. Let ν ∈ [0, 1).
(i)[3] The domain of the Friedrichs extension AF (ν;∞) of the operator

A(ν;∞) (on the half�line R+) is given by

dom(AF (ν;∞)) =
{
f ∈ dom(A(ν;∞)∗) : [f, x

1
2 +ν ]0 = 0

}
, (2)

where [f, g]x = f(x)ḡ′(x)− f ′(x)ḡ(x);
(ii) The domain of the Friedrichs extension A(ν;∞)F of the operator A(ν;∞)
is given by

dom(AF (ν;∞)) = H2
0 (R+)u span{x1/2+νϕ(x)}, ϕ ∈ C∞0 (R+). (3)

We prove that the domains of the Friedrichs extensions in (2) and (3) coi-
ncide.
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Ïðî äèôåðåíöiéîâíiñòü çà ïî÷àòêîâèìè äàíèìè
ðîçâ'ÿçêiâ ñòîõàñòè÷íèõ äèôåðåíöiàëüíèõ ðiâíÿíü ç

íåðåãóëÿðíèìè êîåôiöi¹íòàìè ïåðåíîñó

Àðÿñîâà Îëüãà Âiêòîðiâíà

Iíñòèòóò ãåîôiçèêè iì. Ñ.I. Ñóááîòiíà ÍÀÍ Óêðà¨íè
oaryasova@gmail.com

Ðîçãëÿíåìî d-âèìiðíå ñòîõàñòè÷íå äèôåðåíöiàëüíå ðiâíÿííÿ dϕt(x) = a(t, ϕt(x))dt+

m∑
k=1

σk(t, ϕt(x))dwk(t),

ϕ0(x) = x,

(1)

äå x ∈ Rd, d ≥ 1,m ≥ 1, (w(t))t≥0 = (w1(t), . . . , wm(t))t≥0 � m-âèìiðíèé
âiíåðiâ ïðîöåñ, êîåôiöi¹íò ïåðåíîñó a : [0,∞) × Rd → R

d i êîåôiöi¹íò äè-
ôóçi¨ σ : [0,∞) × Rd → R

d × Rm ¹ áîðåëiâñüêèìè i îáìåæåíèìè. Ïðè-
ïóñòèìî, ùî σ çàäîâîëüíÿ¹ óìîâó ðiâíîìiðíî¨ åëåïòè÷íîñòi i, êðiì òîãî,
σ ∈W 0,1

2d+2,loc([0,∞)×Rd).
Çà òàêèõ ïðèïóùåíü íà êîåôiöi¹íòè iñíó¹ ¹äèíèé ñèëüíèé ðîçâ'ÿçîê

ðiâíÿííÿ (1) (äèâ. [1]).

Âèçíà÷èìî êëàñ K ìið íà [0,∞)×Rd òàêèõ, ùî

lim
t↓0

sup
t0∈[0,∞), x∈Rd

∫ t0+t

t0

∫
Rd

1

(2π(s− t0))d/2
exp

{
− |y − x|

2

2(s− t0)

}
ν(ds, dy) = 0.

Áóäåìî êàçàòè, ùî çàðÿä ν íàëåæèòü êëàñó K, ÿêùî ν+ i ν− ç êëàñó
K, äå ν = ν+ − ν− � ðîçêëàä Õàíà-Áàíàõà çàðÿäó ν.

Íåõàé ai(t, ·) ïðè âñiõ 1 ≤ i ≤ d ¹ ôóíêöi¹þ îáìåæåíî¨ âàðiàöi¨ íà Rd.
Ïðèïóñòèìî, ùî ïðè âñiõ 1 ≤ i, j ≤ d, 1 ≤ k ≤ m çàðÿäè νij(dt, dy) :=

∂ai

∂yj
(t, dy)dt i

(
∂σik
∂yj

(s, y)
)2+ρ

dsdy äëÿ äåÿêîãî ρ > 0 íàëåæàòü êëàñó K.

Ìè îäåðæó¹ìî ïðåäñòàâëåííÿ äëÿ ïîõiäíî¨ ∇xϕt(x) â òåðìiíàõ ïàðàìå-
òðiâ ïî÷àòêîâîãî ðiâíÿííÿ. Äëÿ öüîãî âèêîðèñòîâó¹òüñÿ òåîðiÿ àäèòèâíèõ
ôóíêöiîíàëiâ.
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[1] À. Þ. Âåðåòåííèêîâ. Î ñèëüíûõ ðåøåíèÿõ è ÿâíûõ ôîðìóëàõ äëÿ ðåøåíèé ñòîõà-
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Spectrum of weighted Wiener type Banach algebra of
in�nite number of variables

Atamanyuk L.S.

Vasyl Stefanyk Precarpathian National University

Atamanyukl10@gmail.com

We consider weighted Wiener type Banach algebra of in�nite many vari-
ables. The main result is a desription of the spectrum of this algebra.

let c00(Z) be a set of �nite integer valued sequences

k = (kα)α∈N = (k1, . . . , kl, 0, . . . ),

kα ∈ Z for all α ∈ N, |k| =
∑
α |kα|. A weight is a map w : c00(Z) → [1;∞)

satisfying w(k + s) 6 w(k)w(s), where w(k) = w(k1, . . . , kl, 0, . . . ), w(s) =
w(s1, . . . , sr, 0, . . . ), k + s = (k1 + s1, . . . , kn + sn, 0, . . . ). Let W0(w) be the
space of all complex valued functions f : l∞ → C of the form:

f =

m∑
|k|=0

ake
i(k,x) :=

m∑
|k|=0

ak1,...,kle
i
∑
α kαxα ,

with the norm

‖f‖ =

m∑
|k|=0

|ak|w(k) =

m∑
|k|=0

|ak1,...,kl |w(k1, . . . , kl, 0, . . . ), (1)

where i is the imaginary unit, (k, x) =
∑
α kαxα,m ∈ N. Let us denote W (w)

the completion W0(w) with respect to the norm (2). Hence every element f on
W (w) is of the form:

f =

∞∑
|k|=0

ake
i(k,x) (2)

and

‖f‖ =

∞∑
|k|=0

|ak|w(k). (3)
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Lemma 1. Elements of the form (2) under condition (1) generate a weighted
Banach-Wiener algebra.

We describe multiplicative linear functionals on W (w). Let

w(km) = w(0, . . . , km, 0, . . . ),

ρ1,km := sup
km<0

km
√
w(km) = lim

km→−∞
km
√
w(km), (4)

ρ2,km := inf
km>0

km
√
w(km) = lim

km→∞
km
√
w(km). (5)

Then
0 < ρ1,km 6 ρ2,km <∞.

For each λα, α ∈ N, in the annulus ρ1,kα 6 |λα| 6 ρ2,kα de�ne functionals
hλ(f) on W (w) by

hλ(f) =

∞∑
|k|=0

ak1,...,kl

∏
α

λkαα ,

where λ = (λ1, . . . , λl, 0, . . . ).

Theorem 1. Each multiplicative linear functional ϕ on W (w) is an hλ(f) for
some λα in ρ1,α 6 |λα| 6 ρ2,α.

[1] Gohberg I., Goldberg S., Kaashoek M.A. Classes of Linear Operators. - Birchauser
Verlag, Basel, Switzerland: Vol.2, 1993.

[2] Çàãîðîäíþê À.Â., Ìèòðîôàíîâ Ì.À. Àíàëîã òåîðåìû Âèíåðà äëÿ áåñêîíå÷íîìåð-
íûõ áàíàõîâûõ ïðîñòðàíñòâ. Ìàòåìàòè÷åñêèå çàìåòêè, ôåâðàëü 2015, 2 (97), 191-
202.

[3] Dales H.G. Automatic continuity: a survey. Bull. london Math.Soc.,10(1978), 129�183.
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The order of entire functions of bounded index in
direction

Bandura Andriy Ivanovych, Kulinich Halyna Mykhaylivna

Department of Higher Mathematics
Ivano-Frankivs'k National Technical University of Oil and Gas

andriykopanytsia@gmail.com

Main de�nitions and denotations see in [1]-[2].

Besides, we callNb(F,L, ξ) the L-index of F (z) at point z = ξ. If L ≡ 1 then
It is easily seen that if Nb(F,L) <∞ then Nb(F,L) = supξ∈Cn{Nb(F,L, ξ)}.

The index set Sp of order p, 0 ≤ p ≤ Nb(F,L), is by de�nition the set of all
points ξ such that Nb(F,L, ξ) = p. For a given z0 ∈ Cn let σp(z0) = {r : |t| =
r, z0 + tb ∈ Sp}, 0 ≤ p ≤ Nb(F,L), and let ml(σp(z

0)) denote the logarithmic
measure of σp(z0)∩ [1,∞), ml(σp) = supz0∈Cn ml(σp(z

0)), gz0(t) = F (z0 + tb),
ρ(gz0) denotes the order of gz0(t).

Our main result is following.

Theorem 1. Let W = F (z) be a transcendental entire function of bounded
index in direction b satisfying the linear partial di�erential equation

P0(z)
∂wk

∂b
+ P1(z)

∂wk

∂b
+ . . .+ Pk(z)W (z) = 0,

where Pj(z) are polynomials of degree not exceeding d. If ml(σp) =∞ for some
n > 0 then exists z0 ∈ Cn ρ(gz0) = 1.

[1] Bandura A. I., Skaskiv O. B. Entire functions of bounded L-index in direction //
Matem. Studii. � 2007. � Vol. 27, No 1. � P. 30�52. (in Ukrainian)

[2] Boo Sang Lee, Shah S. M. The type of an entire function satisfying a linear di�erential
equation // Arch. Math. � 1969. � V.20, No 6. � P. 616-622.
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Òåîðåìà ïðî íåïåðåðâíiñòü òâiðíî¨ ôóíêöi¨ ãiëëÿñòîãî
ïðîöåñó ç íåïåðåðâíèì ÷àñîì òà ìiãðàöi¹þ.

Áàçèëåâè÷ Iðèíà Áîãäàíiâíà

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà

i_bazylevych@yahoo.com

ßêèìèøèí Õðèñòèíà Ìèõàéëiâíà

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà

yakymyshyn1236@ukr.net

Ðîçãëÿäà¹ìî îäíîðiäíèé ãiëëÿñòèé ïðîöåñ ç íåïåðåðâíèì ÷àñîì ç iììiãðà-
öi¹þ òà åìiãðàöi¹þ [1]. Ó äîâiëüíèé ìîìåíò ÷àñó t ∈ [0;∞) àáî ç éìîâiðíiñòþ
Pk(t) â ïîïóëÿöiþ iììiãðó¹ k ÷àñòèíîê, àáî ç éìîâiðíiñòþ Qr(t) ç ïîïóëÿöi¨
åìiãðó¹ r ÷àñòèíîê (r = 1,m),

∑∞
k=0 Pk(t) +

∑m
r=1Qr(t) = 1.

Ïðîöåñ åìiãðàöi¨ òà iììiãðàöi¨ ÷àñòèíîê ïîçíà÷èìî ÷åðåç ζ(t), òîáòî

P{ζ(t) = k} = Pk(t), k ≥ 0, P{ζ(t) = −r} = Qr(t), r = 1, . . . ,m.

Âèáåðåìî ìàëå ∆t (∆t → 0). Ïðèïóñêà¹ìî, ùî P0(∆t) = 1 + p0∆t + o(∆t),
Pk(∆t) = pk∆t+o(∆t), k ≥ 1, Qr(∆t) = qr∆t+o(∆t), 1 ≤ r ≤ m,

∑∞
k=0 pk+∑m

r=1 qr = 0.

Ïîçíà÷èìî ÷åðåç ξi(∆t) (i = 1, µ(t)) êiëüêiñòü íàùàäêiâ i-¨ ÷àñòèíêè
÷åðåç ÷àñ ∆t, òîáòî â ìîìåíò ÷àñó t+ ∆t, i áóäåìî ââàæàòè, ùî

P{ξi(t+ ∆t) = n|ξ(t) = 1} = Hn(∆t) =

{
hn∆t+ o(∆t), n = 0, 2, 3, . . .

1 + hn∆t+ o(∆t), n = 1

äå
∞∑
n=0

hn = 0, h1 ≤ 0, hj ≥ 0 (j = 0, 2, . . . ),
∞∑
n=0

Hn(∆t) = 1.

Ïîçíà÷èìî F (t, s) = Msξi(t) =
∞∑
n=0

Hn(t)sn òà h(s) =
∞∑
n=0

hns
n ïðè |s| ≤

1.

Theorem 1. Fµ(t, s) � òâiðíà ôóíêöiÿ ìiãðàöiéíîãî ïðîöåñó íåïåðåðâíà ïî
t, s.
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[1] Íàãàåâ Ñ.Â., Õàí Ë.Â. Ïðåäåëüíûå òåîðåìû äëÿ êðèòè÷åñêîãî âåòâÿùåãîñÿ ïðîöåñ-
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(1980), 523-534.
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Éìîâiðíiñòü áàíêðóòñòâà äëÿ âèïàäêó
ñóáåêñïîíåíöiéíèõ ðîçïîäiëiâ âèïëàò

Áiëèíñüêèé À.ß. Êiíàø Î.Ì.

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà

andrii.bilynskyi@gmail.com

Êëàñè÷íà íåðiâíiñòü Ëíäáåðãà, ÿêó ìîæíà çíàéòè â óñiõ áàçîâèõ ïiäðó-
÷íèêàõ ç òåîði¨ ðèçèêó (äèâ. çîêðåìà [1, ñò. 187]), äà¹ åêñïîíåíöiéíi îöiíêè
äëÿ éìîâiðíîñòi áàíêðóòñòâà ó âèïàäêó, êîëè iíäèâiäóàëüíi ðîçìiðè âèïëàò
ìàþòü ðîçïîäiëè, "õâîñòè"ÿêèõ ñïàäàþòü ç åêñïîíåíöiéíîþ øâèäêiñòþ. Öÿ
óìîâà îçíà÷à¹, ùî âåëèêi ñòðàõîâi ïîçîâè i, âiäïîâiäíî, âåëèêi ñòðàõîâi âè-
ïëàòè âiäáóâàþòüñÿ ðiäêî (ç åêñïîíåíöiéíî ìàëèìè éìîâiðíîñòÿìè). Òàêó
ñõåìó íàçèâàþòü "ìîäåëëþ ç ìàëèìè âèïëàòàìè". Àëå ó áàãàòüîõ ðåàëü-
íèõ ñèòóàöiÿõ ñëiä âðàõóâàòè åêñòðåìàëüíi ïîäi¨, òîìó ðîçìiðè âèïëàò áó-
äóòü áiëüø àäåêâàòíî îïèñóâàòèñÿ âèïàäêîâèìè âåëè÷èíàìè, ÿêi ìàþòü
ðîçïîäiëè ç òàê çâàíèìè "âàæêèìè õâîñòàìè äî ÷èñëà ÿêèõ, çîêðåìà, íà-
ëåæàòü ðîçïîäiëè òèïó Ïàðåòî. Ó öüîìó âèïàäêó ñóìàðíi âèïëàòè ïî ñóòi
áóäóòü âèçíà÷àòèñÿ ìàêñèìàëüíèì iíäèâiäóàëüíèì ïîçîâîì. Äàíèé åôåêò
ñòàâ îñîáëèâî ïîìiòíèì íà ïî÷àòêó 2000 ðð., êîëè ñòðàõîâi ôiðìè çìóøåíi
áóëè âiäøêîäîâóâàòè çíà÷íi ñóìè çà ñòðàõîâèìè ïîçîâàìè, âèêëèêàíèìè
êàòàñòðîôàìè: çåìëåòðóñàìè, ïîæåæàìè, ïîâåíÿìè, òåðàêòàìè.

Íåõàé ôóíêöiÿ ðîçïîäiëó F (x), x ∈ R+ = [0;∞) çàäîâîëüíÿ¹ óìîâó
F (x) < 1 ∀x ∈ R+. Ôóíêöiÿ ðîçïîäiëó F (x) íàçâåìî ñóáåêñïîíåíöiéíîþ [1,
ñò. 189], ÿêùî ∀n ≥ 2

lim
x→∞

Fn∗(x)

F (x)
= lim
x→∞

1− Fn∗(x)

1− F (x)
= n.

Íàäàëi êëàñ ñóáåêñïîíåíöiéíèõ ôóíêöié ðîçïîäiëó ïîçíà÷àòèìåìî ÷å-
ðåç S. Ïðîêîìåíòó¹ìî éìîâiðíiñíó iíòåðïðåòàöiþ ôîðìóëè: ÿêùîX1, ..., Xn

� íåçàëåæíi îäíàêîâî ðîçïîäiëåíi âèïàäêîâi âåëè÷èíè iç ôóíêöi¹þ ðîçïî-

äiëó F (x), Sn =
n∑
i=1

Xi, òî

1− Fn∗(x) = P{Sn ≥ X}

9



i

P

{
max
1≤in

Xi ≥ X
}

= Fn(x) ∼ nF (x), êîëè x→∞.

Îòæå,

P{Sn ≥ X} ∼ P
{

max
1≤in

Xi ≥ X
}
.

Ìîæåìî çðîáèòè âèñíîâîê, ùî àñèìïòîòè÷íó ïîâåäiíêó ñóìè âèïëàò âè-
çíà÷à¹ îäíà äóæå âåëèêà âèïëàòà. Öå ¹ îäíi¹þ ç iíòó¨òèâíî áàæàíèõ âëà-
ñòèâîñòåé ðîçïîäiëiâ ç �âàæêèìè� õâîñòàìè, ÿêà ïîÿñíþ¹, ÷îìó S ìîæå
çàñòîñîâóâàòèñÿ äî ìîäåëþâàííÿ âåëèêèõ âèïëàò.

Çàóâàæèìî, ùî ñóáåêñïîíåíöiéíi ðîçïîäiëè áóëè çàïðîïîíîâàíi ×èñòÿ-
êîâèì [2] ó êîíòåêòñi òåîði¨ ãiëÿñòèõ ïðîöåñiâ.

Çàóâàæèìî, ùî êëàñ S ¹ äîñèòü áàãàòèì. Çîêðåìà äî öüîãî êëàñó íàëå-
æàòü òàêi ðîçïîäiëè, ÿê Ëîã-íîðìàëüíèé ðîçïîäië, ðîçïîäië Ïàðåòî, ðîç-
ïîäië Áàððà, ëîã-ãàììà ðîçïîäië, çðiçàíèé ñòiéêèé ðîçïîäië, ðîçïîäië Âåé-
áóëëà, ðîçïîäiëè Áåêòàíäåðà òèïó I òà òèïó II.

Çàóâàæèìî, ùî ó âèïàäêó êîëè âèïëàòè ðîçïîäiëåíi çà çàêîíîì Ïàðåòî

F (x) = 1 −
(
k

x

)α
, α > 1, x > k òà ëîã-íîðìàëüíèì çàêîíîì. Ðåçóëüòàò

îòðèìàíî â [1, ñò. 198-199].

Íàìè ðîçãëÿíóòi iíøi âèïàäêè òàêèõ ðîçïîäiëiâ. Çîêðåìà äëÿ ðîçïî-
äiëó Áåíêòàíäåðà II òèïó îòðèìàíà àñèìïòîòèêà éìîâiðíîñòi áàíêðóòñòâà
çàäà¹òüñÿ íàñòóïíèì ñïiââiäíîøåííÿì

ϕ(u) ∼ ρ−1FI(u) ∼ λ

(αc− λ(1 + α))
exp

(
α

β

)
exp

(
−αu

β

β

)
, u→∞.

[1] Çií÷åíêî Í. Ì. Ìàòåìàòè÷íi ìåòîäè â òåîði¨ ðèçèêó // íàâ÷àëüíèé ïîñiáíèê � Ê.:
ÂÏÖ �Êè¨âñüêèé óíiâåðñèòåò�, 2008. � 224 c.

[2] Chistyakov V. P. A theorem on sums of irv and its applications to branching processes
// Teor. Probability Appl. � 1969. � N 9 � P. 640-648.
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Ïðî çáiæíiñòü ïåðiîäè÷íîãî ãiëëÿñòîãî ëàíöþãîâîãî
äðîáó ñïåöiàëüíîãî âèãëÿäó

Áîäíàð Ä.I., Áóáíÿê Ì.Ì., Âîçíÿê Î.Ã.

Òåðíîïiëüñüêèé íàöiîíàëüíèé åêîíîìi÷íèé óíiâåðñèòåò

bodnar4755@ukr.net, mariabubnyk@gmail.com, olvoz@ukr.net

Ðîçãëÿíåìî −→p -ïåðiîäè÷íèé ãiëëÿñòèé ëàíöþãîâèé äðiá (ÃËÄ) âèãëÿäó(
1 +

∞
D
k=1

ik−1∑
ik=1

ai(k)

1

)−1

=

(
1 +

∞
D
k=1

ik−1∑
ik=1

cik,s
1

)−1

, (1)

äå −→p = (p1, . . . , pN ), pj ∈ N (j = 1, N), ai(k) ∈ C, i(k) ∈ I, I = {i1i2 . . . ik:
1 ≤ ik ≤ ik−1; k ≥ 1; i0 = N}, N � ôiêñîâàíå íàòóðàëüíå ÷èñëî. Ïðè÷îìó
åëåìåíòè äðîáó (1) çàäîâîëüíÿþòü óìîâè: ar . . . r︸ ︷︷ ︸

q

= ar . . . r︸ ︷︷ ︸
s

, äå q ≥ 1 i

q = n · pr + s; r = 1, N ; s = 1, pr, i ai(m) r . . . r︸ ︷︷ ︸
q

= ar . . . r︸ ︷︷ ︸
s

, äå m ≥ 1; i(m) ∈ I;

r < im, n ≥ 1. Ïîêëàäåìî ar . . . r︸ ︷︷ ︸
s

= cr,s. Çàóâàæèìî, ùî iíäåêñ s çàëåæàòü

âiä ïîâåðõó k, íà ÿêîìó ðîçìiùåíèé åëåìåíò ai(k) äðîáó (1) i ïåðiîäó ïî
ik-ié âiòöi pik . Çíà÷åííÿ s îäåðæó¹ìî ç íàñòóïíèõ ðîçêëàäiâ: k = pikn+ s,
ÿêùî i1 = i2 = . . . = ik, àáî k −m = pikn + s, ÿêøî i1 ≥ i2 ≥ . . . ≥ im >
im+1 = . . . = ik (n ≥ 0).

Theorem 1. Íåõàé åëåìåíòè −→p -ïåðiîäè÷íîãî ÃËÄ (1) çàäîâîëüíÿþòü
óìîâè

∑q−1
l=1 |cl,1|+ |cq,j | ≤ C (q = 1, N ; j = 1, pq).

Òîäi äðiá çáiãà¹òüñÿ i âèêîíóþòüñÿ îöiíêè øâèäêîñòi çáiæíîñòi

1. ßêùî 0 < C < 1/4, òî |F − Fm| ≤ L · ξm, äå m > 0, ξ =
1−
√

1− 4C

1 +
√

1− 4C
,

L = 4
1 + ξ

1− ξ3
, Fn � n-é ïiäõiäíèé äðiá ÃËÄ (1), F � çíà÷åííÿ öüîãî

äðîáó.

2. ßêùî C = 1/4, òî |F − Fm| ≤
4

m+ 1
(m > 0).

[1] Àíòîíîâà Ò.Ì. Ïðî ïðîñòi êðóãîâi ìíîæèíè àáñîëþòíî¨ çáiæíîñòi ãiëëÿñòèõ ëàí-
öþãîâèõ äðîáiâ ñïåöiàëüíîãî âèãëÿäó / Ò.Ì.Àíòîíîâà // Êàðïàò. ìàò. ïóáëiêàöi¨. �
2012. � 4, � 2. � Ñ. 165�174.

11



Ñòðóêòóðà ôóíäàìåíòàëüíîãî ðîçâ'ÿçêó çàäà÷i Êîøi
äëÿ îäíîãî ðiâíÿííÿ òèïó ðiâíÿííÿ äèôóçi¨ ç iíåðöi¹þ

Áóðòíÿê Iâàí Âîëîäèìèðîâè÷, Ìàëèöüêà Ãàííà Ïåòðiâíà

Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. Â. Ñòåôàíèêà

bvanya@meta.ua

Â öié ðîáîòi ìè äîñëiäæó¹ìî ôóíäàìåíòàëüíèé ðîçâ'ÿçîê çàäà÷i Êîøi
(ÔÐÇÊ) äëÿ ðiâíÿííÿ äèôóçi¨ ç iíåðöi¹þ, â ÿêîìó iíåðöiÿ çàëåæèòü âiä
áàãàòüîõ ãðóï ïðîñòîðîâèõ çìiííèõ.

Íåõàé x := (x11, x12, ..., x1n1
;x21, x22, ..., x2n2

; ...;xk1, xk2, ..., xknk ; ...;xp1
, xp2, ..., xpnp ;xp+11, ..., xm1), n1 ≥ n2 ≥ ... ≥ np > 1, nk ∈ N, k = 1, p, p ∈

N, m ≥ p,
p∑
k=1

nk +m− p = n, x ∈ Rn, ξ ∈ Rn.

Ðîçãëÿíåìî çàäà÷ó Êîøi

∂tu (t, x)−
p∑
k=1

nk∑
j=1

xkj∂xk j+1
u (t, x) =

m∑
v=1

∂2
x2
k1
u (t, x) , (1)

u (t, x) |t=τ = u0 (x) , 0 ≤ τ < t ≤ T < +∞, x ∈ Rn, (2)

äå u0 (x)� äîñèòü ãëàäêà ôiíiòíà ôóíêöiÿ. Âèêîðèñòîâóþ÷è ïåðåòâîðåííÿ
Ôóð'¹ i òåîðiþ ëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü â ÷àñòèííèõ ïîõiäíèõ ìè
çíàéøëè ÿâíèé âèãëÿä ÔÐÇÊ (1), (2) G(t− τ, x, ξ).

G(t− τ, x, ξ) = 2−nπ−
n
2

p∏
ν=1

nν∏
k=1

k (k + 1) ... (2k − 2) (2k − 1)
− 1

2 (t− τ)
−µ

exp

{
−

m∑
ν=1

|xν1 − ξν1|2 (t− τ)
−1

4−1

−
p∑
ν=1

[
3
∣∣xν2 − ξν2 + (xν1 + ξν1) (t− τ) 2−1

∣∣2 (t− τ)
−3

+180|xν3 − ξν3 + (xν2 + ξν2) (t− τ) 2−1 + (xν1 − ξν1) (t− τ)
2

12−1
∣∣∣2 (t− τ)

−5

+25200 |xν4 − ξν4 + (xν3 + ξν3) (t− τ) 2−1 + (xν2 − ξν2) (t− τ)
2

10−1 +

(xν1 − ξν1) (t− τ)
3

120−1|2 (t− τ)
−7

+ ...

+ (t− τ)
−(2k−1)

(k − 1)
2
k2... (2k − 3)

2

(2k − 1) |xνk − ξνk + (t− τ) (xνk−1 − ξνk−1) 2−1 + ...+
(
xνk−j − (−1)

j
ξνk−j

)
(t− τ)

j
(j + 1) ... (k + j − 2) ((j − 1)!)

−1
((k − 1) k... (2k − 3))

−1
+ ...
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+
(
xν1 − (−1)

k−1
ξν1

)
(t− τ)

k−1
(2 (k − 1) k... (2k − 3))

−1
∣∣∣2 + ...

+ (nν − 1)
2
n2
ν ...

(2nν − 3)
2

(2nν − 1) (t− τ)
−(2nν−1) |xnν − ξnν +

(t− τ) (xnν−1 − ξnν−1) 2−1 + ...

+
(
xν1 − (−1)

nν−1
ξν1

)
(t− τ)

nν−1
(2 (nν − 1) ... (2nν − 3))

−1
∣∣∣2]} ,

t− τ > 0, x ∈ Rn, ξ ∈ Rn.
Îòðèìàíèé ðåçóëüòàò ìîæíà ïåðåíåñòè íà ñèñòåìè Êîëìîãîðîâà.

[1] Ìàëèöüêà Ã. Ï. Ïðî ñòðóêòóðó ôóíäàìåíòàëüíîãî ðîçâ'ÿçêó çàäà÷i Êîøi äëÿ
åëiïòèêî-ïàðàáîëi÷íèõ ðiâíÿíü, ùî óçàãàëüíþþòü ðiâíÿííÿ äèôóçi¨ ç iíåðöi¹þ//
Âiñí. íàö. óí-òó "Ëüâiâ. ïîëiòåõíiêà"Ñåð. Ïðèêë. ìàòåìàòèêà �2000.��411. �
Ñ.221�228.

Áàçèñ àëãåáðè íåïåðåðâíèõ ñèìåòðè÷íèõ ïîëiíîìiâ íà
ïðîñòîði L∞[0, 1]

Âàñèëèøèí Òàðàñ Âàñèëüîâè÷

Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Âàñèëÿ Ñòåôàíèêà

taras_vasylyshyn@mail.ru

Íåõàé L∞[0, 1] � ïðîñòið êîìïëåêñíîçíà÷íèõ âèìiðíèõ çà Ëåáåãîì ñóò-
ò¹âî îáìåæåíèõ ôóíêöié íà [0, 1]. Âèìiðíèì àâòîìîðôiçìîì âiäðiçêà [0,1]
íàçèâàþòü ái¹êöiþ σ : [0, 1]→ [0, 1] òàêó, ùî σ i σ−1 ¹ âèìiðíèìè i çáåðiãà-
þòü ìiðó Ëåáåãà. Ïîçíà÷èìî Ξ ãðóïó âñiõ âèìiðíèõ àâòîìîðôiçìiâ âiäðiçêà
[0, 1]. Ôóíêöiîíàë F : L∞[0, 1]→ C íàçèâàþòü ñèìåòðè÷íèì, ÿêùî

F (x ◦ σ) = F (x)

äëÿ âñiõ x ∈ L∞[0, 1] i âñiõ σ ∈ Ξ.

Íåõàé Ps(L∞[0, 1]) � àëãåáðà âñiõ íåïåðåðâíèõ ñèìåòðè÷íèõ ïîëiíîìiâ
íà L∞[0, 1]. Â ðîáîòi äîâåäåíî, ùî òàê çâàíi åëåìåíòàðíi ñèìåòðè÷íi ïîëi-
íîìè

Rn(x) =

∫
[0,1]

xn(t) dt,

äå n ∈ N, óòâîðþþòü àëãåáðà¨÷íèé áàçèñ àëãåáðè Ps(L∞[0, 1]).
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Ãðàíè÷íà òåîðåìà äëÿ ãiëëÿñòîãî âèïàäêîâîãî ïðîöåñó

Äæóôåð Ãàëèíà Áîãäàíiâíà

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà

tumkiv_gala@mail.ru

Â äàíié ðîáîòi äîâåäåíà ãðàíè÷íà òåîðåìà äëÿ ãiëëÿñòîãî ïðîöåñó [1]. Ïðè
öüîìó ìè îáìåæèìîñÿ âèïàäêîì, êîëè äîäàíêè ìàþòü ñêií÷åííi äèñïåðñi¨.
Äàíà òåîðåìà ïîêàçó¹ çáiæíiñòü ôóíêöi¨ ðîçïîäiëó ñóìè âèïàäêîâîãî ÷èñëà
âèïàäêîâèõ âåëè÷èí äî ôóíêöi¨ ðîçïîäiëó äåÿêîãî áåçìåæíî-ïîäiëüíîãî
ðîçïîäiëó[2].Äîâåäåíà òåîðåìà âèêëèêà¹ çíà÷íèé iíòåðåñ, òîìó ùî îêðiì
ç'ÿñóâàííÿ ôàêòó ïðî çáëèæåííÿ ôóíöié ðîçïîäiëó ñóì âèïàäêîâîãî ÷èñëà
âèïàäêîâèõ âåëè÷èí, ùî ÿâëÿ¹òüñÿ ãiëëÿñòèì ïðîöåñîì ç äåÿêèì áåçìåæíî-
ïîäiëüíèì ðîçïîäiëîì, âîíà ïîêàçó¹, ùî ãðàíè÷íèé ðîçïîäië ãiëëÿ÷òîãî
ïðîöåñó ¹ áåçìåæíî-ïîäiëüíèì.

[1] Áîðîâêîâ À. À.Òåîðèÿ âåðîÿòíîñòåé // Ìîñêâà, Íàóêà, ñò.376-379, 1986

[2] Ãíåäåíêî Á. Â.Ïðåäåëüíûå çàêîíû äëÿ ñóìì íåçàâèñèìûõ ñëó÷àéíûõ âåëè÷èí //
Óñïåõè ìàòåì. íàóê, âûï. 10, 1944.

Ïðî ðîçùåïëåííÿ â äåÿêèõ ïðîñòîðàõ àíàëiòè÷íèõ
ôóíêöié

Äiëüíèé Âîëîäèìèð

Äðîãîáèöüêèé äåðæàâíèé ïåäàãîãi÷íèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà

dilnyi@ukr.net

Ïîçíà÷èìî ÷åðåç W p
σ , 1 ≤ p ≤ 2, σ > 0, ïðîñòið Ïåëi-Âiíåðà, òîáòî ïðîñòið

öiëèõ ôóíêöié f åêñïîíåíöiàëüíîãî òèïó ≤ σ, ùî íàëåæàòü f ∈ Lp(R).
Ïðîñòið W p

σ ìîæå áóòè âèçíà÷åíèé òàêîæ ÿê ïðîñòið öiëèõ ôóíêöié, ùî
çàäîâiëüíÿþòü óìîâó A(0; 2π), äå

A(α, β) := sup
ϕ∈(α,β)


+∞∫
0

|f(reiϕ)|pe−pσr| sinϕ|dr


1/p

< +∞.

Ïîçíà÷èìî ÷åðåç Hp
σ(C+), 1 ≤ p < +∞, σ ≥ 0, ïðîñòið àíàëiòè÷íèõ

ó ïiâïëîùèíi C+ = {z : <z > 0} ôóíêöié, äëÿ ÿêèõ âèêîíó¹òüñÿ óìîâà
A(−π2 ; π2 ) < +∞.
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Çàäà÷à 1. ×è êîæíà ôóíêöiÿ f ∈W p
σ , 1 ≤ p ≤ 2, äîïóñêà¹ ðîçùåïëåííÿ

f = f2 − f3 ç öiëîþ ôóíêöi¹þ f2, ùî çàäîâiëüíÿ¹ óìîâó B(0;π), äå

B(α̂, β̂) : sup
ϕ∈(α̂,β̂)


+∞∫
0

|f(reiϕ)|pdr


1/p

< +∞

i f3 çàäîâiëüíÿ¹ óìîâó B(π; 2π)?

Ïîçèòèâíèé ðîçâ'ÿçîê çàäà÷i 1 äëÿ p = 1 ìàâ áè íàñëiäêîì ðîçâ'ÿçîê çà-
äà÷i ïðî iñíóâàííÿ íåòðèâiàëüíèõ ðîçâ'ÿçêiâ îäíîãî ðiâíÿííÿ òèïó çãîðòêè.
Îäíàê iñíóþòü ôóíêöi¨ f ∈W 1

σ , äëÿ ÿêèõ âêàçàíå ðîçùåïëåííÿ íåìîæëèâå.
Òîìó äîâîäèòüñÿ ðîçãëÿäàòè çàäà÷ó çi ñëàáøèìè óìîâàìè, à ñàìå íàñòóïíó
çàäà÷ó 2.

Çàäà÷à 2. ×è êîæíà ôóíêöiÿ f ∈W p
σ , 1 ≤ p ≤ 2, äîïóñêà¹ ðîçùåïëåííÿ

f = f4 − f5, äå ôóíêöi¨ f4 i f5 àíàëiòè÷íi â C+, f4 çàäîâiëüíÿ¹ óìîâó
B
(
0; π2

)
i f5 çàäîâiëüíÿ¹ óìîâó B

(
−π2 ; 0

)
?

Â äîïîâiäi áóäå ïîêàçàíî, ùî Çàäà÷à 1 ðîçâ'ÿçó¹òüñÿ â çàãàëüíîìó âè-
ïàäêó íåãàòèâíî. Äëÿ ðîçâ'ÿçíîñòi Çàäà÷i 2 çíàéäåíî äîñòàòíi óìîâè.

Âëàñòèâîñòi ëîñêîäðîìíèõ ìåðîìîðôíèõ ôóíêöié

Äîáóøîâñüêèé Ìàðêiÿí Ñòåïàíîâè÷

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi I. Ôðàíêà

mdobush19@gmail.com

Òåîðiÿ ìåðîìîðôíèõ ìóëüòèïëiêàòèâíî-ïåðiîäè÷íèõ ôóíêöié áóëà ðîç-
ðîáëåíà Î. Ðàóçåíáåðãîì[1]. Æ.Âàëiðîí[2] íàçâàâ öi ôóíêöi¨ ëîêñîäðîìíè-
ìè òîìó, ùî òî÷êè, â ÿêèõ òàêi ôóíêöi¨ ó âèïàäêó íå äiéñíîãî q íàáóâàþòü
îäíàêîâi çíà÷åííÿ, ëåæàòü íà ëîãàðèôìi÷íèõ ñïiðàëÿõ. Â ïîëÿðíèõ êîîð-
äèíàòàõ âîíè � ïðÿìi ëiíi¨. Ëîêñîäðîìíi ìåðîìîðôíi ôóíêöi¨ äàþòü ïðîñòó
êîíñòðóêöiþ åëiïòè÷íèõ ôóíêöié.[3]

Â äîïîâiäi ðîçãëÿäàþòüñÿ âëàñòèâîñòi ëîêñîäðîìíèõ ìåðîìîðôíèõ ôóí-
êöié.

De�nition 1. Ëîêñîäðîìà (λoξoζ-êîñèé, δρoµoζ-øëÿõ)- ëiíiÿ íà ïîâåðõíi
îáåðòàííÿ, ÿêà ïåðåòèíà¹ âñi ìåðèäiàíè ïiä îäíàêîâèì êóòîì.

De�nition 2. Íåõàé q ∈ C∗ i 0 < |q| < 1. Ìåðîìîðôíà ôóíêöiÿ l : C∗ → C
íàçèâà¹òüñÿ ëîêñîäðîìíîþ ôóíêöi¹þ ç ìóëüòèïëiêàòîðîì q, ÿêùî âîíà
çàäîâîëüíÿ¹ óìîâó

l(qz) = l(z), ∀z ∈ C∗. (1)
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Òåîðåìà 3. a-òî÷êè ëîêñîäðîìíî¨ ìåðîìîðôíî¨ ôóíêöi¨ ëåæàòü íà ñêií-
÷åííié êiëüêîñòi ëîãàðèôìi÷íèõ ñïiðàëåé, ¨õ êiëüêiñòü îäíàêîâà â êîæíî-
ìó íàïiââiäêðèòîìó êiëüöi {z : qR ≤ |z| < R,R > 0}, íåçàëåæíî âiä a.

[1] Rausenberger O. Lehrbuch der Theorie der Periodischen Functionen Einer variabeln,
Leipzig, Druck und Ferlag von B.G.Teubner, 1884, 470p

[2] Valiron G. Cours d'Analyse Mathematique, Theorie des fonctions, 2nd Edition, Masson
et.Cie., Paris, 1947, 522 p.

[3] Hellegouarch Y. Invitation to the Mathematics of Fermat-Wiles, Academic Press, 2002,
381 p.

Çáiæíiñòü ãðóïè ϕ-âiäõèëåíü ðÿäiâ Òåéëîðà

Ãà¹âñüêèé Ìèêîëà Âiêòîðîâè÷, Çàäåðåé Ïåòðî Âàñèëüîâè÷

Êiðîâîãðàäñüêèé äåðæàâíèé ïåäàãîãi÷íèé óíiâåðñèòåò
iìåíi Âîëîäèìèðà Âèííè÷åíêà,

Êè¨âñüêèé íàöiîíàëüíèé óíiâåðñèòåò òåõíîëîãié òà äèçàéíó

mgaevskij@gmail.com

Ââåäåìî òàêi ïîçíà÷åííÿ: D = {z ∈ C : |z| < 1}, f(z) =
∑∞
k=0 akz

k, z ∈
D � ðîçêëàä â ðÿä Òåéëîðà-Ìàêëîðåíà àíàëiòè÷íî¨ â êðóçi D ôóíêöi¨,
Sn(f, z) =

∑n
k=0 akz

k � ÷àñòèííà ñóìà ¨¨ ðÿäó Òåéëîðà-Ìàêëîðåíà, rn(f, z) =
f(z)− Sn(f, z), En(f) � íàéêðàùå íàáëèæåííÿ ôóíêöi¨ àëãåáðà¨÷íèìè ïî-
ëiíîìàìè ïîðÿäêó íå âèùå n.

Ðîçãëÿíåìî ìíîæèíó H∞ àíàëiòè÷íèõ â D ôóíêöié ç íîðìîþ ‖f‖H∞ =
supz∈D |f(z)|. Íåõàé äàëi {ψ(k)} � ïîñëiäîâíiñòü êîìïëåêñíèõ ÷èñåë òàêà,
ùî |ψ(k)| 6= 0, k ∈ N i limk→∞ ψ(k) = 0. Ïîçíà÷èìî ÷åðåç Hψ

∞ êëàñ ôóíêöié
ç H∞ äëÿ ÿêèõ

∑∞
k=1

1
ψ(k)akz

k, z ∈ D ¹ ðÿäîì Òåéëîðà ôóíêöi¨ fψ ∈ H∞.
×åðåç Φ ïîçíà÷èìî ìíîæèíó íåñïàäíèõ i íåïåðåðâíèõ íà (0,∞) ôóíêöié
ϕ(·) òàêèõ, ùî ϕ(0) = 0, ϕ(u) > 0, ϕ(u) ≤ ebu, äëÿ u ∈ [0, 1] ϕ(2u) ≤ aϕ(u),
äå a = a(ϕ).

Ìàþòü ìiñöå òàêi òâåðäæåííÿ, ùî óçàãàëüíþþòü ðåçóëüòàòè ðîáîòè [1].

Òåîðåìà 1. Íåõàé ϕ ∈ Φ, ψ(k) = ψ1(k)+iψ2(k) òà
∑∞
k=0(k+1)|42ψ(k)| <

∞, äå 42ψ(k) = ψ(k) − 2ψ(k + 1) + ψ(k + 2). Òîäi äëÿ äîâiëüíî¨ ôóíêöi¨
f ∈ Hψ

∞ òà áóäü-ÿêîãî n ∈ N ñïðàâåäëèâà íåðiâíiñòü

1

n

2n∑
k=n

ϕ(|rk(f, z)|) ≤Mϕ(QCn(ψ)En(fψ)),
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äå QCn(ψ) =
∑∞
k=n+1(k + 1)|42ψ(k)|, M = M(ϕ) � äåÿêà âåëè÷èíà ðiâíî-

ìiðíî îáìåæåíà ïî n, z òà f.

Òåîðåìà 2. Íåõàé ϕ ∈ Φ, ψ(k) = ψ1(k)+iψ2(k) òà
∑∞
k=0(k+1)|42ψ(k)| <

∞, äå 42ψ(k) = ψ(k) − 2ψ(k + 1) + ψ(k + 2), Λ = {λk} � íåçðîñòàþ÷à
ïîñëiäîâíiñòü äîäàòíèõ ÷èñåë. Òîäi äëÿ äîâiëüíî¨ ôóíêöi¨ f ∈ Hψ

∞ òà áóäü-
ÿêîãî n ∈ N ñïðàâåäëèâà íåðiâíiñòü

∞∑
k=n

λkϕ(|rk(f, z)|) ≤M
(
nλnϕ(QCn(ψ)En(fψ)) +

∞∑
k=n

λkϕ(QCk(ψ)Ek(fψ))
)
.

[1] Ëàñóðèÿ Ð. À. Îöåíêè ãðóïïû ϕ-îòêëîíåíèé è ñèëüíàÿ ñóììèðóåìîñòü ðÿäîâ Òåé-
ëîðà ôóíêöèé êëàññîâ AψH∞(D) // Ìàòåì. çàìåòêè, 83:5 (2008), Ñ.696�704

Ìîíîãåííi ôóíêöi¨ ÿê ìåòîä äîñëiäæåííÿ
áiãàðìîíi÷íîãî ðiâíÿííÿ

Ãðèùóê Ñ. Â.

Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, Êè¨â

serhii.gryshchuk@gmail.com, gryshchuk@imath.kiev.ua

Àñîöiàòèâíó, êîìóòàòèâíó íàä ïîëåì êîìïëåêñíèõ ÷èñåë C àëãåáðó äðó-
ãîãî ðàíãó ç îäèíèöåþ 1 áóäåìî ïîçíà÷àòè ñèìâîëîì B, ÿêùî âîíà ìiñ-
òèòü áàçèñ {e1, e2}, ùî çàäîâîëüíÿ¹ âèìîãè: (e2

1 + e2
2)2 = 0, e2

1 + e2
2 6= 0.

Ðîçãëÿíåìî áàçèñ {e1, e2} òàêîãî òèïó ç íàñòóïíîþ òàáëèöåþ ìíîæåííÿ:
e1 = 1, e2

2 = e1 + 2ie2, äå i � óÿâíà îäèíèöÿ êîìïëåêñíî¨ ïëîùèíè C.
Ðîçãëÿíåìî åâêëiäîâó íîðìó ‖a‖ :=

√
|z1|2 + |z2|2, äå a = z1e1 +z2e2 ∈ B

òà z1, z2 ∈ C. Íåõàé Dζ ¹ îáëàñòþ ïëîùèíè µ := {xe1+ye2}, äå x, y � äiéñíi.
Ðîçãëÿäà¹ìî ìîíîãåííi â Dζ ôóíêöi¨, òîáòî ôóíêöi¨ âèäó Φ : Dζ −→ B:

Φ(ζ) = U1(x, y) e1 + U2(x, y) ie1 + U3(x, y) e2 + U4(x, y) ie2, (1)

x, y ∈ R, ùî ìàþòü êëàñè÷íó ïîõiäíó â êîæíié òî÷öi ζ ç Dζ . Êîæíà êîìïî-
íåíòà Uk, k = 1, 4, ¹ áiãàðìîíi÷íîþ ôóíêöi¹þ â îáëàñòi D := {(x, y) ∈ R2 :
ζ = x+ e2y ∈ Dζ} (äèâ. [1]), òîáòî çàäîâîëüíÿ¹ áiãàðìîíi÷íå ðiâíÿííÿ â D:

∆2U(x, y) ≡ ∂4U(x, y)

∂x4
+ 2

∂4U(x, y)

∂x2∂y2
+
∂4U(x, y)

∂y4
= 0. (2)

Â [1] îäåðæàíî êîíñòðóêòèâíèé îïèñ óñiõ ìîíîãåííèõ ôóíêöié i âñòà-
íîâëåíî ¨õ àíàëiòè÷íi âëàñòèâîñòi, àíàëîãi÷íi âëàñòèâîñòÿì ôóíêöiÿì êîì-
ïëåêñíî¨ çìiííî¨. Â [2] ðîçãëÿíóòî êðàéîâó çàäà÷ó òèïó çàäà÷i Øâàðöà äëÿ
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ìîíîãåííèõ ôóíêöié, àñîöiéîâàíó ç îñíîâíîþ áiãàðìîíi÷íîþ çàäà÷åþ, ðîç-
ðîáëåíî ñõåìó ¨¨ ðåäóêöi¨ äî âiäïîâiäíî¨ êðàéîâî¨ çàäà÷i ó êðóçi. Â [3] îäåð-
æàíî âèðàçè äëÿ ðîçâ'ÿçêiâ ñèñòåìè ðiâíÿíü ðiâíîâàãè Ëÿìå ó çìiùåííÿõ
÷åðåç êîìïîíåíòè ìîíîãåííèõ ôóíêöi¨ (1) i çíàéäåíî îïèñ óñiõ ìîíîãåííèõ
ôóíêöié, àñîöiéîâàíèõ ç ðîçâ'ÿçêîì çàäà÷i Ôëàìàíà äëÿ içîòðîïíî¨ ïiâïëî-
ùèíè.

[1] Ãðèùóê Ñ. Â., Ïëàêñà Ñ. À. Ìîíîãåííûå ôóíêöèè â áèãàðìîíè÷åñêîé ïëîñêîñòè //
Äîïîâiäi ÍÀÍ Óêðà¨íè. � 2009. � � 12. � C. 13�20.

[2] Gryshchuk S.V. Power series and conformal mappings in one boundary value problem
for monogenic functions of the biharmonic variable // Çáiðíèê ïðàöü Ií-òó ìàòåìà-
òèêè ÍÀÍ Óêðà¨íè.� 2014. � 11, � 1. � P. 93 � 107.

[3] Ãðèùóê Ñ. Â. Ãiïåðêîìïëåêñíi ìîíîãåííi ôóíêöi¨ â äåÿêèõ çàäà÷àõ ïëîñêî¨ òåîði¨
ïðóæíîñòi // Äîïîâiäi ÍÀÍ Óêðà¨íè. � 2015. � ó äðóöi.

Îïåðàòîðè ñèìåòðè÷íîãî çñóâó íà ãiëüáåðòîâîìó
ïðîñòîði ñèìåòðè÷íèõ àíàëiòè÷íèõ ôóíêöié

Ãîëóá÷àê Îëåã Ìèõàéëîâè÷

Iâàíî-Ôðàíêiâñüêèé êîëåäæ Ëüâiâñüêîãî íàöiîíàëüíîãî
àãðàðíîãî óíiâåðñèòåòó

oleggol@ukr.net

Íåõàé Ps(`1) � ïðîñòið ñèìåòðè÷íèõ ïîëiíîìiâ íà `1. Âiäîìî, ùî ïîëi-
íîìè

Pk(x) =

∞∑
i=1

xki

óòâîðþþòü àëãåáðà¨÷íèé áàçèñ â Ps(`1). Òàêîæ âiäîìî, ùî ïîëiíîìè âè-
ãëÿäó Pλ = Pλ1 · Pλ2 · ... · Pλm óòâîðþþòü ëiíiéíèé áàçèñ â Ps(`1), äå
Pλk(x) =

∑∞
i=1 x

λk
i , λ = (λ1, λ2, ..., λm) � äåÿêå ðîçáèòòÿ íàòóðàëüíîãî ÷è-

ñëà n, òîáòî λ1 + λ2 + ...+ λm = n (äèâ. [1]).

Â äîïîâiäi áóäå ðîçãëÿíóòî îïåðàòîð ñèìåòðè÷íîãî çñóâó Λy : Ps(`1)→
Ps(`1), ïîáóäîâàíèé òàêèì ÷èíîì, ùî

Λy(P )(x) = P (x • y),

äå x • y = (x1, y1, x2, y2, ...) , x, y ∈ `1. Äîâåäåíî, ùî Λy � íåîáìåæåíèé
ïðè y 6= 0 i ùiëüíî âèçíà÷åíèé â ãiëüáåðòîâîìó ïðîñòîði ñèìåòðè÷íèõ àíà-
ëiòè÷íèõ ôóíêöié Hs îïåðàòîð òà çíàéäåíî çàãàëüíèé âèãëÿä ñïðÿæåíîãî
îïåðàòîðà Λ∗y.
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Òàêîæ â äîïîâiäi áóäå ðîçãëÿíóòî òà äîñëiäæåíî äåÿêi âëàñòèâîñòi îïå-
ðàòîðà òèïó äèôåðåíöiþâàííÿ, ïîáóäîâàíî îïåðàòîðè íàðîäæåííÿ òà çíè-
ùåííÿ â ïðîñòîði Hs.

[1] Ãîëóá÷àê Î. Ì. Ãiëüáåðòîâèé ïðîñòið ñèìåòðè÷íèõ ôóíêöié íà `1 // Ìàòåìàòè÷íi
ìåòîäè òà ôiçèêî-ìåõàíi÷íi ïîëÿ. � 2011. � Ò.54, �3. � Ñ. 49�52.

Îáìåæåíiñòü iíòåãðàëüíèõ ñåðåäíiõ δ-ñóáãàðìîíiéíèõ
ëîêñîäðîìíèõ ôóíêöié

Ãóùàê Îëüãà Áîãäàíiâíà,
Òàðàñþê Ñâÿòîñëàâ Iâàíîâè÷

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà

olya.khyl@ukr.net, svt.tarasyuk@gmail.com

Íåõàé C∗ = C \ {0}, q ∈ C∗, |q| < 1. Ôóíêöiþ u(z), δ-ñóáãàðìîíiéíó â
C∗, íàçèâàþòü ëîêñîäðîìíîþ (ìóëüòèïëiêàòèâíî ïåðiîäè÷íîþ) [1] ç ìóëü-
òèïëiêàòîðîì q, ÿêùî âîíà çàäîâîëüíÿ¹ óìîâó

u(qz) = u(z)

äëÿ âñiõ z ∈ C∗. Çàóâàæèìî, ùî áóäü-ÿêà ñóáãàðìîíiéíà ëîêñîäðîìíà â C∗
ôóíêöiÿ ¹ òîòîæíîþ ñòàëîþ.

Ïîçíà÷èìî

mp(r, u) =

 1

2π

2π∫
0

|u(reiθ|pdθ


1
p

, p ≥ 1.

Òåîðåìà Íåõàé u(z)− δ-ñóáãàðìîíiéíà ëîêñîäðîìíà â C∗ ôóíêöiÿ. Òîäi
ïðè áóäü-ÿêîìó ôiêñîâàíîìó p ≥ 1 ¨¨ iíòåãðàëüíi ñåðåäíi mp(r, u) îáìåæåíi
íà R+.

[1] Kondratyuk A.A. Loxodromic meromorphic and δ- subharmonic functions// Reports
and Studies Forestry and Natural Sciences. � 2014. ��14, Ð. 89-99.
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Øëÿõè çàñòîñóâàííÿ ñïåêòðàëüíî¨ òåîði¨ óçàãàëüíåíèõ
ÿêîái¹âèõ åðìiòîâèõ ìàòðèöü

Iâàñþê Iâàí ßðîñëàâîâè÷

Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Âàñèëÿ Ñòåôàíèêà

vanobsb@gmail.com

Îäíèì iç âàæëèâèõ çàñòîñóâàíü ñïåêòðàëüíî¨ òåîði¨ êëàñè÷íèõ ÿêîái-
¹âèõ ìàòðèöü ¹ ¨¨ âèêîðèñòàííÿ äëÿ ðîçâ'çêó äèôåðåíöiàëüíî-ðiçíèöåâèõ
ðiâíÿíü. Ðîçãëÿíåìî âiäïîâiäíå çàñòîñóâàííÿ ñïåêòðàëüíî¨ òåîði¨ óçàãàëü-
íåíèõ ÿêîái¹âèõ åðìiòîâèõ ìàòðèöü. Íåõàé G � óçàãàëüíåíà ÿêîái¹âà åðìi-
òîâà ìàòðèöÿ, ñïåêòðàëüíà òåîðiÿ ÿêî¨ äîñëiäæó¹òüñÿ ó ðîáîòàõ [1, 2]. Íå-
õàé ¨¨ åëåìåíòè íåïåðåðâíî äèôåðåíöiéîâíèì ÷èíîì çàëåæàòü âiä
t ∈ [0, T ) (T ≤ ∞), òîáòî G = G(t). Ðîçãëÿíåìî ðiâíÿííÿ Ëàêñà òèïó(

dG

dt

)
(t) = Ġ(t) = G(t)A(t)−A(t)G(t), t ∈ [0, T ), (1)

äå A(t) = (αj,k(t))∞j,k=0, αj,k(t) : Ck+1 → Cj+1 � äîâiëüíà íåñêií÷åííà ìà-
òðèöÿ. Ðiâíÿííÿ Ëàêñà ¹ îïåðàòîðíèì óçàãàëüíåííÿì òàêèõ íåëiíiéíèõ äè-
ôåðåíöiàëüíèõ òà äèôåðåíöiàëüíî-ðiçíèöåâèõ ðiâíÿíü ÿê ëàíöþæîê Òîäè,
ðiâíÿííÿ Êîðòåâåãà-äå-Ôðiçà, îäíîâèìiðíå íåëiíiéíå ðiâíÿííÿØðåäiíãåðà,
ïîòiê Øóðà òà iíøèõ ðiâíÿíü. Àíàëîãîì ëàíöþæêà Òîäè äëÿ óçàãàëüíåíèõ
ÿêîái¹âèõ åðìiòîâèõ ìàòðèöü, ÿêèé âiäïîâiäà¹ ðiâíÿííþ Ëàêñà (1), ÿâëÿ¹-
òüñÿ òàêà ñèñòåìà äèôåðåíöiàëüíî-ðiçíèöåâèõ ðiâíÿíü:

ȧi(t) =
1

2
(bi+1(t)ai(t)− ai(t)bi(t)),

ḃi(t) = aTi (t)ai(t)− ai−1(t)aTi−1(t),

a−1(t) = c−1(t) = 0, i ∈ N0, t ∈ [0, T ).

(2)

Äëÿ ðîçâÿ'çêó çàäà÷i Êîøi iíòåãðóâàííÿ ëàíöþæêà òèïó Òîäè (2) ìî-
æíà âèêîðèñòàòè ìåòîä îáåðíåíî¨ ñïåêòðàëüíî¨ çàäà÷i, ÿêèé çàñòîñîâó¹òüñÿ
äî êëàñè÷íîãî íåñêií÷åííîãî ëàíöþæêà Òîäè íà ïiâîñi ó ðîáîòi [3].

Iíøå ïðèðîäíå çàñòîñóâàííÿ ñïåêòðàëüíî¨ òåîði¨ óçàãàëüíåíèõ ÿêîái¹-
âèõ åðìiòîâèõ ìàòðèöü ñòîñó¹òüñÿ âiäïîâiäíî¨ óçàãàëüíåíî¨ ìàòðè÷íî¨ ïðî-
áëåìè ìîìåíòiâ. À ñàìå, íåõàé çàäàíà ïîñëiäîâíiñòü äiéñíîçíà÷íèõ íåñêií-
÷åííèõ ìàòðèöü s = (si)

∞
i=0, äå si = (si;α,β)∞α,β=0. Íåîáõiäíî âiäøóêàòè òà

âèâ÷èòè óìîâè, ÿêi ãàðàíòóþòü iñíóâàííÿ ïðåäñòàâëåííÿ

si =

∫
R

λidΣ(λ), i ∈ N0,
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äå dΣ(λ) = (dσαβ(λ))∞α,β=0 � äåÿêà íåâiä'¹ìíà îïåðàòîðíîçíà÷íà ìiðà, çíà-
÷åííÿìè ÿêî¨ ¹ îáìåæåíi îïåðàòîðè â `2 òà ÿêà ¹ ñïåêòðàëüíîþ ìiðîþ, ùî
âiäïîâiäà¹ äåÿêié óçàãàëüíåíié ÿêîái¹âié åðìiòîâié ìàòðèöi G.

[1] Ivasiuk I.Ya. Direct spectral problem for the generalized Jacobi Hermitian matrices/
I.Ya. Ivasiuk// Methods Funct. Anal. Topology. � 2009. � Vol.15, �1. � P.3�14.

[2] Ivasiuk I.Ya. Inverse spectral problem for some generalized Jacobi Hermitian matrices/
I.Ya. Ivasiuk// Methods Funct. Anal. Topology. � 2009. � Vol.15, �4. � P.333�355.

[3] Berezanski Yu.M. The integration of semi-in�nite Toda chain by means of inverse
spectral problem/ Yu.M. Berezanski// Reports Math. Phys. � 1986. � Vol.24, �1. �
P.21�47.

Ñèñòåìà Mθ
2/G/1/m ç äâîïåòåëüíèì ãiñòåðåçñèñíèì

êåðóâàííÿì ÷àñîì îáñëóãîâóâàííÿ òà iíòåíñèâíñòþ
âõiäíîãî ïîòîêó

Æåðíîâèé Þðié Âàñèëüîâè÷, Æåðíîâèé Êîñòÿíòèí Þðiéîâè÷

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà

yu_zhernovyi@yahoo.com

Ñèñòåìè îáñëóãîâóâàííÿ ç ãiñòåðåçèñíèì êåðóâàííÿì iíòåíñèâíîñòÿìè âõiä-
íîãî ïîòîêó òà îáñëóãîâóâàííÿ ìîæóòü ñëóãóâàòè àäåêâàòíèìè ìîäåëÿìè
äëÿ îöiíþâàííÿ ÿêîñòi ôóíêöiîíóâàííÿ iíôîðìàöiéíî-òåëåêîìóêàöiéíèõ
ñèñòåì â óìîâàõ ïåðåâàíòàæåííÿ.

Ìè âèâ÷èëè ñèñòåìó îáñëóãîâóâàííÿ òèïó Mθ
2/G/1/m ç ãðóïîâèì íàä-

õîäæåííÿì çàìîâëåíü, â ÿêié çàñòîñîâó¹òüñÿ äâîïîðîãîâèé ãiñòåðåçèñíèé
ìåõàíiçì êåðóâàííÿ ÷àñîì îáñëóãîâóâàííÿ òà iíòåíñèâíiñòþ âõiäíîãî ïî-
òîêó ç äâîìà ãiñòåðåçèñíèìè ïåòëÿìè. Ó ñèñòåìó íàäõîäÿòü äâà íåçàëåæíi
ïîòîêè çàìîâëåíü, îäèí ç ÿêèõ áëîêó¹òüñÿ â ðåæèìi ïåðåâàíòàæåííÿ.

Âèêîðèñòîâóþòüñÿ òðè ðåæèìè êåðóâàííÿ iíòåíñèâíiñòþ âõiäíîãî ïîòî-
êó: íîðìàëüíèé, ðåæèì ÷àñòêîâîãî áëîêóâàííÿ i ðåæèì ïîâíîãî áëîêóâàí-
íÿ. Ó íîðìàëüíîìó ðåæèìi â ñèñòåìó äîïóñêàþòüñÿ çàìîâëåííÿ ïåðøî-
ãî i äðóãîãî ïîòîêiâ, à ôóíêöiÿ ðîçïîäiëó ÷àñó îáñëóãîâóâàííÿ êîæíî-
ãî çàìîâëåííÿ äîðiâíþ¹ F (x). Ó ðåæèìi ÷àñòêîâîãî áëîêóâàííÿ ïðèéìà-
þòüñÿ íà îáñëóãîâóâàííÿ ëèøå çàìîâëåííÿ ïåðøîãî ïîòîêó. Ïîâíå áëî-
êóâàííÿ âõiäíîãî ïîòîêó ïî÷èíà¹òüñÿ â ìîìåíò, êîëè äîâæèíà ÷åðãè ñòà¹
ðiâíîþ m. Ó ðåæèìàõ ÷àñòêîâîãî òà ïîâíîãî áëîêóâàííÿ ÷àñ îáñëóãîâó-
âàííÿ çàìîâëåííÿ ðîçïîäiëåíèé çà çàêîíîì F̃ (x). Ïåðåìèêàííÿ ðåæèìiâ
ôóíêöiîíóâàííÿ çäiéñíþþòüñÿ â ìîìåíòè çàâåðøåííÿ îáñëóãîâóâàííÿ çà-
ìîâëåíü.
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Äëÿ âèçíà÷åííÿ iìîâiðíiñíèõ õàðàêòåðèñòèê ñèñòåìè çàïðîïîíîâàíî ïiä-
õiä, ÿêèé ìè íàçâàëè ìåòîäîì ïîòåíöiàëiâ. Çíàéäåíî ïåðåòâîðåííÿ Ëàïëà-
ñà äëÿ ðîçïîäiëó êiëüêîñòi çàìîâëåíü ó ñèñòåìi ïiä ÷àñ ïåðiîäó çàéíÿòîñòi
òà äëÿ ôóíêöi¨ ðîçïîäiëó ïåðiîäó çàéíÿòîñòi, âèçíà÷åíà ñåðåäíÿ òðèâà-
ëiñòü ïåðiîäó çàéíÿòîñòi, îòðèìàíî ôîðìóëè äëÿ ñòàöiîíàðíîãî ðîçïîäiëó
êiëüêîñòi çàìîâëåíü ó ñèñòåìi, éìîâiðíîñòi îáñëóãîâóâàííÿ òà ñòàöiîíàðíèõ
õàðàêòåðèñòèê ÷åðãè. Îòðèìàíi ðåçóëüòàòè ïåðåâiðåíî çà äîïîìîãîþ iìiòà-
öiéíî¨ ìîäåëi, ïîáóäîâàíî¨ çà äîïîìîãîþ iíñòðóìåíòàëüíèõ çàñîáiâ GPSS
World.

Àïðîêñèìàöiéíà òåîðåìà äëÿ ëîãàðèôìi÷íî¨ ïîõiäíî¨
öiëî¨ ôóíêöi¨ íóëüîâîãî ïîðÿäêó

Çàáîëîöüêèé Ìèêîëà Âàñèëüîâè÷

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà

m_zabol@franko.lviv.ua

Ìîñòîâà Ìàð'ÿíà Ðîìàíiâíà

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà

memyr23@gmail.com

Íåõàé L�êëàñ äîäàòíèõ, íåñïàäíèõ, íåîáìåæåíèõ, íåïåðåðâíî äèôåðåíöi-
éîâíèõ íà R+ ôóíêöié υ òàêèõ, ùî rυ′(r)/υ(r)→0 ïðè r→+∞;H0(υ) � êëàñ
öiëèõ ôóíêöié f íóëüîâîãî ïîðÿäêó, äëÿ ÿêèõ 0< lim

r→+∞
n(r,0,f)/υ(r)<+∞.

Áóäåìî ãîâîðèòè, ùî ìíîæèíà E⊂C ìà¹ âåðõíþ µ-ùiëüíiñòü, 1<µ≤2,
ÿêùî ¨¨ ìîæíà ïîêðèòè ïîñëiäîâíiñòþ òàêèõ êðóãiâ {z : |z − zj | < rj}, j =
1, 2, . . . , zj →∞, ùî

Dµ(E) : = lim
r→+∞

r−µ
∑
|zj |≤r

rµj = η, 0 ≤ η < +∞.

Ñiì'þ òàêèõ ìíîæèí ïîçíà÷èìî Cµη .

Ïðèéìåìî F (z) = zf ′(z)/f(z), n(r, α, β)�êiëüêiñòü íóëiâ öiëî¨ ôóíêöi¨ â
ñåêòîði
{z : |z| ≤ r, α ≤ arg z < β}, 0 ≤ α < β < 2π.

Áóäåìî ãîâîðèòè, ùî íóëi ôóíêöi¨ f ∈ H0(υ) ìàþòü υ-ùiëüíiñòü (êóòîâó
υ-ùiëüíiñòü), ÿêùî iñíó¹ ãðàíèöÿ

∆: = lim
r→+∞

n(r)

υ(r)

(
∆(α, β) : = lim

r→+∞

n(r, α, β)

υ(r)

)
,

äëÿ âñiõ α i β, ùî íå íàëåæàòü äåÿêié íå áiëüø íiæ çëi÷åííié ìíîæèíi ç
[0, 2π], 0 < ∆ < +∞.
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Theorem 1. Íåõàé υ ∈ L, f1, f2 ∈ H0(υ), ïîñëiäîâíîñòi íóëiâ (a1,k), (a2,k)
âiäïîâiäíî ôóíêöié f1, f2 ìàþòü υ-ùiëüíiñòü, |a1,k| = |a2,k|, |arg a1,k −
arg a2,k| < δ. Òîäi äëÿ áóäü-ÿêèõ ε > 0, η > 0, 1 < µ ≤ 2 iñíóþòü δ > 0 i
ìíîæèíà E, Dµ(E) < η, òàêà, ùî

|F1(z)− F2(z)| < ευ(r), z /∈ E. (1)

Theorem 2. Íåõàé υ ∈ L, f ∈ H0(υ) i íóëi f ìàþòü êóòîâó υ-ùiëüíiñòü.
Òîäi iñíó¹ ìíîæèíà E ∈ Cµ0 , 1 < µ ≤ 2, òàêà, ùî

F (reiϕ) = n(r) + o(υ(r)), r → +∞, reiϕ /∈ E. (2)

Óìîâè Ëiïøèöÿ äëÿ âèïàäêîâèõ ïðîöåñiâ ç ïðîñòîðiâ
Lp(Ω) âèïàäêîâèõ âåëè÷èí

Çàòóëà Äìèòðî Âàñèëüîâè÷

Êè¨âñüêèé Íàöiîíàëüíèé óíiâåðñèòåò iìåíi Òàðàñà Øåâ÷åíêà,
ìåõàíiêî-ìàòåìàòè÷íèé ôàêóëüòåò

dm.zatula@gmail.com

Íåõàé (T, ρ) � äåÿêèé ìåòðè÷íèé ïðîñòið, X = (X(t), t ∈ T) � âèïàä-
êîâèé ïðîöåñ ç ïðîñòîðó Lp(Ω). Áóäåìî äîñëiäæóâàòè óìîâè, çà ÿêèõ òðà-
åêòîði¨ ïðîöåñó X çàäîâîëüíÿþòü óìîâó Ëiïøèöÿ. Äëÿ öüîãî ðîçãëÿíåìî
ôóíêöiþ f òàêó, ùî

lim sup
ε↓0

sup
0<ρ(t,s)≤ε

|X(t)−X(s)|

f(ε)
≤ 1.

Öÿ ôóíêöiÿ ¹ ìîäóëåì íåïåðåðâíîñòi ïðîöåñó X ç ïðîñòîðó Lp(Ω) âè-
ïàäêîâèõ âåëè÷èí. Äîñëiäæåííÿ Ëiïøèöåâî¨ íåïåðåðâíîñòi òiñíî ïîâ'ÿçàíå
ç îöiíþâàííÿì éìîâiðíîñòi

P

{
sup

0<ρ(t,s)≤v

|X(t)−X(s)|
f(ρ(t, s))

> x

}
.

Íàñëiäêîì îöiíêè öi¹¨ éìîâiðíîñòi ¹ óìîâà Ëiïøèöÿ äëÿ âèïàäêîâèõ
ïðîöåñiâ ç ïðîñòîðiâ Lp(Ω).

Äëÿ ãàóñîâèõ ïðîöåñiâ ïîäiáíi ðåçóëüòàòè îòðèìàíî ó ðîáîòi [2]. Âîíè
áóëè óçàãàëüíåíi äëÿ äåÿêèõ êëàñiâ ïðîöåñiâ iç ïðîñòîðiâ Îðëi÷à ó ìîíî-
ãðàôi¨ [1].

Ëiïøèöåâà íåïåðåðâíiñòü âèïàäêîâèõ ïðîöåñiâ ìîæå áóòè çàñòîñîâàíà ó
âèâ÷åííi øâèäêîñòi íàáëèæåííÿ ôóíêöié òðèãîíîìåòðè÷íèìè ïîëiíîìàìè.
Çîêðåìà, ó ðîáîòi [3] äîñëiäæóâàëàñÿ àïðîêñèìàöiÿ ïðîöåñiâ ç ïðîñòîðiâ
Lp(Ω) òðèãîíîìåòðè÷íèìè ñóìàìè ó ïðîñòîði Lq[0, 2π].
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[1] Buldygin V. V., Kozachenko Yu. V. Metric Characterization of Random Variables
and Random Processes // Translations of Mathematical Monographs, 188. American
Mathematical Society, Providence, RI, 2000.

[2] Dudley R. M. Sample functions of the Gaussian processes // Ann. Probab. 1, 1 (1973),
ñ. 3�68.
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Çàäà÷à î òåíè è ñìåæíûå âîïðîñû

Þ.Á.Çåëèíñêèé, È.Þ.Âûãîâñêàÿ, Ì.Â.Ñòåôàí÷óê

Èí-ò ìàòåìàòèêè ÍÀÍ Óêðàèíû, Êèåâ

zel@imath.kiev.ua

Îïðåäåëåíèå 1. Ñêàæåì, ÷òî ìíîæåñòâî E ⊂ Rn m-âûïóêëî îòíî-
ñèòåëüíî òî÷êè x ∈ Rn\E, åñëè íàéäåòñÿ m-ìåðíàÿ ïëîñêîñòü L, òàêàÿ
÷òî x ∈ L è L ∩ E = ∅; ìíîæåñòâî E m-âûïóêëî, åñëè îíî m-âûïóêëî
îòíîñèòåëüíî êàæäîé òî÷êè x ∈ Rn\E.

Çàäà÷à(î òåíè). Êàêîå ìèíèìàëüíîå ÷èñëî ïîïàðíî íåïåðåñåêàþùèõñÿ
çàìêíóòûõ øàðîâ ñ öåíòðàìè íà ñôåðå Sn−1 è ðàäèóñà ìåíüøåãî îò ðà-
äèóñà ñôåðû äîñòàòî÷íî ÷òîáû ëþáàÿ ïðÿìàÿ, ïðîõîäÿùàÿ ÷åðåç öåíòð
ñôåðû, ïåðåñåêàëà õîòÿ áû îäèí èç ýòèõ øàðîâ?

Òåîðåìà 1. Äëÿ òîãî ÷òîáû öåíòð (n− 1)-ñôåðû â n-ìåðíîì åâêëèäî-
âîì ïðîñòðàíñòâå ïðè n > 2 ïðèíàäëåæàë 1-îáîëî÷êå ñåìåéñòâà îòêðûòûõ
(çàìêíóòûõ) øàðîâ ðàäèóñà íå ïðåâûøàþùåãî (ìåíüøåãî) ðàäèóñà ñôåðû
è ñ öåíòðàìè íà ñôåðå íåîáõîäèìî è äîñòàòî÷íî n+ 1-ãî øàðà.

Îïðåäåëåíèå 2. Ñêàæåì, ÷òî ìíîæåñòâî E ⊂ Rn m-ïîëóâûïóêëî
îòíîñèòåëüíî òî÷êè x ∈ Rn\E, åñëè íàéäåòñÿ m-ìåðíàÿ ïîëóïëîñêîñòü
P , òàêàÿ ÷òî x ∈ P è P ∩ E = ∅; ìíîæåñòâî E m-ïîëóâûïóêëî, åñëè îíî
m-ïîëóâûïóêëî îòíîñèòåëüíî êàæäîé òî÷êè x ∈ Rn\E.

Òåîðåìà 2. Äëÿ òîãî ÷òîáû öåíòð îêðóæíîñòè S1 ⊂ Rn ïðèíàäëåæàë
1-ïîëóâûïóêëîé îáîëî÷êå ñåìåéñòâà îòêðûòûõ (çàìêíóòûõ) êðóãîâ ðàäè-
óñà íå ïðåâûøàþùåãî (ìåíüøåãî) ðàäèóñà îêðóæíîñòè è ñ öåíòðàìè íà
ýòîé îêðóæíîñòè íåîáõîäèìî è äîñòàòî÷íî òðåõ êðóãîâ.

Òåîðåìà 3. Äëÿ òîãî ÷òîáû öåíòð äâóìåðíîé ñôåðû â òðåõìåðíîì åâ-
êëèäîâîì ïðîñòðàíñòâå ïðèíàäëåæàë 1-ïîëóâûïóêëîé îáîëî÷êå ñåìåéñòâà
îòêðûòûõ (çàìêíóòûõ) øàðîâ ðàäèóñà íå ïðåâûøàþùåãî (ìåíüøåãî) ðà-
äèóñà ñôåðû è ñ öåíòðàìè íà ñôåðå äîñòàòî÷íî äåñÿòè øàðîâ.
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Îäíà õàðàêòåðèçàöiÿ ìàéæå âiäêðèòèõ ìíîæèí ç
äîïîìîãîþ ñèëüíî íàðiçíî íåïåðåðâíèõ ôóíêöié

Êàðëîâà Îëåíà Îëåêñi¨âíà

×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

maslenizza.ua@gmail.com

Íåõàé X =
∏
t∈T Xt � äîáóòîê ñiì'¨ ìíîæèí Xt. ßêùî S ⊆ S1 ⊆ T ,

a = (at)t∈T ∈ X, x = (xt)t∈S1
∈
∏
t∈S1

Xt, òî ñèìâîëîì axS ìè ïîçíà÷èìî
òî÷êó (yt)t∈T , äå yt = xt ïðè t ∈ S, i yt = at ïðè t ∈ T \ S. Ïîêëàäåìî
σn(a) = {x ∈ X : |{t ∈ T : xt 6= at}| ≤ n} i σ(a) =

⋃∞
n=1 σn(a). Ìíîæèíà

A ⊆ X íàçèâà¹òüñÿ S-âiäêðèòîþ, ÿêùî σ1(x) ⊆ A äëÿ âñiõ x ∈ A.
Íåõàé T � äåÿêà òîïîëîãiÿ íà S-âiäêðèòié ìíîæèíi X ⊆

∏
t∈T Xt i

(Y, d) � ìåòðè÷íèé ïðîñòið. Ôóíêöiÿ f : X → Y íàçèâà¹òüñÿ ñèëüíî íàðiçíî
íåïåðåðâíîþ â òî÷öi a ∈ X âiäíîñíî s-î¨ çìiííî¨, ÿêùî

lim
x→a

d(f(x), f(xas)) = 0.

Ôóíêöiÿ f : X → Y ¹ ñèëüíî íàðiçíî íåïåðåðâíîþ â òî÷öi a ∈ X, ÿêùî
f ñèëüíî íàðiçíî íåïåðåðâíà â òî÷öi a âiäíîñíî êîæíî¨ çìiííî¨ t ∈ T , i
ôóíêöiÿ f ¹ ñèëüíî íàðiçíî íåïåðåðâíîþ íà ìíîæèíi X, ÿêùî f ñèëüíî
íàðiçíî íåïåðåðâíà â êîæíié òî÷öi a ∈ X âiäíîñíî êîæíî¨ çìiííî¨ t ∈ T .

Ïîíÿòòÿ ñèëüíî íàðiçíî íåïåðåðâíî¨ ôóíêöi¨ f : Rn → R áóëî ââåäåíå
Î. Äçà íiäçå [2], ÿêèé âñòàíîâèâ, ùî ôóíêöiÿ f ñèëüíî íàðiçíî íåïåðåðâíà
íà Rn òîäi i òiëüêè òîäi, êîëè f íåïåðåðâíà. Ïðîäîâæóþ÷è öi äîñëiäæåííÿ,
â [1] i [3] àâòîðè ðîçãëÿäàëè ñèëüíî íàðiçíî íåïåðåðâíi ôóíêöi¨, âèçíà÷åíi
íà ïðîñòîði ïîñëiäîâíîñòåé `2, íàäiëåíîìó òîïîëîãi¹þ, ïîðîäæåíîþ `2-íîð-
ìîþ.

×åðåç �t∈T Xt ïîçíà÷èìî áîêñ-äîáóòîê ïðîñòîðiâ Xt, òîáòî, äîáóòîê∏
t∈T Xt, íàäiëåíèé ÿùèêîâîþ òîïîëîãi¹þ, áàçó ÿêî¨ óòâîðþþòü ìíîæèíè

âèãëÿäó
∏
t∈T Ut, äå Ut � âiäêðèòà ïiäìíîæèíàXt äëÿ êîæíîãî t ∈ T . ßêùî

(Xt)t∈T � öå ñiì'ÿ ïóíêòîâàíèõ ïðîñòîðiâ (ïóíêòîâàíèì íàçèâà¹òüñÿ ïðî-
ñòið X ç âiäìi÷åíîþ òî÷êîþ ∗X ∈ X), òî ñèìâîëîì �t∈T Xt ìè ïîçíà÷èìî
ìàëèé áîêñ-äîáóòîê ïðîñòîðiâ Xt, òîáòî, ìíîæèíó σ(∗), íàäiëåíà ÿùèêî-
âîþ òîïîëîãi¹þ, iíäóêîâàíîþ ç �t∈T Xt; ïðè öüîìó ∗ = (∗Xt)t∈T .
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Íåõàé (Xt)t∈T � ñiì'ÿ ïóíêòîâàíèõ òîïîëîãi÷íèõ ïðîñòîðiâ. Ìíîæè-
íà W ⊆ σ(∗) íàçèâà¹òüñÿ ìàéæå âiäêðèòîþ â σ(∗), ÿêùî äëÿ äîâiëüíî¨
ñêií÷åííî¨ ìíîæèíè T0 ⊆ T ìíîæèíà {z ∈

∏
t∈T0

Xt : ∗zT0
∈ W} âiäêðèòà â

ïðîñòîði
∏
t∈T0

Xt, íàäiëåíîìó òîïîëîãi¹þ ïîòî÷êîâî¨ çáiæíîñòi.

Theorem 1. Íåõàé (Xn)∞n=1 � ïîñëiäîâíiñòü ïóíêòîâàíèõ ïðîñòîðiâ, êî-
æíèé ñêií÷åííèé äîáóòîê ÿêèõ ¹ äîñêîíàëèì ïàðàêîìïàêòîì i W ⊆ σ(∗).
Òîäi íàñòóïíi óìîâè ðiâíîñèëüíi:

1) W � âiäêðèòà â �n∈NXn;

2) W = f−1((0, 1]) äëÿ äåÿêî¨ ñèëüíî íàðiçíî íåïåðåðâíî¨ ôóíêöi¨ f :
σ(∗)→ [0, 1].

[1] J. �Cin�cura, T. �Sal�at and T. Visnyai, On separately continuous functions f : `2 → R,
Acta Acad. Paedagog. Agriensis, XXXI (2004), 11�18.

[2] O. Dzagnidze, Separately continuous function in a new sense are continuous, Real Anal.
Exchange 24 (1998-99), 695�702.

[3] T. Visnyai, Strongly separately continuous and separately quasicontinuous functions
f : `2 → R, Real Anal. Exchange 38:2 (2013), 499�510.

Òîïîëîãi÷íà îöiíêà ñòðóêòóðíèõ çìií íåëiíiéíî¨
äèíàìiêè ôiíàíñîâî-åêîíîìi÷íèõ ñèñòåì.

Êâàñíié Ìàðiÿ Ìèêîëà¨âíà

Ëüâiâñüêèé iíñòèòóò áàíêiâñüêî¨ ñïðàâè Óíiâåðñèòåòó áàíêiâñüêî¨
ñïðàâè Íàöiîíàëüíîãî áàíêó Óêðà¨íè

kvasnijmary@gmail.com

Ñó÷àñíi ôiíàíñîâî-åêîíîìi÷íi ñèñòåìè, â óìîâàõ ãëîáàëiçàöi¨ òà iíòåãðà-
öi¨ ó ¹âðîïåéñüêèé òà ñâiòîâèé ôiíàíñîâèé ïðîñòið, åâîëþöiîíóþòü. Åâîëþ-
öiéíà åêîíîìiêà, ùî áàçó¹òüñÿ íà ïîâåäiíêîâèõ ðåàêöiÿõ ñèñòåì, ïðàãíå äî
ðiâíîâàãè, àëå ðiâíîâàãà ìîæå íå äîñÿãàòèñÿ, ïðîòå ó òàêèõ ñèñòåìàõ äè-
íàìiêà íàñòiëüêè íåñòàáiëüíà, à âàðiàöiÿ ïîâåäiíêè íàñòiëüêè âåëèêà, ùî
ïðèâîäèòü äî çìiíè ñòðóêòóðè, çíèêíåííÿ, àáî ïîÿâè äåÿêèõ åëåìåíòiâ ñè-
ñòåìè òîùî. Äèíàìiêó ñòðóêòóðè ìîæíà âèâ÷àòè çàñîáîì òîïîëîãi¨ [1, 2].
Àâòîðîì çàïðîïîíîâàíèé ìåòîä ïîáóäîâè òîïîëîãi÷íèõ ñòðóêòóð íà ìíî-
æèíi ñòàíiâ ñèñòåìè äëÿ äiàãíîñòóâàííÿ ÿêiñíèõ çìií ñòðóêòóðè ôiíàíñî-
âî-åêîíîìi÷íèõ ñèñòåì, òîáòî, îöiíêè ¨¨ äèíàìiêè. Ñóòü ìåòîäó ïîëÿãà¹ ó
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âèêîðèñòàííi ïiäõîäó Ëàãðàíæà äî îïèñó äèíàìiêè: ôiêñó¹ìî ñòàí ÔÅÑ i
ñïîñòåðiãà¹ìî çà éîãî çìiíîþ ïî âiäíîøåííþ äî ïîïåðåäíüîãî ñòàíó. Äëÿ
îïèñó äèíàìiêè ÔÅÑ çà òàêèì ïiäõîäîì ââîäèìî óçãîäæåíi ëîêàëüíi ñèñòå-
ìè êîîðäèíàò. Â ÿêîñòi ñèñòåìè êîîðäèíàò âèáèðà¹ìî êàðòè òîïîëîãi÷íîãî
ïðîñòîðó, ïîáóäîâàíi íà ìíîæèíi ñòàíiâ ÔÅÑ. Ïåðåõiä âiä îäíi¹¨ êàðòè äî
iíøî¨ äîçâîëÿ¹ äiàãíîñòóâàòè äèíàìiêó ñòðóêòóðè ÔÅÑ.

Ç ìåòîþ óíèêíåííÿ ïåâíèõ òðóäíîùiâ, ÿêi âèíèêàþòü ïðè ïîáóäîâi òî-
ïîëîãi÷íèõ ïðîñòîðiâ òà êàðò íà ìíîæèíi ñòàíiâ ÔÅÑ, àâòîðîì çàïðîïî-
íîâàíî ìåòîä ìîäåëþâàííÿ ñòðóêòóðíèõ çìií ÔÅÑ íà îñíîâi òîïîëîãi÷íèõ
ïðîñòîðiâ îäèíè÷íîãî âiäðiçêà, ÿêèé ïîëÿãà¹ ó âèáîði ïîêàçíèêà òà îá÷èñ-
ëåííi éîãî õàðàêòåðèñòèê, ïðîâåäåííi ïðèðîäíî¨ íîðìàëiçàöi¨, ïîáóäîâi òî-
ïîëîãi÷íîãî ïðîñòîðó íà îäèíè÷íîìó âiäðiçêó ç ïðèðîäíîþ òîïîëîãi¹þ, äå
çà êiíöi iíòåðâàëiâ áåðåìî ìåæi ÿêiñíèõ îöiíîê ïîêàçíèêà. Âèçíà÷à¹ìî âiä-
îáðàæåííÿ iç ìíîæèíè çíà÷åíü êîåôiöi¹íòiâ ó ïîáóäîâàíèé òîïîëîãi÷íèé
ïðîñòið òàêèì ÷èíîì, ùîá îáåðíåíå âiäîáðàæåííÿ ôàêòîðèçóâàëî ìíîæèíó
çíà÷åíü êîåôiöi¹íòiâ âiäïîâiäíî äî âèáðàíèõ ÿêiñíèõ îöiíîê ïîêàçíèêà.

Çàïðîïîíîâàíèé ìåòîä äà¹ ìîæëèâiñòü äiàãíîñòóâàòè ñóòò¹âi çìiíè ñòà-
íó, òîáòî ôiêñó¹ ïåðåõiä êiëüêiñíèõ çìií ó ÿêiñíi. Ìíîæèíà çíà÷åíü ïîêàç-
íèêiâ, ùî âiäïîâiäàþòü íåçíà÷íèì çìiíàì äèíàìiêè, ïîïàäà¹ â îäèí êëàñ
åêâiâàëåíòíîñòi, òîáòî îòîòîæíþ¹òüñÿ. Òàêèé ïiäõiä äîçâîëÿ¹ ñïîñòåðiãàòè
çà çìiíîþ ñòðóêòóðè çi çìiíîþ ïîâåäiíêè òà âèÿâëÿòè ñòðóêòóðíi äèñáà-
ëàíñè. [3].

[1] Ãîðîäåöüêèé Â. Îñíîâè òîïîëîãi¨ â òåîðåìàõ i çàäà÷àõ / Â. Ãîðîäåöüêèé, I. Æèòà-
ðþê. - ×. 2. - 2003. - 183 ñ.

[2] Åðøîâ Ý. Á. Èíäåêñû öåí è êîëè÷åñòâ Ôèøåðà è Ìîíòãîìåðè êàê èíäåêñû Äèâèçèà
/ Ý. Á. Åðøîâ // Ýêîíîìèêà è ìàòåìàòè÷åñêèå ìåòîäû. - 2003. - Ò. 39. - � 2. - Ñ.
53-67.

[3] Êâàñíié Ì. Ì. Òîïîëîãî-ôðàêòàëüíå ìîäåëþâàííÿ äèíàìiêè ðåãiîíàëüíîãî ðîçïî-
äiëó ñåêòîðiâ íåôiíàíñîâèõ êîðïîðàöié i äîìîãîñïîäàðñòâ / Ì. Ì. Êâàñíié // Àêòó-
àëüíi ïðîáëåìè åêîíîìiêè. - 2010. - � 10. - Ñ. 165-172.
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Òåîðåìè ïðî iñíóâàííÿ ðîçâ'ÿçêiâ ìíîãîçíà÷íèõ
âêëþ÷åíü â åâêëiäîâèõ ïðîñòîðàõ

Êëiùóê Áîãäàí Àíàòîëiéîâè÷

Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè

kban1988@gmail.com

Â äîïîâiäi ðîçãëÿäàþòüñÿ äåÿêi âëàñòèâîñòi ìíîãîçíà÷íèõ âiäîáðàæåíü â
åâêëiäîâèõ ïðîñòîðàõ, çîêðåìà òåîðåìè ïðî iñíóâàííÿ ðîçâ'ÿçêiâ ìíîãîçíà-
÷íèõ âêëþ÷åíü, çâóæåííÿ ÿêèõ íà äåÿêó ïiäìíîæèíó â çàìèêàííi îáëàñòi
åâêëiäîâîãî ïðîñòîðó çàäîâîëüíÿþòü �óìîâàì òèïó ãîñòðîãî êóòà�.

Îçíà÷åííÿ 1. Íåõàé X i Y � òîïîëîãi÷íi ïðîñòîðè. Âiäîáðàæåííÿ
F : X → Y íàçèâà¹òüñÿ ìíîãîçíà÷íèì, ÿêùî îáðàçîì òî÷êè x ∈ X ¹
ìíîæèíà F (x) ⊂ Y .

Îçíà÷åííÿ 2. Íåõàé F1, F2 : X → Y � äâà ìíîãîçíà÷íi âiäîáðàæåííÿ.
Âiäîáðàæåííÿ F2 íàçèâà¹òüñÿ çâóæåííÿì F1, ÿêùî F1(x) ⊃ F2(x) äëÿ âñiõ
òî÷îê x ∈ X.

Íåõàé Y ∗ � äóàëüíèé ïðîñòið äî ïðîñòîðó Y .

Îçíà÷åííÿ 3. Âiäîáðàæåííÿ F : A → Y (A ⊂ X) çàäîâîëüíÿ¹ �óìîâi
êîãîñòðîãî êóòà� íà A, ÿêùî äëÿ êîæíî¨ òî÷êè y∗ ∈ Y ∗, y∗ 6= 0, iñíó¹
òî÷êà x ∈ A òàêà, ùî âèêîíó¹òüñÿ óìîâà Re 〈y, y∗〉 ≥ 0 äëÿ âñiõ òî÷îê
y ∈ F (x).

Ðîçãëÿäà¹ìî En � n-âèìiðíèé åâêëiäîâèé (äiéñíèé àáî êîìïëåêñíèé)
ïðîñòið, 〈∗, ∗〉 � ñêàëÿðíèé äîáóòîê â En, conv A � îïóêëà îáîëîíêà ìíî-
æèíè A.

Òåîðåìà. Íåõàé D � îáëàñòü åâêëiäîâîãî ïðîñòîðó En = X. Íåõàé
K ⊂ D � ïiäìíîæèíà â çàìèêàííi öi¹¨ îáëàñòi i íåõàé iñíó¹ òàêå çâó-
æåííÿ ìíîãîçíà÷íîãî âiäîáðàæåííÿ F : D → En = Y íà ïiäìíîæèíó K,
ÿêå çàäîâîëüíÿ¹ �óìîâi êîãîñòðîãî êóòà� i conv F (K) � êîìïàêò. Òîäi,
ÿêùî conv F (K) ⊂ F (D), òî 0 ∈ F (D).

Íàñëiäîê. Íåõàé K ⊂ D � ïiäìíîæèíà îáëàñòi D. Íåõàé ìíîãîçíà-
÷íå âiäîáðàæåííÿ F : D → En = Y ìà¹ çâóæåííÿ F1 íà ïiäìíîæèíó
K, äëÿ ÿêîãî conv F1(K) � êîìïàêò i conv F1(K) ⊂ F (D). Òîäi, ÿêùî
0 /∈ F (D), òî çíàéäåòüñÿ òî÷êà y∗ ∈ Y ∗, y∗ 6= 0, äëÿ ÿêî¨ iñíó¹ òî-
÷êà x ∈ A òàêà, ùî âèêîíó¹òüñÿ óìîâà Re 〈y, y∗〉 < 0 õî÷à á äëÿ äåÿêîãî
y ∈ F (x).

Âèêîðèñòàíî ðåçóëüòàòè ðîáiò Ê. Ñîëòàíîâà [4], [2], [3] òà Þ. Çåëiíñüêî-
ãî [1].
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çíà÷íûõ îòîáðàæåíèé // Óêð. ìàòåì. æóðí. � 2014. � T. 66, � 7. � Ñ. 1003�1005.

Ïîáóäîâà òà âëàñòèâîñòi äåÿêîãî êëàñó ïðîöåñiâ
Ìàðêîâà

Êíîïîâà Âiêòîðiÿ Ïàâëiâíà

Iíñòèòóò êiáåðíåòèêè iì. Â.Ì.Ãëóøêîâà ÍÀÍ Óêðà¨íè

vicknopova@googlemail.com

Äîïîâiäü ïðèñâÿ÷åíî ïîáóäîâi äåÿêîãî êëàñó ïðîöåñiâ Ìàðêîâà â Rn.
Ðîçãëÿíåìî îïåðàòîð

Lf(x) := a(x) ·∇f(x) +

∫
Rn

(
f(x+u)−f(x)−u ·∇f(x)1{‖u‖≤1}

)
m(x, u)µ(du)

(1)
âèçíà÷åíèé íà ôóíêöiÿõ êëàñó C2

∞(Rn) �äâi÷è íåïåðåðâíî äèôåðåíöiéîâ-
íèõ, òà ïðÿìóþ÷èõ äî 0 íà íåñêií÷åííîñòi.

Ó äîïîâiäi ìè ðîçãëÿíåìî òðè êëþ÷îâi ìîìåíòè ïîáóäîâè ïðîöåñó Ìàð-
êîâà, ãåíåðàòîð ÿêîãî â ïðîñòîði C∞(Rn) íåïåðåðâíèõ ôóíêöié, ùî ïðÿìó-
þòü äî 0 íà íåñêií÷åííîñòi, ìà¹ çîáðàæåííÿ (2) íà ôóíêöiÿõ êëàñó C2

∞(Rn).

1) Âèêîðèñòîâóþ÷è ìîäèôiêîâàíèé ìåòîä ïàðàìåòðèêñó, ìè ïîáóäó¹ìî
ôóíêöiþ pt(x, y), ùî ¹ "êàíäèäàòîì"íà ðîçâ'ÿçîê çàäà÷i Êîøi äëÿ îïåðà-
òîðó ∂t − L;

2) Ïîêàæåìî, ùî ïîáóäîâàíà ôóíêöiÿ ¹ iìîâiðíiñíîþ ùiëüíiñòþ ïðîöåñó
Ìàðêîâà X, ùî ¹ ðîçâ'ÿçêîì ìàðòèíãàëüíî¨ çàäà÷i äëÿ (L,C2

∞(Rn));

3) Ïîêàæåìî, ùî îïåðàòîð (L,C2
∞(Rn)) äîïóñêà¹ çàìèêàííÿ â C2

∞(Rn), i
öå çàìèêàííÿ ñïiâïàäà¹ ç ãåíåðàòîðîì (A,D(A)) ïðîöåñó X. Äàëi, ïîêàæå-
ìî, ùî pt(x, y) ¹ ðîçâ'ÿçêîì çàäà÷i Êîøi äëÿ ∂t−A, òà ¹ ¹äèíèì ðîçâ'ÿçêîì
ìàðòèíãàëüíî¨ çàäà÷i äëÿ (L,C2

∞(Rn)).

Äîïîâiäü áàçó¹òüñÿ òà ñóìiñíié ðîáîòi ç Î. Ì. Êóëèêîì [1].
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density of a L�evy type processes and their applications. Preprint 2014.

Analysis on nonlinear homogeneous spaces
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Di�erent nonlinear homogeneous spaces X (including the Klein spaces) are
considered. The spaces of functions invariant with respect to some subgroups
of transformations of X are investigated.

Darboux transformation of generalized Jacobi matrices

Ivan Kovalyov

National Pedagogical Dragomanov University

i.m.kovalyov@gmail.com

Let J be a monic generalized Jacobi matrix, i.e. a three-diagonal block matrix of

special form, introduced by M.Derevyagin and V. Derkach in 2004. Conditions for a

monic generalized Jacobi matrix J which ensure a factorization J = LU with L and

U being lower and upper triangular two-diagonal block matrices of special form are

found. Analogues of Christo�el formulas for polynomials of the �rst and the second

kind, corresponding to the Darboux transformation J(p) = UL are found.

Let {sn}∞n=0 be a sequence of real numbers and let a linear functional S be
de�ned on the set of all complex polynomials C[λ] by

S(λn) = sn, n ∈ Z+. (1)

The functional S is called quasi − definite if all the principal submatrices
of the Hankel matrix (si+k)

n
i,k=0 are nonsingular for every n ∈ Z+. Associated

with such functional is a sequence of monic polynomials {Pn}∞n=0 which are
orthogonal with respect to S and satisfy three-term recurrence relations

λPn(λ) = Pn+1(λ) + cnPn(λ) + bnPn−1(λ), n ∈ Z+, (2)
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where bn, cn ∈ R, bn 6= 0, b0 = 1 and initial conditions P−1(λ) = 0 and
P0(λ) = 1. The matrix

J =


c0 1
b1 c1 1

b2 c2
. . .

. . .
. . .

 (3)

is called the monic Jacobi matrix associated with the functionalS. Let S̃(λn) :=

sn+1, (n ∈ Z+). The functional S̃ is quasi − definite if and only if

Pn(0) 6= 0 for all n ∈ N. (4)

A sequence of monic polynomials {P̃n}∞n=0 associated with the functional S̃ is
called the Christo�el transform of {Pn}∞n=0. In the quasi-de�nite case relations
between J and the monic Jacobi matrix J (p) associated with S̃ were studied
in [1]). As was shown in [1], a monic Jacobi matrix admits an LU� factorization
J = LU with lower-triangular and upper-triangular two-diagonal matrices L
and U , respectively, if and only if (4) holds and in this case J (p) is shown to
admit the representation J (p) = UL. The monic Jacobi matrix J (p) is called
the Darboux transformation of J .

Darboux transformations of monic Jacobi matrices which do not meet the
condition (4) were studied in [3]. In this case the perturbed functional S̃ de�ned
above is not quasi-de�nite and as was shown in [3] the natural candidate for
the Darboux transformation J(p) of such a matrix J can be found in a class of
generalized Jacobi matrices studied in [2]).

In the present note Darboux transformation of generalized Jacobi matrices
associated with not quasi-de�ne functionals S are studied. The set of normal
indices of the sequence s = {si}∞i=0 is de�ned by

N (s) = {nj ∈ N : dnj 6= 0, j = 1, 2, . . .}, dnj = det(si+k)
nj−1
i,k=0. (5)

Associated with a not quasi-de�ne functional S is a system of polynomials of
the �rst kind Pnj (λ) which are solutions of a system of di�erence equations

bjynj−1
(λ)− pj(λ)ynj (λ) + ynj+1

(λ) = 0 (b0 = snj−1
) (6)

subject to the initial conditions Pn−1
(λ) ≡ 0 and Pn0

(λ) ≡ 1. The system (6)
is associated with a monic generalized Jacobi matrix J (see [2]). It is shown
that a generalized Jacobi matrix J, admits an LU−factorization J = LU, with
lower-triangular and upper-triangular two-diagonal block matrices L and U if
and only if

Pnj (0) 6= 0, for all j ∈ Z+. (7)
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It is shown that the monic generalized Jacobi matrix J(p), associated with the
functional S̃, can be represented as J(p) = UL. This monic generalized Jacobi
matrix J(p) is called the Darboux transformation of J. Explicit formulas for
Christo�el transforms of polynomials of the �rst kind P̃nj (λ) corresponding to
the Darboux transformation J(p) = UL are found.

[1] M.I. Bueno, F. Marcell�an, Darboux transformation and perturbation of linear functi-
onals, Linear Algebra Appl., Vol. 384 (2004), 215-242.

[2] M. Derevyagin, V.Derkach Spectral problems for generalized Jacobi matrices// Linear
Algebra Appl., Vol. 382 (2004), 1?24.

[3] M. Derevyagin, V.Derkach, Darboux transformations of Jacobi matrices and P�ade
approximation, Linear Algebra and Its Applications, vol. 435, no. 12, pp. 3056-3084,
2011.

Ñèíòåòè÷íèé àëãîðèòì íà îñíîâi iäåé iòåðàòèâíîãî
àãðåãóâàííÿ òà àïðîêñèìàöi¨ îáåðíåíîãî îïåðàòîðà

Êîïà÷ Ìèõàéëî Iâàíîâè÷

ÄÂÍÇ �Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Âàñèëÿ
Ñòåôàíèêà�

kopachm@gmail.com

Îáøòà Àíàòîëié Ôåëiêñîâè÷

Íàöiîíàëüíèé óíiâåðñèòåò �Ëüâiâñüêà ïîëiòåõíiêà�

Øóâàð Áîãäàí Àíòîíîâè÷

Íàöiîíàëüíèé óíiâåðñèòåò �Ëüâiâñüêà ïîëiòåõíiêà�

Ðîçãëÿäà¹ìî àãðåãàöiéíî-iòåðàòèâíèé àëãîðèòì, ÿêèé ïî¹äíó¹ iäåþ áàãà-
òîïàðàìåòðè÷íîãî ìåòîäó iòåðàòèâíîãî àãðåãóâàííÿ ([1], ñò. 158�159) i éî-
ãî óçàãàëüíåíü ç iäå¹þ àïðîêñèìàöi¨ îáåðíåíîãî îïåðàòîðà ([1], ñò. 150) ÿê
îäíîãî ç ïðîåêöiéíî-iòåðàòèâíèõ ìåòîäiâ [2] ç îïåðàòîðîì ïðîåêòóâàííÿ áà-
íàõîâîãî ïðîñòîðó E íà éîãî ïiäðîñòið Ep ðîçìiðíîñòi p < ∞ (äèâ. [3], ñò.
468�482).

Íåõàé çàäàíå ðiâíÿííÿ ìà¹ âèãëÿä:

x = A1x+A2x+ b (b ∈ E), (1)
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äå A2 : E → E, A1 : E → Ep. Ââàæà¹ìî, ùî A2 ìà¹ ìàëèé ñïåêòðàëü-

íèé ðàäióñ. Ïðè âåëèêèõ k îïåðàòîð Sk =
k∑
i=0

Ai2 áëèçüêèé äî îïåðàòî-

ðà (I − A2)−1 (I � òîòîæíèé îïåðàòîð), ïðè÷îìó äëÿ ðîçìiðíîñòi îïåðà-
òîðà SkA1 ìà¹ìî dimSkA1E = dimA1E. Ðiâíÿííÿ (2) ïîäàìî ó âèãëÿäi
x = SkA1x+ Ak+1

2 x+ Sk i øóêà¹ìî éîãî ðîçâ'ÿçîê x∗ çà äîïîìîãîþ iòåðà-
öiéíîãî àëãîðèòìó xn+1 = SkA1xn+1 +Ak+1

2 xn+Skb (x0 ∈ E, n = 0, 1, . . .),
ÿêèé â ([1], ñò. 150) íàçâàíèé ìåòîäîì ß.Ä. Ìàìåäîâà. Ñèíòåòè÷íèé áà-
ãàòîïàðàìåòðè÷íèé àãðåãàöiéíî-iòåðàòèâíèé àëãîðèòì, äîñëiäæåíèé â ([3],
ñò. 468�496), áóäó¹ìî çà äîïîìîãîþ ôîðìóë:

xn+1 = SkA1xn +Ak+1
2 xn +

N∑
j=1

aj(xn)(yjn − yj n+1) + Skb, (2)

yi n+1 = λiyi n+1 − (ϕi, A
k+1
2 xn)− (ϕi, Skb) (i = 1, N) (3)

äå (SkA1)∗ϕ∗i = λiϕi, (ϕi, aj(xn)) = 0 (i, j = 1, N, i 6= j, n = 0, 1, . . .), äå
(SkA1)∗ � ñïðÿæåíèé ç SkA1 îïåðàòîð, ϕi ∈ Ep, ϕ

∗
i ∈ E∗p , E

∗
p� ñïðÿæå-

íèé ç Ep ïðîñòið. ßêùî, çîêðåìà, aj(xn) =df (ϕj , xn)−1SkA1xn (j = 1, N),
òî àãðåãàöiéíî-iòåðàòèâíèé àëãîðèòì (2), (1) òîòîæíèé ç áàãàòîïàðàìå-
òðè÷íèì àëãîðèòìîì, ùî ïî¹äíó¹ iäåþ ìåòîäó ß.Ä. Ìàìåäîâà òà iäåþ
iòåðàòèâíîãî-àãðåãóâàííÿ. Äîñòàòíi óìîâè çáiæíîñòi öüîãî àëãîðèòìó òà
éîãî çàñòîñóâàííÿ äî ñèñòåì ëiíiéíèõ àëãåáðà¨÷íèõ ðiâíÿíü òà äî ëiíiéíèõ
iíòåãðàëüíèõ ðiâíÿíü íàâåäåíi â ([3], ñò. 468�496).

[1] Êðàñíîïîëüñüêèé Ì.À., Ëèôøèö Å.À., Ñîáîëåâ À.Â. Ïîçèòèâíûå ëèíåéíûå ñèñòå-
ìû. // Ì.: Íàóêà, 1985. � 255 ñ.

[2] Êóðïåëü Í.Ñ. Ïðîåêöèîííî-èòåðàòèâíûå ìåòîäû ðåøåíèÿ îïåðàòîðíûõ óðàâíåíèé.
// Ê.: Íàóê. äóìêà, 1968. � 243 ñ.

[3] Øóâàð Á.À., Êîïà÷ Ì.I., Ìåíòèíñüêèé Ñ.Ì., Îáøòà À.Ô. Äâîñòîðîííi íàáëèæåíi
ìåòîäè. // Iâàíî-Ôðàíêiâñüê: ÂÄÂ ÖIÒ, 2007. � 516 ñ.
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Ïðî ñêëåþâàííÿ ñêií÷åííî¨ êiëüêîñòi äèôóçiéíèõ
ïðîöåñiâ íà ïðÿìié

Êîïèòêî Á.I., Øåâ÷óê Ð.Â.

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,
Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Âàñèëÿ Ñòåôàíèêà

bohdan.kopytko@gmail.com, r.v.shevchuk@gmail.com

Äîïîâiäü ïðèñâÿ÷åíà ïðîáëåìi ïîáóäîâè äâîïàðàìåòðè÷íî¨ íàïiâãðóïè
Ôåëëåðà, ÿêié âiäïîâiäà¹ íåîäíîðiäíèé ìàðêîâñüêèé ïðîöåñ (íå îáîâ'ÿçêî-
âî íåïåðåðâíèé) íà ïðÿìié R, ðîçäiëåíié íà iíòåðâàëè äåÿêèì ñêií÷åííèì
íàáîðîì òî÷îê r1, r2, . . . , rn, n ∈ N, òàêèé, ùî éîãî ÷àñòèíè ó âíóòðiøíiõ
òî÷êàõ âiäïîâiäíèõ iíòåðâàëiâ çáiãàþòüñÿ iç çàäàíèìè òàì äèôóçiéíèìè
ïðîöåñàìè, à éîãî ïîâåäiíêà â òî÷êàõ ri, i = 1, n, îïèñó¹òüñÿ çàäàíèìè â
íèõ óìîâàìè ñïðÿæåííÿ Ôåëëåðà-Âåíòöåëÿ ([1]). Ùå n óìîâ ñïðÿæåííÿ,
ÿêi çàäàþòüñÿ â òî÷êàõ r1, r2, . . . , rn âiäïîâiäíî, ¹ âiäîáðàææåííÿì âëà-
ñòèâîñòi ôåëëåðîâîñòi øóêàíîãî ïðîöåñó.

Äëÿ ðîçâ'ÿçàííÿ öi¹¨ çàäà÷i çàñòîñîâàíî àíàëiòè÷íèé ìåòîä. Çà òàêî-
ãî ïiäõîäó ïðîáëåìà ïîáóäîâè ïîòðiáíî¨ íàïiâãðóïè ïðàêòè÷íî çâîäèòüñÿ
äî äîñëiäæåííÿ âiäïîâiäíî¨ çàäà÷i ñïðÿæåííÿ äëÿ ëiíiéíîãî ïàðàáîëi÷íîãî
ðiâíÿííÿ äðóãîãî ïîðÿäêó ç ðîçðèâíèìè êîåôiöi¹íòàìè. Êëàñè÷íó ðîçâ'ÿ-
çíiñòü îñòàííüî¨ çàäà÷i âñòàíîâëåíî íàìè ìåòîäîì ãðàíè÷íèõ iíòåãðàëü-
íèõ ðiâíÿíü ç âèêîðèñòàííÿì çâè÷àéíèõ ïàðàáîëi÷íèõ ïîòåíöiàëiâ ïðîñòî-
ãî øàðó.

Îäåðæàíi ðåçóëüòàòè óçàãàëüíþþòü àíàëîãi÷íi ðåçóëüòàòè, îäåðæàíi
àâòîðàìè ðàíiøå ó ðîáîòi [2], äå ðîçãëÿäàâñÿ âèïàäîê ëèøå îäíi¹¨ òî÷êè
ñêëåþâàííÿ (n = 1).

[1] Âåíòöåëü À.Ä. Ïîëóãðóïïû îïåðàòîðîâ, ñîîòâåòñòâóþùèå îáîáùåííîìó äèôôå-
ðåíöèàëüíîìó îïåðàòîðó âòîðîãî ïîðÿäêà // Äîêë. ÀÍ ÑÑÑÐ. Ìàòåìàòèêà. � 1956.
� 111, �2. � C. 269�272.

[2] Kopytko B.I., Shevchuk R.V. On pasting together two inhomogeneous di�usion
processes on a line with the general Feller-Wentzell conjugation condition // Theory
of Stochastic Processes. � 2011. � 17(33), No. 2. � P. 55�70.
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Ñòàòè÷íà îäíîïåðiîäíà ìîäåëü äóîïîëi¨
äèôåðåíöiéîâàíèõ òîâàðiâ ç âèïàäêîâèìè öiíàìè

Êîñàðåâè÷ Êàòåðèíà Âiêòîðiâíà

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà

kosarevych_ktps@ukr.net

Ðîçãëÿäà¹òüñÿ ñòàòè÷íà îäíîïåðiîäíà ìîäåëü öiíîâî¨ êîíêóðåíöi¨ äëÿ
äóîïîëi¨ äèôåðåíöiéîâàíèõ òîâàðiâ [1]-[3] ç âèïàäêîâèìè öiíàìè.

Êëàñè÷íà äåòåðìiíîâàíà ìîäåëü Áåðòðàíà [1] ïåðåäáà÷à¹, ùî âèðîáíèêè
âñòàíîâëþþòü öiíè, à ðèíîê âèçíà÷à¹ îá'¹ì, ÿêèé ìîæå áóòè ïðîäàíèé ïî
òàêèõ öiíàõ. Ïðè öüîìó ôiðìè ïðèçíà÷àþòü çíà÷åííÿ ñâî¨õ ñòðàòåãi÷íèõ
çìiííèõ îäíî÷àñíî, òàê ùî êîæíà íå ìîæå ïðîãíîçóâàòè ðåàêöiþ êîíêó-
ðåíòà íà çðîáëåíèé íåþ ñàìîþ âèáið. Ìåòîä àíàëiçó äóîïîëi¨, ÿêèé ïðî-
ïîíó¹òüñÿ â äàíié äîïîâiäi, âèãëÿäà¹ iäåíòè÷íèì äî ïîøóêó ðiâíîâàãè çà
Íåøîì [4] â äåòåðìiíîâàíié ãði, äå ôiðìè âèêîðèñòîâóþòü ñâî¨ öiíè â ðîëi
ñòðàòåãié. Ïðîòå ðèíêàì öiëêîì íîâèõ òîâàðiâ ïðèòàìàííà ñèòóàöiÿ, êîëè
êîæåí âèðîáíèê ïåðåáóâà¹ â óìîâàõ íåâèçíà÷åíîñòi ùîäî ïîïèòó íà äà-
íèé òîâàð òà ïðèéìà¹ ðiøåííÿ ïðî âñòàíîâëåííÿ öiíè íà âëàñíèé ðèçèê.
Òîìó â ìîäèôiêîâàíié ìîäåëi öiíè ¹ âèïàäêîâèìè âåëè÷èíàìè, ïðè÷îìó
íåçàëåæíèìè i òàêèìè, ùî ¨õ çàêîíè ðîçïîäiëó íàëåæàòü äåÿêîìó êëàñó
ðîçïîäiëiâ iç çìiíþâàíèì ïàðàìåòðîì.

Â ìåæàõ ïîáóäîâàíî¨ ìîäåëi çàïðîïîíîâàíî ìåòîäèêó ïîøóêó ¾âèïðàâ-
ëåíî¨¿ ðiâíîâàãè çà Íåøîì [5].

[1] Singh N., Vives X. Price and quantity competition in a di�erentiated duopoly // RAND
J. Economics. � 1984. � 15, N 4. � P. 546�554.

[2] Dixit A.K. A model of duopoly suggesting a theory of entry barriers // Bell J. Economi-
cs. � 1979. � 10, N 1. � P. 20�32.

[3] Ãîðáà÷óê Â.Ì. Ðàâíîâåñèÿ Êóðíî-Íýøà è Áåðòðàíà-Íýøà äëÿ ãåòåðîãåííîé äóî-
ïîëèè äèôôåðåíöèèðîâàííûõ ïðîäóêòîâ // Êèáåðíåòèêà è ñèñòåìíûé àíàëèç. �
2010. � � 1. - Ñ.29-37.

[4] Nash J.F. Noncooperative games // Ann.Math. - 1951. - No.45. - P.286-295.

[5] Êîñàðåâè÷ Ê.Â. Ïðî iñíóâàííÿ òà ôîðìó ¾âèïðàâëåíî¨¿ ðiâíîâàãè çà Íåøîì ó ãði ç
âèïàäêîâèìè ñòðàòåãiÿìè äëÿ êëàñó êâàäðàòè÷íèõ ôóíêöié âèòðàò // Ìàòåìàòè÷íå
òà êîìï'þòåðíå ìîäåëþâàííÿ. Ñåðiÿ: Ôiçèêî-ìàòåìàòè÷íi íàóêè. � 2014. � Âèï.11.
� Ñ. 108�113.
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Ìåæîâi âåðñi¨ òåîðåì çáiæíîñòi äëÿ áàãàòîâèìiðíèõ
íåïåðåðâíèõ äðîáiâ

Êó÷ìiíñüêà Õðèñòèíà Éîñèôiâíà

Iíñòèòóò ïðèêëàäíèõ ïðîáëåì ìåõàíiêè i ìàòåìàòèêè
iì. ß.Ñ. Ïiäñòðèãà÷à ÍÀÍ Óêðà¨íè, Ëüâiâ, Óêðà¨íà

khkuchminska@gmail.com

Äëÿ áàãàòîâèìiðíèõ íåïåðåðâíèõ äðîáiâ (ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ,
ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ ç íåðiâíîçíàíèìè çìiííèìè, äâîâèìiðíèõ íå-
ïåðåðâíèõ äðîáiâ [1]) ðîçãëÿäàþòüñÿ òåîðåìè çáiæíîñòi ó òåðìiíàõ ìíîæèí
åëåìåíòiâ i ìíîæèí çíà÷åíü. Âèçíà÷àþòñÿ ìåæîâi ìíîæèíè çíà÷åíü òàêèõ
äðîáiâ ó öèõ òåîðåìàõ, ÿêùî ìíîæèíè åëåìåíòiâ çàìiíåíi ¨õíiìè ìåæàìè.

Ïðèêëàä (Òåîðåìà òèïó Âîðïiöüêîãî äëÿ ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ
ç íåðiâíîçíà÷íèìè çìiííèìè).

Íåõàé ρ - äiñíå ÷èñëî ç (0, 1/2] i íåõàé Fρ - ñiìåéñòâî ãiëëÿñòèõ ëàíöþ-
ãîâèõ äðîáiâ ç íåðiâíîçíà÷íèìè çìiííèìè

a00

1 +
∞
D
n=1

in−1∑
in=1

ai(n)

1

,

äå ai(n) - êîìïëåêñíi ÷èñëà, i(n) = i1i2...in - ìóëüòèiíäåêñ, 1 ≤ in ≤ in−1, n =

1, 2, ..., i0 = N, ai(n) çàäîâîëüíÿþòü óìîâè
∣∣ai(n)

∣∣ = 1
in−1

ρ (1− ρ) äëÿ
âñiõ n, |a00| = ρ (1− ρ).

Òîäi ìíîæèíà âñiõ ìîæëèâèõ çíà÷åíü ãiëëÿñòîãî ëàíöþãîâîãî äðîáó ç
íåðiâíîçíà÷íèìè çìiííèìè ¹ êiëüöå Aρ:

ρ
1− ρ
1 + ρ

≤ |f | ≤ ρ.

[1] Êó÷ìiíñüêà Õ. É. Ìåæîâi âåðñi¨ òåîðåìè Âîðïiöüêîãî äëÿ äâîâèìiðíèõ íåïåðåðâ-
íèõ äðîáiâ // Óêð. ìàò. æóðí. - 2015. - ò.66, �8. - 1106 - 1116.
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Ïðî íåðiâíiñòü òèïó Âiìàíà äëÿ âèïàäêîâèõ
àíàëiòè÷íèõ â îäèíè÷íîìó áiêðóçi ôóíêöié

À. Î. Êóðèëÿê, Î. Á. Ñêàñêiâ, Ë. Î. Øàïîâàëîâñüêà

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. I.Ôðàíêà

kurylyak88@gmail.ru, matstud@franko.lviv.ua, shap.ludmila@gmail.com

×åðåç A2 ïîçíà÷èìî êëàñ àíàëiòè÷íèõ ôóíêöié f : D2 → C, D = {τ ∈
C : |τ | < 1}, âèãëÿäó f(z) = f(z1, z2) =

∑+∞
n+m=0 anmz

n
1 z

m
2 , z = (z1, z2).

Äëÿ r = (r1, r2) ∈ [0, 1)2 i f ∈ A2 ïîçíà÷èìî
∆r = {t = (t1, t2) ∈ [0, 1)2 : t1 ≥ r1, t2 ≥ r2},

µf (r) = max{|anm|rn1 rm2 : n,m ≥ 0}, Mf (r) = max{|f(z)| : |z1| = r1, |z2| = r2},

à äëÿ ïîñëiäîâíîñòi Z = (Znm(t)) âèïàäêîâèõ âåëè÷èí, ÿêi óòâîðþþòü ðiâ-
íîìiðíî îáìåæåíó ìóëüòèïëiêàòèâíó ñèñòåìó âèïàäêîâèõ âåëè÷èí (MC)
ïîçíà÷èìî êëàñ K(f, Z) = {f(z, t) =

∑+∞
n+m=0 anmZn(t)zn1 z

m
2 : t ∈ [0, 1]}.

×åðåç E ïîçíà÷èìî êëàñ ìíîæèí E ⊂ [0, 1)2 àñèìïòîòè÷íî ñêií÷åííî¨
ëîãàðèôìi÷íî¨ ìiðè íà [0, 1)2, òîáòî, äëÿ ÿêèõ iñíó¹ r0 ∈ [0, 1)2 òàêå, ùî

νln(E ∩4r0):=

∫
E∩4r0

dr1dr2

(1− r1)(1− r2)
< +∞,

i ñêàæåìî, ùî ìíîæèíà E ⊂ [0, 1)2 ìà¹ àñèìïòîòè÷íî íåñêií÷åííó ëîãàðè-
ôìi÷íó ìiðó íà [0, 1)2, ÿêùî E /∈ E .
Òåîðåìà 1 ([1]) (i) Äëÿ êîæíî¨ ôóíêöi¨ f ∈ A(D2) i áóäü-ÿêîãî δ > 0
iñíó¹ ìíîæèíà E = E(f, δ) ∈ E òàêà, ùî äëÿ âñiõ r ∈ [0, 1)2 \E âèêîíó¹òüñÿ
íåðiâíiñòü

Mf (r) ≤ µf (r)
( 1

(1− r1)(1− r2)
· ln µf (r)

(1− r1)(1− r2)

)1+δ

.

(ii) Iñíóþòü àíàëiòè÷íà ôóíêöiÿ f ∈ A(D2), ñòàëà C > 0, ìíîæèíà E ⊂
[0, 1)2, E /∈ E òàêi, ùî äëÿ âñiõ r ∈ E âèêîíó¹òüñÿ íåðiâíiñòü

Mf (r) ≥ C µf (r)

(1− r1)(1− r2)
ln

µf (r)

(1− r1)(1− r2)
.

Òåîðåìà 2 (i) Äëÿ êîæíî¨ ôóíêöi¨ f ∈ A(D2), äîâiëüíî¨ Z ∈ MC i áóäü-
ÿêîãî δ > 0 iñíó¹ ìíîæèíà E = E(f, δ) ∈ E òàêà, ùî äëÿ âñiõ r ∈ [0, 1)2 \E
ìàéæå íàïåâíî (ì.í.) â êëàñi K(f, Z) âèêîíó¹òüñÿ íåðiâíiñòü

Mft(r) ≤ µf (r)
( 1

(1− r1)(1− r2)
· ln µf (r)

(1− r1)(1− r2)

)1/2+δ

.

(ii) Iñíóþòü àíàëiòè÷íà ôóíêöiÿ f ∈ A(D2), ñòàëà C > 0, ìíîæèíà E ⊂
[0, 1)2, E /∈ E i Z ∈ MC òàêi, ùî äëÿ âñiõ r ∈ E ì.í. â êëàñi K(f, Z)
âèêîíó¹òüñÿ íåðiâíiñòü

Mft(r) ≥ Cµf (r)
( 1

(1− r1)(1− r2)
ln

µf (r)

(1− r1)(1− r2)

)1/2

.
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[1] Êóðèëÿê À., Ñêàñêiâ Î., Øàïîâàëîâñüêà Ë. Íåðiâíiñòü Âiìàíà äëÿ àíàëiòè÷íèõ ôóí-
êöié â áiêðóçi // Áóêîâèíñüêèé ìàòåì. æóðí. � 2014. - Ò.2, �2-3. � Ñ.130�135.

Ãðóïè çñóâiâ òà çãîðòêà ó ïðîñòîði ïîëiíîìiàëüíèõ
ω-óëüòðàðîçïîäiëiâ

Ëîçèíñüêà Âiðà ßðîñëàâiâíà

Iíñòèòóò ïðèêëàäíèõ ïðîáëåì ìåõàíiêè i ìàòåìàòèêè iì. ß.Ñ.
Ïiäñòðèãà÷à ÍÀÍ Óêðà¨íè, Ëüâiâ

vlozynska@yahoo.com

Øàðèí Ñåðãié Âîëîäèìèðîâè÷

Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. Â. Ñòåôàíèêà,
Iâàíî-Ôðàíêiâñüê
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Íåõàé P
(
E ′(ω)

)
� ìóëüòèïëiêàòèâíà àëãåáðà íåïåðåðâíèõ ñêàëÿðíèõ ïî-

ëiíîìiâ íà ïðîñòîði ω-óëüòðàðîçïîäiëiâ òèïó Áåðëiíãà E ′(ω), à P
′(E ′(ω)

)
�

ñèëüíî ñïðÿæåíà äî íå¨ çãîðòêîâà àëãåáðà òàê çâàíèõ ïîëiíîìiàëüíèõ ω-
óëüòðàðîçïîäiëiâ. Ó äîïîâiäi áóäå ðîçãëÿíóòî ãðóïè çñóâiâ òà çãîðòêó ó
ïðîñòîðàõ P

(
E ′(ω)

)
òà P ′

(
E ′(ω)

)
. Öi ðåçóëüòàòè ¹ ïðîäîâæåííÿì äîñëiäæåíü,

ðîçïî÷àòèõ ó ñòàòòi [1].

[1] Ëîçèíñüêà Â.ß., Øàðèí Ñ.Â. Ïîëiíîìiàëüíi ω�óëüòðàðîçïîäiëè òèïó Áåðëiíãà i
òèïó Ðóì'¹ // Ïðèêëàäíi ïðîáëåìè ìåõàíiêè i ìàòåìàòèêè. � Âèï. 11. � 2013. �
Ñ. 12�20.
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Ïðî ìåðîìîðôíi ðîçâ'ÿçêè äèôåðåíöiàëüíèõ ðiâíÿíü ç
çàäàíèìè ïîëþñàìè

Ëóêiâñüêà Äçâåíèñëàâà Âîëîäèìèðiâíà

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà

d.lukivska@gmail.com

Øàâàëà Îëåíà Âàñèëiâíà

Äðîãîáèöüêèé äåðæàâíèé ïåäàãîãi÷íèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà

shavala@ukr.net

Ðîçãëÿíåìî äèôåðåíöiàëüíå ðiâíÿííÿ

f (n) +Afm = 0, m, n ∈ N, (1)

i, çîêðåìà, ðiâíÿííÿ
f ′′ +Af = 0. (2)

Íåõàé çàäàíî ïîñëiäîâíiñòü Λ êîìïëåêñíèõ ÷èñåë λk êðàòíîñòi pk ∈ N áåç
ñêií÷åííèõ òî÷îê ñêóï÷åííÿ â C, òîáòî âiäîáðàæåííÿ N 7→ C × N, äå êî-
æíîìó íàòóðàëüíîìó ÷èñëó k ñòàâèòüñÿ ó âiäïîâiäíiñòü ïàðà (λk, pk). Ìè
äîñëiäæó¹ìî iñíóâàííÿ ìåðîìîðôíèõ ðîçâ'ÿçêiâ äèôåðåíöiàëüíèõ ðiâíÿíü
âèãëÿäó (1)-(2), äå A � öiëà àáî ìåðîìîðôíà â C ôóíêöiÿ. Ñôîðìóëþ¹ìî
îäíó ç îòðèìàíèõ òåîðåì.

Òåîðåìà 1. Äëÿ òîãî ùîá iñíóâàëà öiëà ôóíêöiÿ A, òàêà, ùî ðiâíÿ-
ííÿ (1) ìà¹ ìåðîìîðôíèé ðîçâ'ÿçîê áåç íóëiâ ç ïîëþñàìè Λ íåîáõiäíî i
äîñòàòíüî, ùîá m > 1 i äëÿ âñiõ k ∈ N âèêîíóâàëîñü n ≤ pk(m− 1).

Çàäà÷i, áëèçüêi äî äàíî¨, âèâ÷àëèñü â [1], [2], [3].

[1] �Seda V. On some properties of solutions of the di�erential equation y′′ = Q(z)y, where
Q(z) 6= 0 is an entire function // Acta F. R. N. Univ. Comen. Mathem. 4 (1959),
223-253.

[2] Bank S. A note on the zero-sequences of solutions of linear di�erential equations //
Results in Mathematics 13 (1988), 1-11.

[3] Heittokangas J., Laine I. Solutions of f ′′ + A(z)f = 0 with prescribed sequences of
zeros // Acta Math. Univ. Comenianae 74 (2005), 287-307.
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Ðiâíÿííÿ òåïëîïðîâiäíîñòi ç âèïàäêîâèìè êðàéîâèìè
óìîâàìè

Ìàðèíà Içàáåëëà Âàñèëiâíà

Óæãîðîäñüêèé íàöiîíàëüíèé óíiâåðñèòåò

Â äàíié ðîáîòi çàïðîïîíîâàíî ìåòîä ïîáóäîâè ðîçâ'ÿçêiâ êðàéîâèõ çàäà÷
äëÿ ðiâíÿííÿ òåïëîïðîâiäíîñòi ìàòåìàòè÷íî¨ ôiçèêè ç âèïàäêîâèìè êðà-
éîâèìè óìîâàìè. Ââàæà¹ìî, ùî êðàéîâi óìîâè ¹ âèïàäêîâèìè ïðîöåñàìè
ç ïðîñòîðiâ Îðëi÷à (Eξ = 0). Ó ðîáîòi âèêîðèñòîâó¹òüñÿ ìåòîä, ÿêèé áóâ
çàïðîïîíîâàíèé Áåéñåìáà¹âèì Å. òà Êîçà÷åíêîì Þ.Â. [2], ÿêèé äîçâîëÿ¹
îá ðóíòîâóâàòè çàñòîñóâàííÿ ìåòîäó Ôóð'¹ äî çàäà÷ ìàòåìàòè÷íî¨ ôiçèêè.
Ïîäiáíà çàäà÷à äëÿ ðiâíÿííÿ ãiïåðáîëi÷íîãî òèïó ìàòåìàòè÷íî¨ ôiçèêè ó
áàãàòîâèìiðíîìó âèïàäêó êîëè ïî÷àòêîâi óìîâè ¹ ïðîöåñè Îðëi÷à ðîçãëÿ-
äàëèñü â [3]. Â ìîíîãðàôiÿõ [1] i [4] ìîæíà çíàéòè ïîñèëàííÿ íà iíøi ðîáîòè,
ÿêi ïðîâîäèëèñü â öüîìó íàïðÿìêó.

Ðîçãëÿíåìî êðàéîâó çàäà÷ó äëÿ ïàðàáîëi÷íîãî ðiâíÿííÿ ç äâîìà íåçà-
ëåæíèìè çìiííèìè (x ∈ [0, π], t ∈ [0, T ], T > 0) ôiçè÷íà iíòåðïðåòàöiÿ ÿêî¨:
çíàéòè ðîçïîäië òåìïåðàòóðè â îäíîðiäíîìó ñòåðæíi äîâæèíè π, äî êií-
öiâ ÿêîãî ïiäâîäÿòüñÿ òåïëîâi ïîòîêè η1(t), η2(t) (t ∈ [0, T ], T > 0) � ÿêi
¹ íåçàëåæíèìè âèïàäêîâèìè ïðîöåñàìè ç ïðîñòîðiâ Îðëi÷à LU (Ω), ÿêùî
ïî÷àòêîâà òåìïåðàòóðà òî÷îê ñòåðæíÿ ðiâíà íóëþ. Äàíà çàäà÷à çâîäèòüñÿ
äî ðîçâ'ÿçóâàííÿ íàñòóïíî¨ êðàéîâî¨ çàäà÷i [5]:

Zt(t, x) = Zxx(t, x), 0 < x < π, 0 < t < T <∞, (1)

Z (0, x) = 0, 0 ≤ x ≤ π, (2)

Z ′x (t, 0) = η1 (t) , Z ′x (t, π) = η2 (t) , 0 ≤ t < T <∞, (3)

η1 (t), η2 (t), 0 ≤ t < T < ∞ ¹ íåçàëåæíèìè âèïàäêîâèìè ïðîîöåñàìè ç
ïðîñòîðó Îðëi÷à LU (Ω).

Íåõàé Eη1(t) = 0, Eη2(t) = 0.

Ïîçíà÷èìî: Eη1(t)η1(s) = B1(t, s), Eη2(t)η2(s) = B2(t, s). Íåõàé êîâàði-
àöiéíi ôóíêöi¨ B1(t, s), B2(t, s) íåïåðåðâíi. Äëÿ ñïðîùåííÿ çàäà÷i âiçüìåìî
η1 (0) = η2 (0) = 0.

Çãiäíî

[5] ðîçâ'ÿçîê çàäà÷i (1)-(3) øóêà¹òüñÿ ó âèãëÿäi:
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Z(t, x) =
1

2π
x2η2(t) +

(
x− 1

π
x2

)
η1(t)−

−
∞∑
n=1

e−n
2t cosnx

t∫
0

en
2t′
(

(−1)n

n2
η′2(t′) +

1

n2
η′1(t′)

)
dt′. (4)

Ïîçíà÷èìî
S00 (t, x) = Z (t, x) , (5)

S01 (t, x) =
1

π
xη2(t) +

(
1− 2

π
x

)
η1(t)+

+

∞∑
n=1

ne−n
2t sinnx

t∫
0

en
2t′
(

(−1)n

n2
η′2(t′) +

1

n2
η′1(t′)

)
dt′, (6)

S02 (t, x) =
1

π
η2(t)− 2

π
η1(t)+

∞∑
n=1

n2e−n
2t cosnx

t∫
0

en
2t′
(

(−1)n

n2
η′2(t′) +

1

n2
η′1(t′)

)
dt′,

(7)

S10 (t, x) =
1

2π
x2η′2(t)+

(
x− 1

π
x2

)
η′1(t)+

∞∑
n=1

cosnx

(
− (−1)n

n2
η′2(t)− 1

n2
η′1(t)

)
+

+n2

t∫
0

e−n
2(t−t′)

(
(−1)n

n2
η′2(t′) +

1

n2
η′1(t′)

)
dt′. (8)

Theorem 1. Ðîçãëÿäà¹òüñÿ çàäà÷à (1)-(3). Íåõàé η2(t), η1(t) � íåçàëå-
æíi, ñòðîãî îðëi÷åâi âèïàäêîâi ïðîöåñè ç ïðîñòîðó Îðëi÷à âèïàäêîâèõ
âåëè÷èí LU (Ω), äëÿ U âèêîíó¹òüñÿ óìîâà g. Êðiì òîãî, ôóíêöiÿ ϕ(λ)
(λ > 0) íåïåðåðâíà, çðîñòàþ÷à, äîäàòíÿ i òàêà, ùî λ

ϕ(λ) çðîñòà¹ ïðè
λ > v0 (v0 = const, v0 ≥ 0). Íåõàé çáiãàþòüñÿ ðÿäè

∞∑
k=1

∞∑
m=1

CIk,mϕ
(
k2 + v0

)
ϕ
(
m2 + v0

)
,

∞∑
k=1

∞∑
m=1

CIIk,mϕ
(
k2 + v0

)
ϕ
(
m2 + v0

)
,

41



äå

CIk,m =
1

k2m2
sup

t,t1∈[0,T ]

∂2B1(t, t1)

∂t∂t1
, CIIk,m =

(−1)k+m

k2m2
sup

t,t1∈[0,T ]

∂2B2(t, t1)

∂t∂t1
,

Êðiì òîãî, âèêîíóþòüñÿ óìîâè ∀ε > 0

ε∫
0

U (−1)

((
π

2

(
ϕ(−1)

(
F1

v

)
− v0

)
+ 1

)(
T

2

(
ϕ(−1)

(
F1

v

)
− v0

)
+ 1

))
dv <∞,

(9)
ε∫

0

U (−1)

((
π

2

(
ϕ(−1)

(
F2

v

)
− v0

)
+ 1

)(
T

2

(
ϕ(−1)

(
F2

v

)
− v0

)
+ 1

))
dv <∞,

(10)
äå

F1 = 5

( ∞∑
k=1

∞∑
m=1

CIk,mϕ
(
k2 + v0

)
ϕ
(
m2 + v0

))1/2

,

F2 = 5

( ∞∑
k=1

∞∑
m=1

CIIk,mϕ
(
k2 + v0

)
ϕ
(
m2 + v0

))1/2

,

Òîäi ðÿä

∞∑
n=1

n2 cosnx

t∫
0

e−n
2(t−t′)

(
(−1)n

n2
η′2(t′) +

1

n2
η′1(t′)

)
dt′

çáiãà¹òüñÿ ðiâíîìiðíî çà éìîâiðíiñòþ â C([0, T ]×[0, π]), òà iñíó¹ ðîçâ'ÿçîê
çàäà÷i (1)-(3), ùî çîáðàæó¹òüñÿ ó âèãëÿäi ðÿäó (4), òàêèé, ùî ðÿäè (6)-(8)
çáiãàþòüñÿ ðiâíîìiðíî çà éìîâiðíiñòþ.
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8�22, 95�103, 127�161.

[5] Ïîëîæèé Ã.Í. Óðàâíåíèÿ ìàòåìàòè÷åñêîé ôèçèêè // Ìîñêâà,
Âûñøàÿ øêîëà, 1964

Àëãåáðè ëiïøèöåâî-àíàëiòè÷íèõ ôóíêöié

Ìàðöiíêiâ Ì.Â.

ÄÂÍÇ �Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Âàñèëÿ
Ñòåôàíèêà�

mariadubey@gmail.com

Íåõàé X− ìåòðè÷íèé ïðîñòið ç ôiêñîâàíîþ òî÷êîþ θ, E− íîðìîâàíèé ëi-
íiéíèé ïðîñòið. Ó ðîáîòi [1] äîâåäåíî, ùî äëÿ äîâiëüíîãî ìåòðè÷íîãî ïðî-
ñòîðó X ç ôiêñîâàíîþ òî÷êîþ iñíó¹ ¹äèíèé, ç òî÷íiñòþ äî içîìåòðè÷íîãî
içîìîðôiçìó áàíàõiâ ïðîñòið B(X), òàêèé, ùî êîæíå ëiïøèöåâå âiäîáðàæå-
ííÿ F (x) : X → E ïðîäîâæó¹òüñÿ äî ëiíiéíîãî îïåðàòîðà F̃ : B(X) → E,
ïðè÷îìó ‖F̃‖ = LF , äå LF− ëiïøèöåâà êîíñòàíòà âiäîáðàæåííÿ F . Äëÿ
äîâiëüíîãî åëåìåíòà x ∈ X ïîçíà÷èìî ÷åðåç x := ν(x) � îáðàç öüîãî åëå-
ìåíòà ïðè içîìåòðè÷íîìó âêëàäåííi ïðîñòîðó X ó ïðîñòið B(X). Ðîçãëÿ-
íåìî íîðìîâàíó ìíîæèíó X òà íîðìîâàíèé ïðîñòið E. Âiäîáðàæåííÿ F :
X → E íàçèâà¹òüñÿ ëiïøèöåâî-àíàëiòè÷íèì, ÿêùî iñíó¹ F̃ : B(X) → E,
F̃ ∈ H(B(X), E) òàêå, ùî F (x) = F̃ (x).

ÍåõàéX � íîðìîâàíà ìíîæèíà. Ðîçãëÿíåìî ïðîñòið ëiïøèöåâî-àíàëiòè÷íèõ
ôóíêöié Hb(X) = H(X,C). Çàóâàæèìî, ùî Hb(X) ¹ àëãåáðîþ âiäíîñíî ïî-
òî÷êîâîãî ìíîæåííÿ. Äëÿ êîæíî¨ ôóíêöi¨ f ∈ H(X) ìè ïîçíà÷à¹ìî f̃ �
ôóíêöiþ ç Hb(B(X)) òàêó, ùî f̃(x) = f(x).

Çîêðåìà, áóäóòü äîâåäåíi òàêi ôàêòè:

Òâåðäæåííÿ 1. Âiäîáðàæåííÿ j : f̃ 7→ f ¹ íåïåðåðâíèì ãîìîìîðôiçìîì
àëãåáð.

Òâåðäæåííÿ 2. Ìíîæèíà ker j ¹ iäåàëîì àëãåáðè Hb(B(X)) i àëãåáðà
Hb(X) ¹ içîìîðôíîþ äî Hb(B(X))/ ker j.
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Íàãàäà¹ìî, ùî õàðàêòåðîì ϕ òîïîëîãi÷íî¨ àëãåáðè A íàä ïîëåì C íàçè-
âà¹òüñÿ ëiíiéíèé íåïåðåðâíèé ôóíêöiîíàë íà A òàêèé, ùî ϕ(ab) = ϕ(a)ϕ(b).

Òâåðäæåííÿ 3. Ìíîæèíà õàðàêòåðiâ M(Hb(X)) àëãåáðè Hb(X) ¹ ïiä-
ìíîæèíîþ â M(B(X)) i ñêëàäà¹òüñÿ ç òèõ õàðàêòåðiâ ϕ ∈ M(B(X)),
ùî ϕ(f) = 0 äëÿ êîæíîãî f ∈ ker j.

[1] V. Pestov, Free Banach spaces and representation of topological groups, Functional
Anal. Appl. 20 (1986) 70-72.

Íåïåðåðâíiñòü n-ëiíiéíèõ ëåäü íåïåðåðâíèõ
âiäîáðàæåíü

Ìàñëþ÷åíêî Â.Ê., Ðîâåíêî Í.Ì.

×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

math.analysis.chnu@gmail.com, nadya37@ukr.net

Ç. Ïüîòðîâñüêèé ïîìiòèâ [1], ùî êîæíå ëiíiéíå ëåäü íåïåðåðâíå âiäî-
áðàæåííÿ f : X → Y ìiæ òîïîëîãi÷íèìè âåêòîðíèìè ïðîñòîðàìè X i Y ¹
íåïåðåðâíèì. Ó ïðàöi [2] áóëî ïîêàçàíî, ùî öå æ çàëèøà¹òüñÿ âiðíèì i äëÿ
áiëiíiéíèõ âiäîáðàæåíü f : X×Y → Z. Òóò ìè óçàãàëüíþ¹ìî öåé ðåçóëüòàò
íà n-ëiíiéíi âiäîáðàæåííÿ.

Íàãàäà¹ìî, ùî âiäîáðàæåííÿ f : X → Y ìiæ òîïîëîãi÷íèìè ïðîñòîðàìè
X i Y íàçèâà¹òüñÿ ëåäü íåïåðåðâíèì ó òî÷öi x0 ç X, ÿêùî äëÿ êîæíîãî
îêîëó V òî÷êè y0 = f(x0) â Y iñíó¹ òàêà âiäêðèòà íåïîðîæíÿ ìíîæèíà G â
X, ùî f(G) ⊆ V , i ïðîñòî ëåäü íåïåðåðâíèì, ÿêùî âîíî ¹ òàêèì ó êîæíié
òî÷öi ïðîñòîðó X.

Íàðiçíî ëiíiéíi âiäîáðàæåííÿ f : X1 × · · · × Xn → Z ìè íàçèâà¹ìî
n-ëiíiéíèìè.

Theorem 1. Íåõàé X1, ..., Xn i Z � òîïîëîãi÷íi âåêòîðíi ïðîñòîðè i f :
X1 × · · · ×Xn → Z � n-ëiíiéíå ëåäü íåïåðåðâíå â äåÿêié òî÷öi ç äîáóòêó
X1 × · · · ×Xn âiäîáðàæåííÿ. Òîäi f íåïåðåðâíå çà ñóêóïíiñòþ çìiííèõ.

Òîïîëîãi÷íèé âåêòîðíèé ïðîñòið Z íàçèâà¹òüñÿ ëîêàëüíî îáìåæåíèì,
ÿêùî â íüîìó iñíó¹ îáìåæåíèé îêië íóëÿ. Âiäîáðàæåííÿ f : X → Y , äå X �
òîïîëîãi÷íèé ïðîñòið, à Y � òîïîëîãi÷íèé âåêòîðíèé ïðîñòið, íàçèâà¹òüñÿ
ëîêàëüíî îáìåæåíèì ó òî÷öi x0 ç X, ÿêùî iñíó¹ òàêèé îêië U òî÷êè x0 â
X, ùî éîãî îáðàç f(U) � îáìåæåíà ìíîæèíà â ïðîñòîði Y .
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Theorem 2. Íåõàé X1, ..., Xn � òîïîëîãi÷íi âåêòîðíi ïðîñòîðè, Z � ëî-
êàëüíî îáìåæåíèé òîïîëîãi÷íèé âåêòîðíèé ïðîñòið i f : X1×· · ·×Xn → Z
� n-ëiíiéíå âiäîáðàæåííÿ, ÿêå ëîêàëüíî îáìåæåíå â äåÿêié òî÷öi ç äîáó-
òêó X1 × · · · ×Xn. Òîäi âiäîáðàæåííÿ f íåïåðåðâíå.

[1] Piotrowski Z. Somewhat continuity on linear topological spaces implies continuity //
Math. Slovaca. � 1979. � 29, � 3. � P.289 - 292.

[2] Ìàñëþ÷åíêî Â.Ê., Ðîâåíêî Í.Ì. Ïðî íåïåðåðâíiñòü ëåäü íåïåðåðâíèõ ëiíiéíèõ i
áiëiíiéíèõ âiäîáðàæåíü // Áóê. ìàò. æóðí. - 2014. � 2, � 4. - Ñ.84-88.

Ñóêóïíà íåïåðåðâíiñòü íàðiçíî íåïåðåðâíèõ
âiäîáðàæåíü çi çíà÷åííÿìè â ñèëüíî σ-ìåòðèçîâíèõ

ïðîñòîðàõ

Ìàñëþ÷åíêî Âîëîäèìèð Êèðèëîâè÷

×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

vmaslyuchenko@ukr.net

Ôiëiï÷óê Îëüãà Iãîðiâíà

Áóêîâèíñüêèé äåðæàâíèé ôiíàíñîâî-åêîíîìi÷íèé óíiâåðñèòåò

o-sh@ukr.net

Íàãàäà¹ìî, ùî òîïîëîãi÷íèé ïðîñòið Z íàçèâà¹òüñÿ ñèëüíî σ-ìåòðè-
çîâíèì, ÿêùî iñíó¹ òàêà çðîñòàþ÷à ïîñëiäîâíiñòü éîãî çàìêíåíèõ ìåòðè-

çîâíèõ ïiäïðîñòîðiâ Zn, ùî Z =
∞⋃
n=1

Zn i äëÿ êîæíî¨ çáiæíî¨ â Z ïîñëi-

äîâíîñòi òî÷îê zk iñíó¹ òàêèé íîìåð n, ùî {zk : k ∈ N} ⊆ Zn. Áàãàòî
ðåçóëüòàòiâ ïðî ìíîæèíó C(f) òî÷îê ñóêóïíî¨ íåïåðåðâíîñòi íàðiçíî íå-
ïåðåðâíèõ âiäîáðàæåíü f : X × Y → Z òà ¨õ àíàëîãiâ çi çíà÷åííÿìè â
ìåòðèçîâíèõ ïðîñòîðàõ âäàëîñÿ ïåðåíåñòè íà òîé âèïàäîê, êîëè ïðîñòið
çíà÷åíü Z ¹ ñèëüíî σ-ìåòðèçîâíèì [1-5]. Çîêðåìà, â [3] áóëî äîâåäåíî, ùî
êîëè X � òîïîëîãi÷íèé ïðîñòið, Y � ìåòðèçîâíèé êîìïàêò, Z � ñèëüíî
σ-ìåòðèçîâíèé ïðîñòið i f : X × Y → Z � KhC-ôóíêöiÿ, òî ìíîæèíà
CY (f) = {x ∈ X : {x} × Y ⊆ C(f)} çàëèøêîâà â X (ñëàáøi ðåçóëüòàòè
äëÿ CC-ôóíêöié i KC-ôóíêöié áóëè îòðèìàíi â [1,2]). ßê âiäîìî [6], äëÿ
ìåòðèçîâíîãî ïðîñòîðó Z ìíîæèíà CY (f) áóäå çàëèøêîâîþ, ÿêùî ïðîñòið
Y ëèøå çàäîâîëüíÿ¹ äðóãó àêñiîìó çëi÷åííîñòi. Òîìó âèíèêà¹ ïèòàííÿ: ÷è
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áóäå ìíîæèíà CY (f) çàëèøêîâîþ â X, ÿêùî Y çàäîâîëüíÿ¹ äðóãó àêñi-
îìó çëi÷åííîñòi, Z � ñèëüíî σ-ìåòðèçîâíèé ïðîñòið i f : X × Y → Z �
KhC-ôóíêöiÿ? Òàêi æ ïèòàííÿ ìîæíà ñòàâèòè äëÿ íàðiçíî íåïåðåðâíèõ
ôóíêöié, KC-ôóíêöié ÷è KC-ôóíêöié. Âiäïîâiäi íà öi ïèòàííÿ ïîêè ùî
íåâiäîìi íàâiòü äëÿ íàðiçíî íåïåðåðâíèõ ôóíêöié.

Òóò ìè àíîíñó¹ìî îäíó òåîðåìó ïðî ñóêóïíó íåïåðåðâíiñòü íàðiçíî íå-
ïåðåðâíèõ ôóíêöié f : X×Y → Z, îòðèìàíó â ðåçóëüòàòi ïîøóêiâ âiäïîâiäi
íà ïîñòàâëåíi ïðîáëåìè.

Òåîðåìà 1. Íåõàé X � òîïîëîãi÷íèé ïðîñòið, Y � òîïîëîãi÷íèé ïðî-
ñòið, ùî çàäîâîëüíÿ¹ äðóãó àêñiîìó çëi÷åííîñòi, Z � ñèëüíî σ-ìåòðèçîâ-
íèé ïðîñòið i f : X×Y → Z � íàðiçíî íåïåðåðâíå âiäîáðàæåííÿ. Òîäi iñíó-
þòü ïñåâäîáàçà {Vk : k ∈ N} â Y i ïîñëiäîâíiñòü ìíîæèí Ek â X, òàêi, ùî

îá'¹äíàííÿ
∞⋃
k=1

Ek � öå çàëèøêîâà ìíîæèíà â ïðîñòîði X i Ek×Vk ⊆ C(f)

äëÿ êîæíîãî k ∈ N.
Ç öèì ðåçóëüòàòîì ñïîðiäíåíi òàêi òåîðåìè.

Òåîðåìà 2([3]). Íåõàé X � òîïîëîãi÷íèé ïðîñòið, Y � òîïîëîãi÷íèé
ïðîñòið, ùî çàäîâîëüíÿ¹ ïåðøó àêñiîìó çëi÷åííîñòi, Z � ñèëüíî σ-ìåòðè-
çîâíèé ïðîñòið i f : X × Y → Z � KhC-ôóíêöiÿ. Òîäi äëÿ êîæíîãî y ∈ Y
ìíîæèíà Cy(f) = {x ∈ X : (x, y) ∈ C(f)} çàëèøêîâà â X.

Òåîðåìà 3([4]). Íåõàé X � òîïîëîãi÷íèé ïðîñòið, Y � òîïîëîãi÷íèé
ïðîñòið çi çëi÷åííîþ ïñåâäîáàçîþ, Z � σ-ìåòðèçîâíèé ïðîñòið i f : X ×
Y → Z � KhC-ôóíêöiÿ. Òîäi ìíîæèíà C(f) çàëèøêîâà â äîáóòêó X × Y .

Íàãàäà¹ìî, ùî âiäîáðàæåííÿ f : X×Y → Z, íàçèâà¹òüñÿKhC-ôóíêöi¹þ,
ÿêùî âîíî íåïåðåðâíå âiäíîñíî äðóãî¨ çìiííî¨ i ãîðèçîíòàëüíî êâàçiíåïå-
ðåðâíå, òîáòî äëÿ êîæíî¨ òî÷êè p = (x, y) ∈ X × Y i äîâiëüíèõ îêîëiâ U �
òî÷êè x â X, V � òî÷êè y â Y i W � òî÷êè z = f(p) â Z iñíóþòü âiäêðèòà
íåïîðîæíÿ ìíîæèíà G â X i òî÷êà b ∈ V , òàêi, ùî G ⊆ U i f(G×{b}) ⊆W .

[1] Ìàñëþ÷åíêî Â.Ê., Ìèõàéëþê Â.Â., Ñîá÷óê Î.Â. Äîñëiäæåííÿ ïðî íàðiçíî íåïå-
ðåðâíi âiäîáðàæåííÿ // Ìàòåðiàëè ìiæíàðîäíî¨ ìàòåìàòè÷íî¨ êîíôåðåíöi¨, ïðè-
ñâÿ÷åíî¨ ïàì'ÿòi Ãàíñà Ãàíà. � ×åðíiâöi : Ðóòà, 1995. � Ñ. 192-246.

[2] Ìàñëþ÷åíêî Â.Ê. Íàðiçíî íåïåðåðâíi âiäîáðàæåííÿ âiä áàãàòüîõ çìiííèõ çi çíà-
÷åííÿìè â σ-ìåòðèçîâíèõ ïðîñòîðàõ // Íåëiíiéíi êîëèâàííÿ. � 1999. � 2, �3. �
C. 337-344.

[3] Ìàñëþ÷åíêî Â.Ê., Ìèõàéëþê Â.Â., Øèøèíà Î.I. Ñóêóïíà íåïåðåðâíiñòü ãîðèçîí-
òàëüíî êâàçiíåïåðåðâíèõ âiäîáðàæåíü çi çíà÷åííÿìè â σ-ìåòðèçîâíèõ ïðîñòîðàõ //
Ìàò. ìåòîäè i ôiç.-ìåõ. ïîëÿ. � 2002. � 45, �1. � Ñ. 42-46.

[4] Ìàñëþ÷åíêî Â.Ê., Ôiëiï÷óê Î.I. Äî ïèòàííÿ ïðî òî÷êè ðîçðèâó KhC-ôóíêöié íà
íåïåðåðâíèõ êðèâèõ // Íàóê. âiñíèê ×åðíiâåöüêîãî óí-òó. Âèï. 314-315. Ìàòåìàòè-
êà. � ×åðíiâöi : Ðóòà, 2006. � Ñ. 122-124.
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[5] Ôiëiï÷óê Î.I. Äî ïèòàííÿ ïðî ñóêóïíó íåïåðåðâíiñòü íàðiçíî íåïåðåðâíèõ âiäîáðà-
æåíü òà ¨õ àíàëîãiâ çi çíà÷åííÿìè â ñèëüíî σ-ìåòðèçîâíèõ ïðîñòîðàõ // Íàóê.
âiñíèê ×åðíiâåöüêîãî óí-òó. Âèï. 336-337. Ìàòåìàòèêà. � ×åðíiâöi : Ðóòà, 2007. �
Ñ. 183-188.

[6] Ìàñëþ÷åíêî Â.Ê., Íåñòåðåíêî Â.Â. Ñóêóïíà íåïåðåðâíiñòü i êâàçiíåïåðåðâíiñòü
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Ïðî äâîñòîðîííþ àïðîêñèìàöiþ ðîçâ'ÿçêiâ
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ðiâíÿíü

Ìåíòèíñüêèé Ñåðãié Ìèðîñëàâîâè÷

Íàöiîíàëüíèé óíiâåðñèòåò "Ëüâiâñüêà ïîëiòåõíiêà"

serge.mentynsky@i.ua

Â äîïîâiäi ðîçãëÿäà¹òüñÿ îäèí ñïîñiá âiäøóêàííÿ äâîñòîðîííiõ íàáëèæåíü
äî ðîçâ'ÿçêiâ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü âèãëÿäó

x(m) = f
(
t, x, x′, ...., x(m−1)

)
, (1)

äå t ∈ [0;T ] , x(i) ∈ [ai; bi] , ai, bi ∈ C(m−i) [0;T ] , (i = 0, 1, ...,m− 1) , ÿêi
çàäîâîëüíÿþòü êðàéîâi óìîâè

x (ti) = xi, 0 = t0 < t1 < ... < tm−1 = T, i = 0, 1, ...,m− 1, (2)

ïîáóäîâàíèé íà îñíîâi ÷èñåëüíî-àíàëiòè÷íîãî ìåòîäó À.Ì.Ñàìîéëåíêà [1].
Ñòðóêòóðà àëãîðèòìó  ðóíòó¹òüñÿ íà åêñïëóàòîâàíîìó â [2] (äèâ. òàêîæ
[3]) ïiäõîäi äî äîñëiäæåííÿ äâîñòîðîííiõ ìåòîäiâ äëÿ ðiâíÿíü ç íåìîíîòîí-
íèìè îïåðàòîðàìè. Äëÿ àïðîêñèìàöi¨ ðîçâ'ÿçêó çàäà÷i (1), (2) âèêîðèñòî-
âó¹ìî ïðèïóùåííÿ, ùî ïðàâó ÷àñòèíó ðiâíÿííÿ (1) ìîæíà ïîäàòè ó âèãëÿ-
äi B-ìîíîòîííî¨ (çà Þ.Â.Ïîêîðíèì) çà çìiííèìè yi, zi, (i = 0, 1, ...,m− 1)
ôóíêöi¨ F (t, y0, z0, y1, z1, ..., ym−1, zm−1), äëÿ ÿêî¨

F (t, x0, x0, x1, x1, ..., xm−1, xm−1) ≡ f (t, x0, x1, ..., xm−1) .

Âñòàíîâëåíî óìîâè ìîíîòîííîñòi òà ðiâíîìiðíî¨ ùîä t ∈ [0;T ] çáiæíîñòi
ïîñëiäîâíîñòåé âåðõíiõ òà íèæíiõ íàáëèæåíü äî ðîçâ'ÿçêó çàäà÷i.

Îòðèìàíi ðåçóëüòàòè, ó ïîðiâíÿííi ç âiäîìèìè äâîñòîðííiìè ìåòîäàìè,
ðîçøèðþþòü ìåæi ¨õ ïðàêòè÷íîãî çàñòîñóâàííÿ, îñêiëüêè äîçâîëÿþòü âðà-
õîâóâàòè âïëèâ íà äâîñòîðîííiñòü òà ìîíîòîííiñòü îòðèìàíèõ ïîñëiäîâíèõ
íàáëèæåíü ïîõèáîê, ùî âèíèêàþòü ïðè íàáëèæåííi ðåàëüíèõ çàäà÷ ¨õ ìà-
òåìàòè÷íèìè ìîäåëÿìè, à òàêîæ ïîõèáîê, ÿêi âèíèêàþòü ïðè ðîçâ'ÿçóâàííi
ïðèêëàäíèõ çàäà÷ iç âèêîðèñòàííÿì ñó÷àñíî¨ îá÷èñëþâàëüíî¨ òåõíiêè.
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Ìiíiìàêñíi ìåòîäè îöiíþâàííÿ ôóíêöiîíàëiâ âiä
ñòîõàñòè÷íèõ ïðîöåñiâ
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Êëàñè÷íi ìåòîäè äîñëiäæåííÿ çàäà÷ iíòåðïîëÿöi¨, åêñòðàïîëÿöi¨ òà ôiëü-
òðàöi¨ ñòîõàñòè÷íèõ ïðîöåñiâ ðîçâèíóòi ó ïðàöÿõ À. Ì. Êîëìîãîðîâà, Í. Âi-
íåðà, À. Ì. ßãëîìà, Þ. À. Ðîçàíîâà. Âîíè áàçóþòüñÿ íà ïðèïóùåííi, ùî
ñïåêòðàëüíi ùiëüíîñòi ïðîöåñiâ âiäîìi. Íà ïðàêòèöi, îäíàê, ïîâíà iíôîðìà-
öiÿ ïðî ñïåêòðàëüíi ùiëüíîñòi ó áiëüøîñòi âèïàäêiâ íåìîæëèâà. Ùîá ïîäî-
ëàòè öå óñêëàäíåííÿ, çíàõîäÿòü ïàðàìåòðè÷íi ÷è íåïàðàìåòðè÷íi îöiíêè
ñïåêòðàëüíèõ ùiëüíîñòåé àáî ïiäáèðàþòü ùiëüíîñòi, âèõîäÿ÷è ç iíøèõ ìið-
êóâàíü. Ïîòiì çàñòîñîâóþòü êëàñè÷íó òåîðiþ îöiíþâàííÿ, ââàæàþ÷è, ùî
âèáðàíi òèì ÷è iíøèì ñïîñîáîì ñïåêòðàëüíi ùiëüíîñòi ¹ iñòèííèìè. Òàêèé
ïiäõiä, ÿê ïîêàçàëè Ê. Ñ. Âàñòîëà òà Ã. Â. Ïóð íà êîíêðåòíèõ ïðèêëàäàõ,
ìîæå ïðèçâåñòè äî çíà÷íîãî ðîñòó âåëè÷èíè ïîõèáêè îöiíêè. Òîìó äîöiëü-
íî øóêàòè îöiíêè, ÿêi ¹ îïòèìàëüíèìè îäíî÷àñíî äëÿ âñiõ ùiëüíîñòåé ç
äåÿêîãî êëàñó ìîæëèâèõ ñïåêòðàëüíèõ ùiëüíîñòåé. Òàêi îöiíêè íàçèâàþòü
ìiíiìàêñíèìè, îñêiëüêè âîíè ìiíiìiçóþòü ìàêñèìàëüíå çíà÷åííÿ âåëè÷èíè
ïîõèáêè. Âàðòî âiäçíà÷èòè ðîáîòó Ó. Ãðåíàäåðà[1], ó ÿêié âïåðøå çàïðîïî-
íîâàíî ìiíiìàêñíèé ïiäõiä äî çàäà÷i åêñòðàïîëÿöi¨ ñòîõàñòè÷íèõ ïðîöåñiâ.

Ó äàíié äîïîâiäi îáãîâîðþþòüñÿ ìiíiìàêñíi ìåòîäè îöiíþâàííÿ ôóí-
êöiîíàëiâ âiä íåâiäîìèõ çíà÷åíü ñòîõàñòè÷íèõ ïðîöåñiâ. Áiëüø äåòàëüíó
iíôîðìàöiþ ìîæíà çíàéòè â îãëÿäîâié ñòàòòi Ñ. Êàñàìà i Ã. Ïóðà[2] òà ó
êíèãàõ Ì. Ìîêëÿ÷óêà[3], Ì. Ìîêëÿ÷óêà òà Î. Ìàñþòêè[4], I. Äóáîâåöüêî¨
òà Ì. Ìîêëÿ÷óêà[5].

[1] Grenander U. A prediction problem in game theory. � Ark. Mat.� 1957. � Vol. 3, Is. 4.
� pp. 371-379
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stochastic processes. � LAP LAMBERT Academic Publishing. � 2012. � 296 p.
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Ïðî äiàãîíàëi íàðiçíî íåïåðåðâíèõ âiäîáðàæåíü çi
çíà÷åííÿìè ó σ-ìåòðèçîâíèõ ðiâíîìiðíî çâ'ÿçíèõ

ïðîñòîðàõ

Ìèõàéëþê Âîëîäèìèð Âàñèëüîâè÷

×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

vmykhaylyuk@ukr.net

Ñîá÷óê Îëåêñàíäð Âàñèëüîâè÷
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Äîñëiäæåííÿ äiàãîíàëåé íàðiçíî íåïåðåðâíèõ ôóíêöié f : X2 → R áå-
ðóòü ñâié ïî÷àòîê ç êëàñè÷íî¨ ïðàöi Ð. Áåðà [1] i áóëè ïðîäîâæåíi ó ðîáîòàõ
áàãàòüîõ ìàòåìàòèêiâ (äèâèñü, íàïðèêëàä, [2]).

Òîïîëîãi÷íèé ïðîñòið X íàçèâà¹òüñÿ ðiâíîìiðíî çâ'ÿçíèì, ÿêùî iñíó¹
òàêà íåïåðåðâíà ôóíêöiÿ λ : X×X×[0, 1]→ X, ùî λ(x, y, 0) = x, λ(x, y, 1) =
y i λ(x, x, t) = x äëÿ âñiõ x, y ∈ X i t ∈ [0, 1].

Òîïîëîãi÷íèé ïðîñòiðX íàçèâà¹òüñÿ ñèëüíî σ-ìåòðèçîâíèì, ÿêùî iñíó¹
çðîñòàþ÷à ïîñëiäîâíiñòü (Xn)∞n=1 çàìêíåíèõ ìåòðèçîâíèõ ïiäïðîñòîðiâ Xn

ïðîñòîðó X òàêà, ùî X =
∞⋃
n=1

Xn i äëÿ êîæíî¨ çáiæíî¨ â X ïîñëiäîâíiñòü

(xn)∞n=1 iñíó¹ íîìåð m ∈ N òàêèé, ùî xn ∈ Xm äëÿ êîæíîãî n ∈ N. Ïðè
öüîìó ïîñëiäîâíiñòü (Xn)∞n=1 íàçèâàòè¹òüñÿ âè÷åðïóâàííÿì ïðîñòîðó X.

Âè÷åðïóâàííÿ (Xn)∞n=1 ïðîñòîðó X íàçèâàòèìåìî äîñêîíàëèì, ÿêùî
äëÿ êîæíîãî n ∈ N iñíó¹ íåïåðåðâíå âiäîáðàæåííÿ πn : X → Xn ç πn(x) =
x äëÿ êîæíîãî x ∈ Xn. Âè÷åðïóâàííÿ (Xn)∞n=1 ðiâíîìiðíî çâ'ÿçíîãî σ-
ìåòðèçîâíîãî ïðîñòîðó (X,λ) íàçèâàòèìåìî óçãîäæåíèì ç âiäîáðàæåííÿì
λ, ÿêùî λ(Xn ×Xn × [0, 1]) ⊆ Xn äëÿ êîæíîãî n ∈ N.
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Theorem 1. Íåõàé X � òîïîëîãi÷íèé ïðîñòið, (Z, λ) � ñèëüíî σ-ìåòðèçîâíèé
ðiâíîìiðíî çâ'ÿçíèé ïðîñòið ç äîñêîíàëèì âè÷åðïóâàííÿì (Zk)∞k=1, óçãî-
äæåíèì ç âiäîáðàæåííÿì λ, n ∈ N i g : X → Z � âiäîáðàæåííÿ (n− 1)-ãî
êëàñó Áåðà. Òîäi iñíó¹ íàðiçíî íåïåðåðâíå âiäîáðàæåííÿ f : X2 → Z òàêå,
ùî f(x, x) = g(x) äëÿ êîæíîãî x ∈ X.

Theorem 2. Iñíó¹ ðiâíîìiðíî çâ'ÿçíèé ïðîñòið (Z, λ) ç ìåòðèçîâíèì ðiâ-
íîìiðíî çâ'ÿçíèì ïiäïðîñòîðîì Z1, âiäîáðàæåííÿ g : [0, 1] → Z ïåðøîãî
êëàñó Áåðà òàêi, ùî iñíó¹ ïîñëiäîâíiñòü (gn)∞n=1 íåïåðåðâíèõ âiäîáðàæåíü
gn : [0, 1]→ Z1, ÿêà ïîòî÷êîâî íà [0, 1] çáiãà¹òüñÿ äî g, i g íå ¹ äiàãîíàëëþ
äëÿ æîäíîãî íàðiçíî íåïåðåðâíîãî âiäîáðàæåííÿ f : [0, 1]2 → Z.

[1] Baire R. Sur les fonctions de variables re�elles // Ann. Mat. Pura Appl., ser. 3. � 1899.
� V. 3. � P. 1-123.

[2] Karlova O., Mykhaylyuk V., Sobchuk O. Diagonals of separately continuous functions
and their analogs // Topology Appl. � 2013. � V. 160. � P. 1-8.
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×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à
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Ïîíÿòòÿ ïåðåõiäíîñòi áóëî ââåäåíî Â.Êðåöó òà Â.Ìàñëþ÷åíêîì â [1] ÿê äî-
ïîìiæíèé iíñòðóìåíò ïðè âñòàíîâëåííi íåïåðåðâíîñòi S-íåïåðåðâíèõ ôóí-
êöié f : R → R iç çàìêíåíèì ãðàôiêîì. Â [2] ïîíÿòòÿ ïåðåõiäíîñòi áóëî
ïåðåíåñåíî íà âèïàäîê âiäîáðàæåíü f : X → Y , ÿêi äiþòü ìiæ äîâiëüíèìè
òîïîëîãi÷íèìè ïðîñòîðàìè X òà Y . Âiäîáðàæåííÿ f : X → Y íàçèâà¹-
òüñÿ ïåðåõiäíèì ó òî÷öi x ∈ X, ÿêùî äëÿ êîæíîãî îêîëó V òî÷êè f(x) â
Y iñíóþòü îêië U òî÷êè x â X i âiäêðèòèé îêië W òî÷êè f(x) â Y , òàêi,
ùî W ⊆ V i U ∩ f−1(frW ) = ∅, äå frW � ìåæà ìíîæèíè W , i ïðîñòî
ïåðåõiäíèì, ÿêùî âîíî ¹ òàêèì â êîæíié òî÷öi.

Ïåðåõiäíiñòü ¹ äîñèòü ñëàáêîþ óìîâîþ íà âiäîáðàæåííÿ. Âñi íåïåðåðâíi
âiäîáðàæåííÿ, âiäîáðàæåííÿ iç çàìêíåíèì ãðàôiêîì çi çíà÷åííÿì â ãàóñ-
äîðôîâîìó ïðîñòîði, ìîíîòîííi ôóíêöi¨, ái¹êöi¨ ç R â R ¹ ïåðåõiäíèìè.
Êðiì òîãî, êîæíà ôóíêöiÿ f : X → R ¹ ñóìîþ äâîõ ïåðåõiäíèõ ôóíêöié.
Îäíàê, iñíóþòü äiéñíi ôóíêöi¨, ÿêi íå ¹ ïåðåõiäíèìè â æîäíié òî÷öi.

Âiäîáðàæåííÿ f : X → Y ìà¹ ñëàáêó âëàñòèâiñòü Äàðáó, ÿêùî îáðàç
f(G) êîæíî¨ îáëàñòi G â X, òîáòî âiäêðèòî¨ i çâ'ÿçíî¨ ìíîæèíè, ¹ çâ'ÿçíîþ

50



ìíîæèíîþ â Y . Â [2] áóëî îäåðæàíî ðåçóëüòàò ïðî äåêîìïîçèöiþ íåïå-
ðåðâíîñòi, ÿêèé óçàãàëüíþ¹ âñi ïîïåðåäíi ðåçóëüòàòè íà öþ òåìó, çîêðåìà,
äîáðå âiäîìèé ðåçóëüòàò ïðî íåïåðåðâíiñòü äiéñíî¨ ôóíêöi¨ iç çàìêíåíèì i
çâ'ÿçíèì ãðàôiêîì.

Theorem 1. Íåõàé X � ëîêàëüíî çâ'ÿçíèé ïðîñòið, Y � òîïîëîãi÷íèé
ïðîñòið. Âiäîáðàæåííÿ f : X → Y íåïåðåðâíå òîäi i òiëüêè òîäi, êîëè
âîíî ïåðåõiäíå i ìà¹ ñëàáêó âëàñòèâiñòü Äàðáó.

Ó çâ'ÿçêó ç òåîðåìîþ 2 âèíèêëî ïðèðîäíå áàæàííÿ äîñëiäèòè, â ÿêèõ
âiäîìèõ òåîðåìàõ (çîêðåìà äåêîìïîçèöiéíèõ òåîðåìàõ) óìîâó çàìêíåíî-
ñòi ãðàôiêà ìîæíà çàìiíèòè íà ïåðåõiäíiñòü. Ïåðøèì ïóíêòîì äîñëiäæåíü
â öüîìó íàïðÿìêó ñòàëà êëàñè÷íà òåîðåìà ïðî çàìêíåíèé ãðàôiê Ñòåôà-
íà Áàíàõà [3, ñ. 35, òåîðåìà 7], ÿêà ó ñïðîùåíîìó âèãëÿäi ôîðìóëþ¹òüñÿ
òàê: äëÿ äîâiëüíèõ áàíàõîâèõ ïðîñòîðiâ X i Y êîæíå ëiíiéíå âiäîáðàæåííÿ
f : X → Y iç çàìêíåíèì ãðàôiêîì ¹ íåïåðåðâíèì. Â [4] áóëî âñòàíîâëåíî,
ùî ëiíiéíå âiäîáðàæåííÿ, ùî äi¹ ìiæ òîïîëîãi÷íèìè âåêòîðíèìè ïðîñòî-
ðèìè, çàâæäè ìà¹ ñëàáêó âëàñòèâiñòü Äàðáó. Òîìó, ç óðàõóâàííÿì òåîðåìè
2, ñïðàâåäëèâà òàêà

Theorem 2. Ëiíiéíå âiäîáðàæåííÿ f : X → Y , ùî äi¹ â äîâiëüíèõ òî-
ïîëîãi÷íèõ âåêòîðíèõ ïðîñòîðàõ, áóäå íåïåðåðâíèì òîäi i òiëüêè òîäi,
êîëè âîíî ïåðåõiäíå.

Ç öüîãî ðåçóëüòàòó âèïëèâà¹, ùî êîæíå ëiíiéíå ñêií÷åííîâèìiðíå âiä-
îáðàæåííÿ f : X → Y iç çàìêíåíèì ãðàôiêîì áóäå íåïåðåðâíèì äëÿ äîâiëü-
íèõ òîïîëîãi÷íèõ âåêòîðíèõ ïðîñòîðiâ X òà Y ïðè óìîâi ãàóñäîðôîâîñòi
ïðîñòîðó Y .

Íå â óñiõ òåîðåìàõ óìîâó çàìêíåííîñòi ãðàôiêà âäà¹òüñÿ çàìiíèòè ïåðå-
õiäíiñòþ. Ôóíêöiÿ f : J → R, äå J � ñêií÷åíèé àáî íåñêií÷åíèé ïðîìiæîê
â R, äâîñòîðîííüî êâàçiíåïåðåðâíà â òî÷öi x ∈ J , ÿêùî äëÿ äîâiëüíîãî
îêîëó V òî÷êè y = f(x) â R i äîâiëüíîãî ÷èñëà δ > 0 iñíóþòü âiäêðèòi
íåïîðîæíi ìíîæèíè U i W â J , òàêi, ùî U ⊆ (x, x + δ), W ⊆ (x − δ, x) i
f(U ∪W ) ⊆ V , i ïðîñòî äâîñòîðîííüî êâàçiíåïåðåðâíà, ÿêùî âîíà ¹ òàêîþ
â êîæíié òî÷öi. Â [5] É.Äîáîø âñòàíîâèâ, øî äâîñòîðîííüî êâàçiíåïåðåðâ-
íà ôóíêöiÿ f : R → R iç çàìêíåííèì ãðàôiêîì ¹ íåïåðåðâíîþ. Îäíàê,
â [6] áóëî âñòàíîâëåíî, ùî äëÿ äîâiëüíîãî ñêií÷åííîãî àáî íåñêií÷åííîãî
ïðîìiæêó J ⊆ R i äîâiëüíî¨ íiäå íå ùiëüíî¨ äîñêîíàëî¨ â J ìíîæèíè F
iñíó¹ òàêà äâîñòîðîííüî êâàçiíåïåðåðâíà ïåðåõiäíà ôóíêöiÿ f : J → R, ùî
ìíîæèíà D(f) òî÷îê ðîçðèâó ôóíêöi¨ f ðiâíà F .

Êðiì ïîíÿòòÿ ïåðåõiäíîñòi iñíó¹ áàãàòî éîãî àíàëîãiâ: ñëàáêà ïåðåõi-
äíiñòü, êâàçiïåðåõiäíiñòü, ëîêàëüíà w∗-íåïåðåðâíiñòü, ëîêàëüíà w∗-êâàçiíåïåðåðâíiñòü,
ëîêàëüíà âiäíîñíà íåïåðåðâíiñòü òîùî. Çâ'ÿçêè ìiæ öèìè ïîíÿòòÿìè, à òà-
êîæ áàãàòî iíøèõ ðåçóëüòàòiâ çà ó÷àñòþ öèõ ïîíÿòü, âèñâiòëåíî â [7, 8].
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Çáóðåííÿ ñòiéêèõ ïðîöåñiâ òà ïñåâäîäèôåðåíöiàëüíi
ðiâíÿííÿ

Îñèï÷óê M. Ì.

Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Âàñèëÿ Ñòåôàíèêà

mykhailo.osypchuk@pu.if.ua

Ïîðòåíêî M. I.

Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè

portenko@imath.kiev.ua

Ïðîöåñ Ìàðêîâà â Rd çi ùiëüíiñòþ éìîâiðíîñòi ïåðåõîäó âiäíîñíî ëåáåãîâî¨
ìiðè, ÿêà çàäà¹òüñÿ ðiâíiñòþ

g(t, x, y) =
1

(2π)d

∫
Rd

exp{i(x− y, ξ)− ct|ξ|α} dξ, t > 0, x ∈ Rd, y ∈ Rd,

äå c > 0, α ∈ (1, 2] çàäàíi ñòàëi, íàçèâà¹òüñÿ ñèìåòðè÷íèì ñòiéêèì ïðî-
öåñîì. Òâiðíèé îïåðàòîð A òàêîãî ïðîöåñó ¹ ïñåâäîäèôåðåíöiàëüíèì îïå-
ðàòîðîì ïîðÿäêó α (éîãî ñèìâîë çàäà¹òüñÿ ôóíêöi¹þ (−c|ξ|α)ξ∈Rd). Ïðè
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α = 2, c = 1/2 öåé îïåðàòîð ¹ îïåðàòîðîì Ëàïëàñà (ç òî÷íiñòþ äî ìóëüòè-
ïëiêàòèâíî¨ êîíñòàíòè), à ñèìåòðè÷íèé ñòiéêèé ïðîöåñ � âiíåðîâèì ïðîöå-
ñîì.

Äëÿ êîæíî¨ íåïåðåðâíî¨ îáìåæåíî¨ ôóíêöi¨ (ϕ(x))x∈Rd ôóíêöiÿ

u(t, x) =

∫
Rd
ϕ(y)g(t, x, y) dy, t > 0, x ∈ Rd

¹ ¹äèíèì ðîçâ'ÿçêîì çàäà÷i Êîøi

∂u(t, x)

∂t
= Axu(t, x), lim

t→0
u(t, x) = ϕ(x)

â êëàñi ôóíêöié, ùî ïðÿìóþòü äî íóëÿ íà íåñêií÷åííîñòi (äèâ. [1]).

Â äîïîâiäi îáãîâîðþþòüñÿ ïèòàííÿ ïîáóäîâè ôóíäàìåíòàëüíîãî ðîçâ'ÿç-
êó çàäà÷i Êîøi äëÿ ïñåâäîäèôåðåíöiàëüíîãî ðiâíÿííÿ âèäó

∂u(t, x)

∂t
= Axu(t, x) + (a(x),Bx)u(t, x),

äå âåêòîðíîçíà÷íèé îïåðàòîð B ïîâ'ÿçàíèé ç îïåðàòîðîì A ñïiââiäíî-
øåííÿì A = c div(B). Îïåðàòîð B ¹ ïñåâäîäèôåðåíöiàëüíèì àíàëîãîì
ãðàäi¹íòà (éîãî ñèìâîë äîðiâíþ¹ (2i|ξ|α−2ξ)ξ∈Rd). Ðîçãëÿäàþòüñÿ âèïàäêè
îáìåæåíî¨ íåïåðåðâíî¨ ôóíêöi¨ (a(x))x∈Rd òà óçàãàëüíåíî¨ ôóíêöi¨ a(x) =
q(x)δS(x)ν, äå S � ãiïåðïëîùèíà â Rd îðòîãîíàëüíà äî îäèíè÷íîãî âåêòîðà
ν ∈ Rd, (q(x))x∈S � íåïåðåðâíà îáìåæåíà ôóíêöiÿ, δS � óçàãàëüíåíà ôóí-
êöiÿ, ùî äi¹ íà íåïåðåðâíi ç êîìïàêòíèìè íîñiÿìè ôóíêöi¨ ϕ çà ïðàâèëîì
〈δS , ϕ〉 =

∫
S
ϕ(x) dσ.

Ôóíäàìåíòàëüíi ðîçâ'ÿçêè G(t, x, y)t>0,x∈Rd,y∈Rd (â îáîõ âèïàäêàõ) ïî-
áóäîâàíî øëÿõîì çáóðåííÿ ôóíêöi¨ g(t, x, y), òîáòî, ÿê ðîçâ'ÿçêè ðiâíÿííÿ

G(t, x, y) = g(t, x, y) +

∫ t

0

dτ

∫
Rd
g(t− τ, x, z)(BzG(τ, z, y), a(z)) dz.

Âñòàíîâëåíî iñíóâàííÿ ðîçâ'ÿçêó öüîãî ðiâíÿííÿ, çàäîâîëåííÿ íèì ðiâíîñòi
Êîëìîãîðîâà-×åïìåíà òà ðiâíiñòü îäèíèöi iíòåãðàëó ïî âñüîìó ïðîñòîðó Rd
çà òðåòiì àðãóìåíòîì (ïðè ôiêñîâàíèõ ïåðøèõ äâîõ).

[1] Êî÷óáåé À. Í. Ïàðàáîëè÷åñêèå ïñåâäîäèôôåðåíöèàëüíûå óðàâíåíèÿ, ãèïåðñèíãóëÿð-
íûå èíòåãðàëû è ìàðêîâñêèå ïðîöåññû. Èçâ. ÀÍ ÑÑÑÐ. Ñåð. ìàòåì. 1988, 52 (5),
909�934.
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Ìîäåëþâàííÿ ãàóññîâèõ ïðîöåñiâ â ïðîñòîðàõ Lp

Îñèï÷óê Î.Ì.

Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Âàñèëÿ Ñòåôàíèêà

alex.skein@gmail.com

Ðîçãëÿäà¹òüñÿ X(t), t ∈ [0;T ] (T > 0) êîìïëåêñíîçíà÷íèé ãàóññiâ âèïàäêî-
âèé ïðîöåñ ç EX(t) ≡ 0 òà ôóíêöi¹þ êîâàðiàöi¨ R(s, t) = EX(s)X(t).

Íåõàé XN (t) =
∑N
k=−N ξkak(t), N ∈ N, t ∈ [0, T ], ak(·) � äåÿêi ôóíêöi¨,

ξk � íàáið íåçàëåæíèõ ñòàíäàðòíèõ ãàóñîâèõ âèïàäêîâèõ âåëè÷èí.

Ïîçíà÷èìî ÷åðåç 4N (t) = X(t)−XN (t).

Îçíà÷åííÿ 1. Ãîâîðèòèìåìî, ùî XN (t) ¹ ìîäåëëþ âèïàäêîâîãî ïðîöåñó
X(t), ÿêà íàáëèæà¹ éîãî ç íàäiéíiñòþ 0 < 1− δ < 1 òà òî÷íiñòþ ε > 0 â
Lp([0;T ]) (p ≥ 2), ÿêùî P (‖4N‖Lp > ε) ≤ δ.

Îäåðæàíî íàñòóïíi ðåçóëüòàòè.

Òåîðåìà 1. Íåõàé ôóíêöiÿ êîâàðiàöi¨ öåíòðîâàíîãî ãàóññîâîãî ïðîöåñó

X(t), t ∈ [0, T ], T > 0 , ìà¹ âèãëÿä R(s, t) =

∫ d

−d
f(s, λ) f(t, λ)dλ ç êâà-

äðàòè÷íî iíòåãðîâàíîþ íà [−d, d] äëÿ êîæíîãî t ∈ [0;T ] ôóíêöi¹þ f(t, ·).
ßêùî ôóíêöiÿ f(t, λ) ìà¹ îáìåæåíó íà [0;T ] × [−d; d] ÷àñòèííó ïîõiäíó
ïåðøîãî ïîðÿäêó ïî λ i ¹ îáìåæåíîþ íà [0;T ] ïðè λ = ±d , òî ïðè

N >

(
2T

ε

)2/p

C1/2min

(
p, 2ln

2

δ

)
,

äå C = 1
π

√
d
2 max

(
sup |f(t, d)− f(t,−d)| , 2d sup

∣∣ ∂
∂λf(t, λ)

∣∣) , âèïàäêîâèé ïðî-
öåñ XN (t) =

N∑
k=−N

ξkak(t), äå ξk � íåçàëåæíi ñòàíäàðòíi ãàóññîâi âèïàä-

êîâi âåëè÷èíè, ak(t) =
1√
2d

∫ d

−d
f(t, λ) e−i

kπλ
d dλ, ¹ ìîäåëëþ ïðîöåñó X(t) ç

òî÷íiñòþ ε > 0 òà íàäiéíiñòþ 0 < 1− δ < 1 â ïðîñòîði Lp([0;T ]).

Òåîðåìà 2. Íåõàé X(t), t ∈ [0;T ], T > 0 öåíòðîâàíèé ãàóññiâ ïðîöåñ ç
íåçàëåæíèìè ïðèðîñòàìè. Íåõàé éîãî ôóíêöiÿ êîâàðiàöi¨ R(s, t) = F (s∧t)
ç íåñïàäíîþ äâi÷i äèôåíöiéîâíîþ íà [0;T ] ôóíêöi¹þ F , ïðè÷îìó, F (0) = 0.
Ïîçíà÷èìî ÷åðåç f(λ) = F ′(λ). ßêùî äëÿ ôóíêöi¨ f âèêîíóþòüñÿ íàñòóïíi

óìîâè: limλ↓0λ
2f(λ) = 0; f(λ) i

f ′(λ)√
f(λ)

îáìåæåíi íà [0;T ]; òî äëÿ êîæíèõ
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ε > 0, 0 < δ < 1, p ≥ 2 ìîäåëü XN (t) =
∑N
k=0 ak(t)ξk íàáëèæà¹ ïðîöåñ X(t)

â Lp([0;T ]) ïðè N > (Tε )
2/p
C1/2min

(
p, 2ln 2

δ

)
, äå

C =

√
8T

π
max

(
sup

√
f(λ) ,

T

2
sup

f ′(λ)√
f(λ)

)
.

Òóò ξk � íåçàëåæíi ñòàíäàðòíi ãàóññîâi âåëè÷èíè,

ak(t) =

√
2

T

∫ t

0

√
f(λ)cos

πk

T
λ dλ , k ∈ N, a0(t) =

1

T

∫ t

0

√
f(λ)dλ.

Ðåçóëüòàòè îäåðæàíi ïiä êåðiâíèöòâîì ïðîôåñîðà Êîçà÷åíêà Þ.Â. i ¨õ
äîâåäåííÿ áàçóþòüñÿ íà ìåòîäèöi ðîçðîáëåíié â ðîáîòi [1].

[1] Äîâãàé Á. Â., Êîçà÷åíêî Þ. Â., Ðîçîðà I. Â. Ìîäåëþâàííÿ âèïàäêîâèõ ïðîöåñiâ ó
ôiçè÷íèõ ñèñòåìàõ. � Ê.: ÂÏÖ "Çàäðóãà 2010. - 230 c.

Cross-correlation operator over the space of real-analytic
functions

Patra Mariia Igorivna

Vasyl Stefanyk Precarpathian National University

patramariia@gmail.com

Let Bc(R+) be the space of hyperfunctions with a compact support in the
positive semiaxis R+ := [0,+∞) and A(R+) be its predual space of germs of
real-analytic functions. We consider the cross-correlation operator

Cf : A(R+) 3 ϕ 7−→ f ? ϕ, f = [F ] ∈ Bc(R+),

where f ? ϕ is de�ned by the formula

(f ? ϕ)(t) := −
∮

Γ

F (z)ϕ(z + t)dz, t ∈ R+,

Γ is a closed path in the intersection of the domains of ϕ(· + t) and F , and
surrounding supp f once in the positive orientation.

Denote byL
(
A(R+)

)
the space of all linear continuous operators onA(R+).

The next theorem is a generalization of classic Schwartz's theorem on shift-
invariant operators.
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Theorem 1. The mapping K : Bc(R+) 3 f 7−→ Cf ∈ L
(
A(R+)

)
produces an

algebraic isomorphism from the convolution algebra Bc(R+) onto the commutant
[T ]c of the shift semigroup T , i.e.

Cf∗g = Cf ◦ Cg, f, g ∈ Bc(R+).

This talk is based on a joint work with Sharyn S.V. [1].

[1] Patra M., Sharyn S. On Cross-correlation of a Hyperfunction and a Real Analytic
Function // International Journal of Mathematical Analysis 2015, 9 (2), 95�100. doi:
10.12988/ijma.2015.411351

Ìåòîä Ìîíòå-Êàðëî ÷îòèðèêâàäðàíòíîãî
ïåðåòâîðåííÿ ôîðìè iíôîðìàöi¨

Ì.Ë. Ïåòðèøèí

Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò, Iâàíî-Ôðàíêiâñüê, Óêðà¨íà

Ë.Á. Ïåòðèøèí

Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò, Iâàíî-Ôðàíêiâñüê, Óêðà¨íà,
AGH University of Science and Technology, Cracov, Poland

l.b.petryshyn@gmail.com

Äîñòîâiðíiñòü ïåðåòâîðåííÿ ôîðìè iíôîðìàöi¨ (ÏÔI) ¹ iñòîòíèì ÷èííèêîì
â ñèñòåìàõ êîìåðöiéíîãî îáëiêó åíåðãîíîñi¨â. Áiëüøiñòü òàêèõ ñèñòåì çäié-
ñíþ¹ iíòåãðàëüíèé îáëiê ñïîæèòîãî ðåñóðñó ïðîòÿãîì âèçíà÷åíîãî ïåðiîäó
÷àñó. Ñó÷àñíi çàñîáè ÏÔI ôóíêöiîíóþòü â ðåæèìi ç÷èòóâàííÿ iíôîðìàöié-
íèõ âiäëiêiâ ç ÷àñòîòîþ, íå ìåíøîþ çà çíà÷åííÿ, âèçíà÷åíå çà òåîðåìîþ
Êîòåëüíèêîâà-Íàéêâiñòà-Øåííîíà. Âèñîêi äèíàìi÷íi ïàðàìåòðè äæåðåëà
iíôîðìàöi¨ ñïðè÷èíÿþòü äî çíà÷íîãî ïiäâèùåííÿ êîøòiâ âèãîòîâëåííÿ òà
åêñïëóàòàöi¨ iíôîñèñòåì. Ðîçðîáêà êîíêóðóþ÷èõ ùîäî äèíàìiêè ïåðåòâî-
ðåííÿ ìåòîäiâ iç íèæ÷îþ âàðòiñòþ âèãîòîâëåííÿ ¹ àêòóàëüíèì çàâäàííÿì,
ùî â ìàñøòàáàõ ìàñîâî¨ ïðîäóêöi¨ áàãàòîêàíàëüíèõ ðîçîñåðåäæåíèõ ñè-
ñòåì äîçâîëÿ¹ çàîùàäèòè çíà÷íi êîøòè. Íàéáiëüø àäàïòîâàíèì äî ÏÔI
åíåðãî- òà iíøèõ íîñi¨â ¹ ìåòîä ñòàòèñòè÷íèõ äîñëiäæåíü Ìîíòå-Êàðëî.
Ðåàëiçàöiÿ òàêîãî ïåðåòâîðþâà÷à â ñâî¹ìó ñêëàäi âèìàãà¹ ÿêiñíîãî ãåíå-
ðàòîðà ïñåäâîâèïàäêîâèõ âiäëiêiâ iç ìàêñèìàëüíîþ ðiâíîìiðíiñòþ ¨õ ðîç-
ïîäiëó íà ïåðiîäi ïåðåòâîðåííÿ äîâiëüíîãî iíôîïåðåáiãó. Çà çâè÷àé, ñêëà-
äíi àëãîðèòìè ôîðìóâàííÿ òàêèõ ðîçïîäiëiâ âèìàãàëè äîäàòêîâèõ ìiêðî
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êîíòðîëåðiâ, ùî çâîäèëî íà íiâåöü åêîíîìi÷íó åôåêòèâíiñòü âïðîâàäæåí-
íÿ ÏÔI Ìîíòå-Êàðëî. Iñíóâàëî çàâäàííÿ ðîçðîáêè ïðîñòîãî àëãîðèòìó òà
ìåòîäó ôîðìóâàííÿ âiäëiêiâ iç ÿêiñíèì ïñåâäèâèïàäêîâèì ðîçïîäiëîì ìiíi-
ìàëüíèìè êîøòàìè ïðîåêòóâàííÿ òà âèãîòîâëåííÿ. Ðåçóëüòàòè òðèâàëîãî
àíàëiçó òà çäiéñíåíèõ äîñëiäæåíü äîçâîëèëè ðîçðîáèòè íîâèé ìåòîä ãåíå-
ðóâàííÿ ïñåâäîâèïàäêîâèõ âiäëiêiâ [1]. Òåõíi÷íà ðåàëiçàöiÿ òàêîãî ìåòîäó
âèÿâèëàñü íàäçâè÷àéíî ïðîñòîþ i äåøåâîþ. Íà âiäìiíó âiä ìiêðîêîíòðîëå-
ðiâ ãåíåðàòîð ñêëàäà¹òüñÿ iç ¹äèíîãî äâiéêîâîãî ëi÷èëüíèêà iç äçåðêàëüíî
âiäîáðàæåíèì ïiäêëþ÷åííÿì äâiéêîâèõ ðîçðÿäiâ äî âiäïîâiäíèõ ðîçðÿäiâ
öèôðî-àíàëîãîâîãî ïåðåòâîðþâà÷à. Âàðòiñòü òàêîãî ïåðåòâîðþâà÷à ¹ ïî-
ðiâíÿííîþ iç âàðòiñòþ ðîçãîðòàþ÷èõ ÷è iíòåãðóþ÷èõ ÏÔI. Ðåçóëüòàòè àíà-
ëiçó iìîâiðíiñíèõ ïàðàìåòðiâ òàêèõ ãåíåðàòîðiâ ïîêàçàëè äîñòàòíþ ÿêiñòü
ðiâíîìiðíîñòi ïñåâäèâèïàäêîâîãî ðîçïîäiëó, ùî äîçâîëèëî ðåàëiçóâàòè íà-
äiéíi äåøåâi çàñîáè ÏÔI iç âèñîêèì êëàñîì äîêëàäíîñòi ÏÔI. Ïîçèòèâíîþ
âëàñòèâiñòþ ìåòîäó âèÿâèëàñü ìîæëèâiñòü ïåðåòâîðåííÿ äîäàòíèõ òà âiä'-
¹ìíèõ çíà÷åíü âõiäíèõ ïàðàìåòðiâ, à çà óìîâè àíàëîãîâî¨ ìàíiïóëÿöi¨ çíà-
÷åííÿì íàïðóãè âiäíåñåííÿ, çäiéñíèòè âåêòîðíå ïåðåìíîæåííÿ äâîõ çìií-
íèõ ïàðàìåòðiâ iíôîïîòîêiâ, à òàêîæ çäiéñíèòè ðîçäiëåíèé ïî îáîõ çíàêàõ
îáëiê àñèìåòðè÷íèõ çíà÷åíü iíôîïîòîêiâ, ùî ¹ àêòóàëüíèì ïðè ïîáóäî-
âi åëåêòðîííèõ ëi÷èëüíèêiâ åëåêòðè÷íî¨ åíåðãi¨. Â äîïîâiäi çàïðåçåíòîâà-
íî àëãîðèòì òà ìåòîä ãåíåðóâàííÿ âiäëiêiâ ïñåâäî âèïàäêîâîãî ðîçïîäiëó,
ñòðóêòóðíi òà ñõåìîòåõíi÷íi ðiøåííÿ i ìîäåëi çàñîáiâ ÏÔI Ìîíòå-Êàðëî.

[1] Ïåòðèøèí Ë.Á., Ëàâðiâ Ì.Â. Ïàòåíò íà âèíàõiä � 89173 ¾Ñïîñiá ãåíåðóâàííÿ ïñåâ-
äèâèïàäêîâèõ ñèãíàëiâ òà ïðèñòðié äëÿ éîãî çäiéñíåííÿ¿. Äåðæàâíèé ðå¹ñòð ïàòåí-
òiâ Óêðà¨íè 11.01.2010.

Îöiíêè ìàêñèìóìó ìîäóëÿ õàðàêòåðèñòè÷íèõ ôóíêöié

Ïëàöèäåì Ìàðòà Iâàíiâíà

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà
marta.platsydem@gmail.com

Íåñïàäíà íåïåðåðâíà çëiâà íà (−∞,∞) ôóíêöiÿ F íàçèâà¹òüñÿ [1, c. 10]
éìîâiðíîñíèì çàêîíîì, ÿêùî

lim
x→+∞

F (−x) = 0, lim
x→+∞

F (x) = 1,

à õàðàêòåðèñòè÷íîþ ôóíêöi¹þ çàêîíó F íàçèâà¹òüñÿ [1, c. 12] ôóíêöiÿ

ϕ(z) = ϕ(z;F ) =

∞∫
−∞

eizxdF (x), z ∈ (−∞,∞). (1)
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ßêùî ôóíêöiÿ ϕ äîïóñêà¹ àíàëiòè÷íå ïðîäîâæåííÿ íà êðóã DR =
= {z : |z| < R}, 0 < R ≤ +∞, òî âîíà íàçèâà¹òüñÿ àíàëiòè÷íîþ â DR.
Íàäàëi ââàæàòèìåìî, ùî DR ¹ íàéáiëüøèì êðóãîì àíàëiòè÷íîñòi ôóíêöi¨
ϕ. Âiäîìî [1, c. 37�38], ùî äëÿ òîãî, ùîá õàðàêòåðèñòè÷íà ôóíêöiÿ ϕ áóëà
àíàëiòè÷íîþ â DR, íåîáõiäíî i äîñèòü, ùîá äëÿ êîæíîãî r ∈ [ 0, R )

WF (x) =: 1− F (x) + F (−x) = O(e−rx), x→ +∞. (2)

×åðåç Ω(−∞, R), 0 < R ≤ +∞, ïîçíà÷èìî êëàñ äîäàòíèõ íåîáìåæåíèõ
íà [−∞, R) ôóíêöié Φ òàêèõ, ùî ïîõiäíà Φ′ ¹ äîäàòíîþ, íåïåðåðâíîþ i
çðîñòàþ÷îþ äî +∞ íà [−∞, R). Äëÿ ôóíêöié Φ ∈ Ω(−∞, R) íåõàé

Ψ(r) = r − Φ(r)

Φ′(r)

� ôóíêöiÿ, àñîöiéîâàíà ç Φ çà Íüþòîíîì, à φ - ôóíêöiÿ, îáåðíåíà äî Φ′.

Òâåðäæåííÿ 1. Íåõàé Φ ∈ Ω(0, R), 0 < R ≤ +∞, à ϕ � àíàëiòè÷íà â
DR õàðàêòåðèñòè÷íà ôóíêöiÿ éìîâiðíîñíîãî çàêîíó F, ÿêèé çàäîâîëüíÿ¹
óìîâó

lim
r↑R

WF (x)eRx = +∞.

Òîäi, ÿêùî lnµ(rk, ϕ) ≤ Φ(rk) äëÿ äåÿêî¨ çðîñòàþ÷î¨ äî R ïîñëiäîâíîñòi
(rk), òî

lnWF (xk) ≤ −xkΨ(φ(xk)) (3)

äëÿ âñiõ k, äå xk = Φ′(rk).

Çà äîäàòêîâèõ óìîâ íà ñïàäàííÿ ôóíêöi¨WF (òîáòî íà çðîñòàííÿ lnµ(r, ϕ))
ìîæíà îòðèìàòè ç (1) îöiíêè çâåðõó íà lnµ(rk, ϕ) äëÿ äåÿêî¨ ïîñëiäîâíîñòi
(rk) ↑ R. Iñíó¹ äâà çâ'ÿçàíèõ ìiæ ñîáîþ øëÿõè ðîçâ'ÿçàííÿ öüîãî ïèòàííÿ.
Îäíå ç íèõ çàñíîâàíå íà ðåçóëüòàòàõ ñòàòòi [3].

Äëÿ Φ ∈ Ω(0, R) i Φ′(x0) ≤ a < b < +∞, ïðèéìåìî

G1(a, b,Φ) =
ab

b− a

b∫
a

Φ(ϕ(t)

t2
dt, G2(a, b,Φ) = Φ

 1

b− a

b∫
a

ϕ(t)dt

 .

Âiäîìî [2], ùî G1(a, b,Φ) < G2(a, b,Φ), à â [3] äîâåäåíà íàñòóïíà ëåìà.

Ëåìà 2. Íåõàé (xk) çðîñòàþ÷à äî +∞ ïîñëiäîâíiñòü äîäàòíèõ ÷èñåë,
Φ ∈ Ω(0, R), 0 < R < +∞, i µD(r) � ìàêñèìàëüíèé ÷ëåí ðÿäó Äiðiõëå

D(s) =

∞∑
k=1

exp{−xkΨ(φ(xk)) + sxk}, s = r + it.
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Òîäi

lim
r↑R

lnµD(r)

Φ(r)
= 1, lim

r↑R

ln lnµD(r)

ln Φ(r)
= 1, (4)

lim
r↑R

lnµD(r)

Φ(r)
= lim
k→∞

G1(xk, xk+1,Φ)

G2(xk, xk+1,Φ)
(5)

i, ÿêùî

lnµD(r) +

(
Φ(r)Φ′′(r)

(Φ′(r))2
− 1

)
ln Φ(r) ≥ 0, r ∈ [r0, R), (6)

òî

lim
r↑R

ln lnµD(r)

ln Φ(r)
= lim
k→∞

lnG1(xk, xk+1,Φ)

lnG2(xk, xk+1,Φ)
. (7)

Âèêîðèñòîâóþ÷è ëåìó 2, äîâåäåìî íàñòóïíå òâåðäæåííÿ.

Òåîðåìà 3. Íåõàé Φ ∈ Ω(0, R), 0 < R ≤ +∞, i ϕ � àíàëiòè÷íà DR õàðà-
êòåðèñòè÷íà ôóíêöiÿ éìîâiðíîñíîãî çàêîíó F , ÿêèé çàäîâîëüíÿ¹

lim
r↑R

WF (x)eRx = +∞.

Ïðèïóñòèìî, ùî lnµ(r, ϕ) ≤ Φ(r) äëÿ âñiõ r ∈ [r0, R) i
lnWF (xk) − lnWF (xk+1) = O(1), k → ∞, äëÿ äåÿêî¨ çðîñòàþ÷î¨ äî +∞
ïîñëiäîâíîñòi X = (xk) äîäàòíèõ ÷èñåë. Òîäi

lim
r↑R

lnµ(r, ϕ)

Φ(r)
≤ lim
k→∞

G1(xk, xk+1,Φ)

G2(xk, xk+1,Φ)
(8)

i ÿêùî

Q(r) +

(
Φ(r)Φ′′(r)

(Φ′(r))2
− 1

)
ln Φ(r) ≥ q > −∞, r ∈ [r0, R), (9)

äå Q(r) ≡ 0, ÿêùî R < +∞, i Q(r) ≡ ln r, ÿêùî R = +∞, òî

lim
r↑R

ln lnµ(r, ϕ)

ln Φ(r)
≤ lim
k→∞

lnG1(xk, xk+1,Φ)

lnG2(xk, xk+1,Φ)
. (10)

[1] Ëèííèê Þ.Â., Îñòðîâñüêèé Í.Â. Ðàçëîæåíèå ñëó÷àéíûõ âåëè÷èí è âåêòîðîâ.�
Ì.:Íàóêà-1972-479ñ.

[2] Çàáîëîöüêèé Ì.Â., Øåðåìåòà Ì.Ì. Óçàãàëüíåííÿ òåîðåìè Ëiíäåëüîôà// Óêð. ìà-
òåì. æóðí.�1998.�Ò.50,�9.�Ñ.1177-1192.

59



[3] Ôiëåâè÷ Ï.Â.,Øåðåìåòà Ì.Ì. Ïðî îäíó òåîðåìó Ë.Ñîíñ òà àñèìïòîòè÷íå ïîâî-
äæåííÿ ðÿäiâ Äiðiõëå // Óêð. ìàòåì. âiñíèê.�2006.�Ò.3,�2.�Ñ. 187-198.

Îñîáëèâîñòi ïîáóäîâè ãîìîìîðôiçìiâ àëãåáðè öiëèõ
ôóíêöié îáìåæåíîãî òèïó

Ïðèéìàê (Ïåòðiâ) Ãàëèíà Ìèêîëà¨âíà

ÄÂÍÇ "Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Âàñèëÿ
Ñòåôàíèêà"

galja_petriv@mail.ru

Äîñëiäæåííÿì ñïåêòðó àëãåáðè Hb(X) öiëèõ ôóíêöié îáìåæåíîãî òèïó
íà áàíàõîâîìó ïðîñòîði X çàéìàëèñÿ i çàéìàþòüñÿ íàóêîâöi iç ðiçíèõ êðà¨í
ñâiòó. Âàãîìèé âíåñîê ó öüîìó íàïðÿìêó íàëåæèòü àâòoðàì ðîáiò [1],[2],[3].
Íå ìåíø öiêàâèìè ¹ ïèòàííÿ, ÿêi ñòîñóþòüñÿ ãîìîìîðôiçìiâ àëãåáðè öi-
ëèõ ôóíêöié îáìåæåíîãî òèïó íà áàíàõîâîìó ïðîñòîði i ôóíêöiîíàëüíîãî
÷èñëåííÿ äëÿ àëãåáðè ñèìâîëiâ Hb(X) i äåÿêî¨ àëãåáðè A.

Ó äîïîâiäi îñíîâíà óâàãà áóäå ñïðÿìîâàíà íà âèñâiòëåííÿ äâîõ âàæëè-
âèõ ðåçóëüòàòiâ. Ïåðøèì iç íèõ ¹ òåîðåìà, ÿêà ñòâåðäæó¹, ùî ìiæ àëãåáðà-
ìè Hb(X) òà Hb((A ⊗π X)′′, A′′) (äå áàíàõîâà àëãåáðà A ¹ ðåãóëÿðíîþ çà
Àðåíñîì) iñíó¹ ãîìîìîðôiçì, ÿêèé áóäó¹òüñÿ çà äîïîìîãîþ ôóíêöiîíàëü-
íîãî ÷èñëåííÿ òà ïðîäîâæåííÿ Àðîíà-Áåðíåðà.

Îñíîâîþ äëÿ äðóãîãî ðåçóëüòàòó ñòàëà ëåìà ïðî ïðîäîâæåííÿ ëiíiéíîãî
ôóíêöiîíàëà ϕ ∈ Hb(X)′ äî õàðàêòåðà ψ ∈Mb iç ñòàòòi [4]. Âèêîðèñòîâóþ÷è
àíàëîãi÷íèé ïiäõiä, âäàëîñÿ äîâåñòè òåîðåìó ïðî ïðîäîâæåííÿ ëiíiéíîãî
îïåðàòîðà Φ ∈ L(Hb(A⊗π X), A) äî ãîìîìîðôiçìà Ψ ∈MA(Hb(A⊗π X)).

[1] Aron R. M., Cole B. J., and Gamelin T. W. Spectra of algebras of analytic functions on
a Banach space // J. Reine Angew. Math. - 1991. - 415. -P. 51-93.

[2] Dineen S., Hart R. E., and Taylor C. Spectra of tensor product elements III : holomorphic
properties // Proceedings of the Royal Irish Academy � 2003 �103A (1)� p. 61-92.

[3] A. Zagorodnyuk, Spectra of algebras of entire functions on Banach spaces, Proc. Amer.
Math. Soc. 134 (2006), 2559�2569.

[4] Çàãîðîäíþê À. Â., Ïåòðiâ Ã. Ì. Ãîìîìîðôiçìè àëãåáðè öiëèõ ôóíêöié îáìåæåíîãî
òèïó íà áàíàõîâîìó ïðîñòîði // Ïðèêë. ïðîáëåìè ìåõ. i ìàò. � 2013 � Âèï. 11 �
Ñ. 7�11.
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On quasi-representations of the Heisenberg-Weil algebra,
Markov co-orbits and numerical analysis

Anatolij K. Prykarpatski

Ivan Franko State Pedagogical University, Drohobych, Ukraine

pryk.anat@gmail.com

With a fairly generous de�nition, a one-dimensional real-valued discrete nonli-
near dynamical system on a manifold M ⊂ l2(Z;Rm) for some �nite m ∈ Z+

is any evolution equation that can be written down as

du/dt = K[u], (1)

where t ∈ R is the evolution parameter, u ∈M and K : M → T (M) is some
smooth enough vector �eld [1, 2] on the manifoldM. Very often such equations
(1) can be naturally obtained as the standard discretization [3, 8, 13, 16] of a
given smooth nonlinear di�erential dynamical system

du/dt = K[u] (2)

on a functional submanifold M ⊂ L2(R;Rm), generated by a smooth vector
�eld K : M→ T (M). Namely, there exist such mesh points xj 6= xi ∈ R for
i 6= j ∈ Z, that the corresponding vector {u(xj) ∈ Rm : j ∈ Z} = u ∈ M and
the suitable discretization of (2) coincides with (1).

Other approach to the discretization of (2) is based on the Calogero type
[7, 8] scheme of constructing �nite-dimensional quasi-representations of the
in�nite-dimensional Heisenberg-Weyl algebra of operators h :={x̂, Dx, 1̂ : x ∈
R}, where Dx := ∂/∂x, in some functional submanifold M0 ⊂ C∞([a, b];R)
∩L2([a, b];R) of di�erentiable functions, as owing to the well known von-Neumann
theorem [17, 26], there exists no exact representation of h in a �nite-dimensional
functional subspace MN

0 ⊂ M0 for any N ∈ Z+. For example, any smooth
scalar function f ∈ M0 on an interval [a, b] ⊂ R can be interpolated [26, 7] in
a polynomial form as follows:

f(x)→ fN (x) :=

N∑
j=1

(f(xj)ρ
−1
j )ej(x), (3)

ej(x) :=
∏

i=1,N,i 6=j

(x− xi), ρj :=

N∏
i=1,N,i 6=j

(xj − xi)

and its derivative, respectively, as

Dxf(x)→ DxfN (x) =
∑

i,j=1,N

Zij(f(xj)ρ
−1
j ) ei(x)), (4)
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where fN (x) ∈MN
0 subject to the polynomial basis {ej(x) ∈MN

0 : j = 1, N}.
Then the well known Calogero type quasi-representation [7, 18, 14, 10, 11] of
the Heisenberg-Weyl algebra h is obtained as

End(M0) 3 x̂→ X := diag{x1, x2, ..., xN} ∈ End l2(ZN ;R), (5)

End(M0) 3 1̂→ I := diag{1, 1, ..., 1} ∈ End l2(ZN ;R)

End(M0) 3 Dx → Z := {Zij := (xi − xj)−1, i 6= j = 1, N ;

Zii :=

N∑
j=1,j 6=i

(xi − xj)−1 : i = 1, N} ∈ End l2(ZN ;R),

where interpolating mesh points xi 6= xj ∈ R, i 6= j = 1, N, are chosen to be
di�erent and satisfying in a suitably de�ned �nite-dimensional Hilbert space
l2(ZN ;R) the strong as N →∞ limiting canonical Lie algebra relationship

lim
N→∞

([Z,X]− I) = 0. (6)

The matrix quasi-representations (5) make it possible to construct easily a
naive matrix discretization of the nonlinear dynamical system (2) as follows:

dU (m)/dt = K(U (m), [Z(m), U (m)], [Z(m), [Z(m), U (m)]], ...[Z(m), ..., [Z(m), U (m)]]
(p-times)

),

(7)
where the matrices

U (m) := u(X(m)) = diag(u(x1), u(x2), ..., u(xN )) ∈ End l2(ZN ;R)⊗m, (8)

Z(m) := Z ⊗ Z ⊗ ...⊗ Z
(m-times)

∈ End l2(ZN ;R)⊗m

belong to the tensor product matrix space

Endl2(ZN ;R)⊗m := Endl2(ZN ;R)⊗Endl2(ZN ;R) ⊗...⊗
(m-times)

Endl2(ZN ;R). (9)

When deriving the matrix equation (7), we took into account that
K[u]:= K(u,Dxu,D2

xu, . . . Dp
xu) for some �xed p ∈ Z+, and for arbitrary

operator mapping ϕN (x̂) : MN
0 → MN

0 we made use of the Calogero type
quasi-representation property:

End(M0) 3 (Dn
xϕN )(x̂)→ [Z, [Z, [Z,

(n-times)

..., [Z,ϕ(X)]]]...] ∈ End l2(ZN ;R), (10)
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which holds for arbitrary operator derivatives (Dn
xϕN )(x̂) :MN

0 →MN
0 , n ∈

Z+.

Now we will take into account the observation [15] that the quasi-representations
(5) belong, respectively, to the Markov direct sum splitting of the general Lie
algebra gl(N ;R) := g = M(g)⊕ E(g) :

I,X ∈ E(g), Z ∈ M(g), (11)

where, by de�nition, the linear subspaces

M(g) := {M(A) ∈ g : M(A) = A− diag(eA)} (12)

E(g) := {E(A) ∈ g : E(A) = diag(eA), e := (1, 1, ..., 1) ∈ l2(ZN ;R)∗,

are Lie subalgebras of the Lie algebra g. Introduce now, by de�nition, projecti-
ons PM(g) : g = M(g) ⊂ g, PE(g) : g = E(g) ⊂ g. Then within the standard
R-matrix approach [4, 5, 12, 23, 25] the expression

[X,Y ]R := [RX,Y ] + [X,RY ], R := 1/2(PM(g) − PE(g)), (13)

for arbitrary X,Y ∈ g de�nes on g a new Lie commutator structure, generating
on the space D(g) the deformed Lie-Poisson bracket

{γ, η}R(α) :=< α, [∇γ(α),∇η(α)]R >=< α, [PM(g)∇γ(α),PM(g)∇η(α)] >
(14)

for γ, η ∈ D(g) and any α ∈ g∗, generalizing the classical Lie-Poisson bracket

{γ, η}(α) :=< α, [∇γ(α),∇η(α)] >=< α, [∇γ(α),∇η(α)] > (15)

on g. Here the bi-linear trace-functional on the g

< X,Y >:= tr (XY ) (16)

for X,Y ∈ g is nondegenerate and Ad-invariant. Taking into account that with
respect to this trace-functional (16) the Lie algebra g ' g∗, the Poisson bracket
(14) generates for any Hamiltonian function H ∈ D(g) the following dynamical
system on arbitrary α ∈ g :

dα/dt = PE(g)⊥ [PM(g)∇H(α), α], (17)

where we took into account that projections P∗M(g) ' PE(g)⊥ and P∗E(g) '
PM(g)⊥ . This construction becomes more simpler in the case when the Hami-
ltonian function H ∈ I(g) is taken to be a Casimir one with respect to the
classical Lie-Poisson bracket (15), satisfying the condition

[α,∇H(α)] = 0 (18)
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for any α ∈ g.

Amongst nonlinear di�erential dynamical systems (2) there exist a wi-
de class of nonlinear evolution equations which are Lax type [8, 16, 19, 12]
integrable and whose discretizations are often very important for their numeri-
cal analysis and diverse applications. Yet in general, the presented above di-
rectly discretized matrix dynamical system (7) does not a priori inherits the
Lax type integrability of (2). Thus, a natural question arises: how to construct
a priori Lax type integrable matrix discretization of a given Lax type integrable
nonlinear dynamical system (2)?

As the Lax type representations of the presumably integrable dynamical
systems (2) depend on an arbitrary spectral parameter λ ∈ C, it motivates
us to study their corresponding matrix Lax type quasi-representations, also
depending on the spectral parameter λ ∈ C, as well as depending on the basis
matrix representation operators (5), belonging, respectively, to the Markov
direct sum splitting of the general Lie algebra gl(N ;R) := g = M(g) ⊕ E(g).
This can be done e�ectively by means of introducing the notion of the metrized
loop [4, 12, 23, 5] algebra g̃ := g⊗C[[λ, λ−1]] and the related Lax type integrable
Poisson �ows on it.

In my report I will present a solution to this posed above question in the
case of a special class of nonlinear Lax type integrable dynamical systems on
functional manifolds making use of the Calogero type discretization scheme
and the analysis of the Markov type co-adjoint orbits by means of the related
Lie-algebraic techniques.
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Ñó÷àñíi ïðîáëåìè ïðèðîäîçíàâñòâà ïðèçâîäÿòü äî íåîáõiäíîñòi ïîñòà-
íîâêè é äîñëiäæåííÿ ÿêiñíî íîâèõ çàäà÷, îäíèì ç ïðèêëàäiâ ÿêèõ ¹ íåëî-
êàëüíi êðàéîâi çàäà÷i äëÿ äèôåðåíöiàëüíèõ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíè-
ìè. Öå ïîâ'ÿçàíî ïåðåäóñiì ç òèì, ùî ìàòåìàòè÷íèìè ìîäåëÿìè ðiçíîìà-
íiòíèõ ôiçè÷íèõ, õiìi÷íèõ i áiîëîãi÷íèõ ïðîöåñiâ ¹ çàäà÷i, â ÿêèõ çàìiñòü
êëàñè÷íèõ êðàéîâèõ óìîâ çàäà¹òüñÿ ïåâíèé çâ'ÿçîê çíà÷åíü øóêàíî¨ ôóí-
êöi¨ òà/àáî ¨¨ ïîõiäíèõ íà ìåæi îáëàñòi [1].

Íåõàé íà êîìïëåêñíîçíà÷íó ôóíêöiþ v : [0, T ] → C ç êëàñó C1[0, T ]
äiþòü ôóíêöiîíàëè

M1[v] ≡ a11v(0) + a12v(T ) + b11v
′(0) + b12v

′(T ),

M2[v] ≡ a21v(0) + a22v(T ) + b21u
′(0) + b22v

′(T ),
(1)

äå T > 0, aij , bij ∈ C, i, j = 1, 2, à ôîðìè M1 i M2 � ëiíiéíî íåçàëåæíi,
òîáòî ðàíã ìàòðèöi

A =

(
a11 a12 b11 b12

a21 a22 b21 b22

)
äîðiâíþ¹ 2.

Ìiíîð ìàòðèöi A, ÿêèé ñêëàäåíèé ç i-ãî òà j-ãî ñòîâïöiâ (i < j), ïîçíà-
÷èìî ÷åðåç dij .

Çàïðîâàäèìî ôóíêöi¨

fk(t) = cosλkt, gk(t) = sinλkt,
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ÿêi çàëåæàòü âiä ïàðàìåòðà k ∈ N, ïðè÷îìó λk > 0 i

λk = π
(
k − 1

4

)
+O

(
1
k

)
.

Çà äîïîìîãîþ ìåòðè÷íîãî ïiäõîäó [1, 1] îòðèìàíî òàêèé ðåçóëüòàò.

Òåîðåìà. ßêùî

|d12 + d34|+ |d14 − d23|+ |d13|+ |d24| 6= 0,

òî äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â ïðîñòîði R) ÷èñåë T > 0
íåðiâíîñòi

∆k ≡
∣∣U1[fk]U2[gk]− U1[gk]U2[fk]

∣∣ ≥ λ−γk (2)

âèêîíóþòüñÿ äëÿ âñiõ (êðiì ñêií÷åííî¨ êiëüêîñòi) ÷èñåë k ∈ N ïðè γ > 1.

Âèðàçè ∆k, k ∈ N, ¹ ìàëèìè çíàìåííèêàìè, à âèêîíàííÿ äëÿ íèõ îöi-
íîê (2) ¹ îäíi¹þ ç óìîâ êîðåêòíî¨ ðîçâ'ÿçíîñòi çàäà÷i äëÿ ðiâíÿííÿ Ëàâðåí-
òü¹âà � Áiöàäçå (åëiïòè÷íî-ãiïåðáîëi÷íîãî òèïó) [3] ó ïðÿìîêóòíié îáëàñòi
Q = {(t, x) : t ∈ (0, T ), x ∈ (−1, 1)}:

utt + sgnx·uxx = 0, (3)

ç óìîâàìè çà çìiííîþ x

u(t,−1) = u(t, 1) = 0, u(t,−0) = u(t,+ 0), ux(t,−0) = ux(t,+ 0), (4)

i íåëîêàëüíèìè äâîòî÷êîâèìè óìîâàìè çà çìiííîþ t

a11u(0, x) + a12u(T, x) + b11ut(0, x) + b12ut(T, x) = ϕ1(x),

a21u(0, x) + a22u(T, x) + b21ut(0, x) + b22ut(T, x) = ϕ2(x).
(5)

Ó ðîáîòàõ [2, 4] äîâåäåíî êîðåêòíiñòü çàäà÷i (3)�(5) òiëüêè äëÿ îêðåìèõ
âèïàäêiâ íåëîêàëüíèõ óìîâ:

a12 = a22 = b12 = b22 = 0, d13 6= 0;

a11 = a21 = b11 = b21 = 0, d24 6= 0.
(6)

[1] Iëüêiâ Â. Ñ. Çàäà÷i ç íåëîêàëüíèìè óìîâàìè äëÿ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè.
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Ï. Å. Çàõàðîâ // Ìàòåì. çàìåòêè ßÃÓ. � 2005. � Ò.12, âûï. 2. � Ñ. 17�27.
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Íåõàé x = (x1, . . . , xp), Dx =
(
− i ∂

∂x1
, . . . ,−i ∂

∂xp

)
, k = (k1, . . . , kp) ∈ Zp,

|k| =
p∑
j=1

|kj |, ïñåâäîäèôåðåíöiàëüíèé îïåðàòîð B(Dx) îòîòîæíþ¹òüñÿ ç ïî-

ñëiäîâíiñòþ êîìïëåêñíèõ ÷èñåë {B(k)}k∈Zp , B(Dx)ei(k,x) = B(k)ei(k,x).

Ïðè äîñëiäæåííi ðîçâ'ÿçíîñòi áàãàòîòî÷êîâî¨ íåëîêàëüíî¨ çàäà÷i

∂u(t, x)

∂t
−B (Dx)u(t, x) = 0, (t, x) ∈ (0, T )× (R/2πZ)p,

m∑
r=1

µr(τ)u(t, x)
∣∣∣
t=tr

= ϕ(x), 0 = t1 < t2 < . . . < tm−1 < tm = T ,

äå µr : [0, 1] → R, ϕ � çàäàíà ôóíêöiÿ, âèíèêà¹ ïðîáëåìà ìàëèõ çíàìåí-
íèêiâ [1], ïîäîëàííÿ ÿêî¨ ïîëÿãà¹ ó âñòàíîâëåííi äiîôàíòîâî¨ îöiíêè çíèçó∣∣∣∣∣

m∑
r=1

µr(τ)eB(k)tr

∣∣∣∣∣ ≥ |k|−γ max
(
1, eT ReB(k)

)
(1)
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äëÿ íåñêií÷åííî¨ êiëüêîñòi âåêòîðiâ k ∈ Zp.
Çà äîïîìîãîþ ìåòðè÷íîãî ïiäõîäó äîâåäåíî íàñòóïíó òåîðåìó.

Òåîðåìà. ßêùî µr ∈ Cm[0, 1], r = 1, . . . ,m, à âðîíñêiàí W [µ1, . . . , µm]
ôóíêöié µ1, . . . , µm � âiäìiííèé âiä íóëÿ íà âiäðiçêó [0, 1], òî äëÿ ìàéæå
âñiõ (ñòîñîâíî ìiðè Ëåáåãà â ïðîñòîði R) ÷èñåë τ ∈ [0, 1] îöiíêà (1) âèêî-
íó¹òüñÿ äëÿ âñiõ (êðiì, ìîæëèâî, ñêií÷åííî¨ êiëüêîñòi) âåêòîðiâ k ∈ Zp
ïðè γ > p(m− 1).

[1] Ïòàøíèê Á. É., Iëüêiâ Â. Ñ., Êìiòü I. ß., Ïîëiùóê Â. Ì. Íåëîêàëüíi êðàéîâi çàäà÷i
äëÿ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè. � Ê.: Íàóê. äóìêà, 2002. � 416 ñ.

Îöiíêè íàéêðàùèõ m-÷ëåííèõ òðèãîíîìåòðè÷íèõ
íàáëèæåíü êëàñiâ àíàëiòè÷íèõ ôóíêöié

Ñåðäþê Àíàòîëié Ñåðãiéîâè÷

Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè

serdyuk@imath.kiev.ua

Ñòåïàíþê Òåòÿíà Àíàòîëi¨âíà

Ñõiäíî¹âðîïåéñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Ëåñi Óêðà¨íêè

tania−stepaniuk@ukr.net

Íåõàé Lp, 1 ≤ p < ∞, � ïðîñòið 2π�ïåðiîäè÷íèõ ñóìîâíèõ â p�ìó

ñòåïåíi íà [0, 2π) ôóíêöié f : R → C ç íîðìîþ ‖f‖p :=
( 2π∫

0

|f(t)|pdt
) 1
p

,

L∞ � ïðîñòið 2π�ïåðiîäè÷íèõ âèìiðíèõ i ñóòò¹âî îáìåæåíèõ ôóíêöié f :
R→ C ç íîðìîþ ‖f‖∞ := ess sup

t
|f(t)|.

Íåõàé, äàëi, Cψβ,p, 1 ≤ p ≤ ∞, � êëàñ 2π�ïåðiîäè÷íèõ äiéñíîçíà÷íèõ
ôóíêöié f(x), ÿêi ïðè âñiõ x ∈ R çîáðàæóþòüñÿ ó âèãëÿäi çãîðòêè

f(x) =
a0

2
+

1

π

π∫
−π

Ψβ(x− t)ϕ(t)dt, ϕ ⊥ 1, ‖ϕ‖p ≤ 1, a0 ∈ R,

äå Ψβ ∈ L∞ � ÿäðî âèãëÿäó

Ψβ(t) =

∞∑
k=1

ψ(k) cos
(
kt− βπ

2

)
, ψ(k) > 0, β ∈ R.
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Áóäåìî ðîçãëÿäàòè êëàñè Cψβ,p, ÿêi ïîðîäæóþòüñÿ ïîñëiäîâíîñòÿìè ψ(k),
ùî ïðè k ∈ N çáiãàþòüñÿ çi çíà÷åííÿìè íåïåðåðâíèõ ôóíêöié ψ(t) íåïåðåðâ-
íîãî àðãóìåíòó t ≥ 1, êîòði çàäîâîëüíÿþòü íàñòóïíi óìîâè:

1) ψ(t) îïóêëà äîíèçó íà [1,∞) i ψ(t)→ 0 ïðè t→∞;

2) µ(t) ↑ ∞ ïðè t→∞;

3) η(ψ; t)− t ≤ K <∞, t ≥ 1,

äå η(t) = η(ψ; t) := ψ−1 (ψ(t)/2) , µ(t) = µ(ψ; t) := t/(η(t) − t), ψ−1 �
îáåðíåíà äî ψ ôóíêöiÿ.

Ìíîæèíó ôóíêöié ψ, ùî çàäîâîëüíÿþòü óìîâàì 1)�3), ïðèéíÿòî ïîçíà-
÷àòè ÷åðåç M

′

∞.

Âiäîìî [1, ñ. 1698], ùî ïðè ψ ∈M
′

∞ ôóíêöi¨ ç êëàñiâ Cψβ,p äîïóñêàþòü
ðåãóëÿðíå ïðîäîâæåííÿ â äåÿêó ñìóãó |Im z| ≤ c, c > 0 êîìïëåêñíî¨ ïëî-
ùèíè, òîáòî ¹ êëàñàìè àíàëiòè÷íèõ ôóíêöié.

Íà êëàñàõ Cψβ,p, ψ ∈M
′

∞, ðîçâ'ÿçó¹òüñÿ çàäà÷à ïðî çíàõîäæåííÿ òî÷íèõ
ïîðÿäêîâèõ îöiíîê íàéêðàùèõ m�÷ëåííèõ òðèãîíîìåòðè÷íèõ íàáëèæåíü â
Ls�ìåòðèêàõ, òîáòî âåëè÷èí âèãëÿäó

em(Cψβ,p)s = sup
f∈Cψβ,p

em(f)s = sup
f∈Cψβ,p

inf
γm

inf
ck∈C

‖f(x)−
∑
k∈γm

cke
ikx‖s, 1 ≤ s ≤ ∞,

äå γm, m ∈ N, � äîâiëüíèé íàáið iç m öiëèõ ÷èñåë.

Òåîðåìà. Íåõàé 1 ≤ p, s ≤ ∞, ψ ∈ M
′

∞ i β ∈ R. Òîäi ìàþòü ìiñöå
ïîðÿäêîâi îöiíêè

e2n−1(Lψβ,p)s � e2n(Lψβ,p)s � ψ(n).

[1] Ñòåïàíåö À.È., Ñåðäþê À.Ñ., Øèäëè÷ À.Ë. Êëàññèôèêàöèÿ áåñêîíå÷íî äèôôå-
ðåíöèðóåìûõ ôóíêöèé // Óêð. ìàò. æóðí. � 2008. � 60, �12. � Ñ. 1686�1708.
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Ìåòðè÷íi îöiíêè âèçíà÷íèêà áàãàòîòî÷êîâî¨ çàäà÷i äëÿ
ôàêòîðèçîâàíîãî ïàðàáîëi÷íîãî ðiâíÿííÿ

Ñèìîòþê Ìèõàéëî Ìèõàéëîâè÷
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iì. ß. Ñ. Ïiäñòðèãà÷à ÍÀÍ Óêðà¨íè

quaternion@ukr.net

Òèìêiâ Iâàí Ðîìàíîâè÷

Iâàíî-Ôðàíêiâñüêèé íàöiîíàëüíèé òåõíi÷íèé óíiâåðñèòåò íàôòè i ãàçó

tymkiv if@ukr.net

Íåõàé L =

p∑
i,j=1

∂

∂xi

(
pij(x)

∂

∂xj

)
− q(x), x = (x1, . . . , xp), � åëiïòè÷íèé

äèôåðåíöiàëüíèé âèðàç, êîåôiöi¹íòè pij(x), q(x) ÿêîãî ¹ äîäàòíèìè i äîñèòü
ãëàäêèìè â îáìåæåíié îáëàñòi G∈Rp ç ãëàäêîþ ìåæåþ ∂G. Âiäîìî [1], ùî
çàäà÷à LX + λX = 0, X|∂G = 0 ìà¹ çëi÷åííó êiëüêiñòü äîäàòíèõ âëàñíèõ
çíà÷åíü λk, k ∈ N, ÿêèì âiäïîâiäà¹ ïîâíà îðòîíîðìîâàíà ñèñòåìà âëàñíèõ
ôóíêöié {Xk(x) : k ∈ N}. Äëÿ ÷èñåë λk, k ∈ N, âèêîíóþòüñÿ îöiíêè

C1k
2/p ≤ λk ≤ C2k

2/p, k ∈ N, (1)

äå C1, C2 � äîäàòíi ñòàëi, ùî íå çàëåæàòü âiä k.

Ïðè äîñëiäæåííi âëàñòèâîñòåé ðîçâ'ÿçêó ôàêòîðèçîâàíîãî ïàðàáîëi÷íî-
ãî ðiâíÿííÿ

n∏
q=1

(
∂

∂t
+ aq(−L)b +

b−1∑
r=0

Aqr(−L)r

)
u(t, x) = 0, (t, x) ∈ (0;T )×G, (2)

äå aq, Aqr ∈ C, Re aq > 0, q ∈ {1, . . . , n}, b ∈ N, ùî ñïðàâäæó¹ óìîâè

u(tj , x) = ϕj(x), j ∈ {1, . . . , n}, 0 ≤ t1 < . . . < tn ≤ T, (3)

Lmu(t, x)|∂G = 0, m ∈ {0, 1, . . . , b− 1}, (4)

âèíèêà¹ ïîòðåáà îöiíèòè çíèçó ìîäóëi âèçíà÷íèêiâ

∆(k) = det

∥∥∥∥∥exp

(
−

(
aqλ

b
k +

b−1∑
r=0

Aqrλ
r
k

)
tj

)∥∥∥∥∥
n

j,q=1

, k ∈ N.

Íà ïiäñòàâi ìåòðè÷íîãî ïiäõîäó [2, 3] âñòàíîâëåíî òàêèé ðåçóëüòàò.
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Theorem 1. Äëÿ äîâiëüíèõ ðiçíèõ ôiêñîâàíèõ ÷èñåë t1, . . . , tn ∈ [0;T ] i
äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â Rn) âåêòîðiâ (Re a1, . . . ,Re an) ∈
[δ1, δ2]n, δ1, δ2 > 0, íåðiâíiñòü

|∆(k)| ≥ λ−ωk exp
(
−νλbk

)
(5)

âèêîíó¹òüñÿ äëÿ âñiõ (êðiì, ìîæëèâî, ñêií÷åííî¨ êiëüêîñòi) íàòóðàëüíèõ
k, ÿêùî ω > pn(n− 1)/4, ν = δ2(t1 + . . .+ tn).

Iç òåîðåìè 1 òà îöiíîê (1) âèïëèâà¹ òàêå òâåðäæåííÿ.

Theorem 2. Äëÿ äîâiëüíèõ ðiçíèõ ôiêñîâàíèõ ÷èñåë t1, . . . , tn ∈ [0;T ] i
äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â Rn) âåêòîðiâ (Re a1, . . . ,Re an) ∈
[δ1, δ2]n, δ1, δ2 > 0, íåðiâíiñòü

|∆(k)| ≥ k−ω exp
(
−νk2b/p

)
(6)

âèêîíó¹òüñÿ äëÿ âñiõ (êðiì, ìîæëèâî, ñêií÷åííî¨ êiëüêîñòi) íàòóðàëüíèõ
k, ÿêùî ω > n(n− 1)/2, ν = δ2(C2)b(t1 + . . .+ tn).

Òåîðåìè 1, 2 äîïîâíþþòü ðåçóëüòàòè ïðàöü [4, 5], ó ÿêèõ, çîêðåìà, âñòà-
íîâëåíî îöiíêè çíèçó äëÿ õàðàêòåðèñòè÷íèõ âèçíà÷íèêiâ áàãàòîòî÷êîâèõ
çàäà÷ äëÿ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè i ïîêàçàíî, ùî òàêi îöiíêè âè-
êîíóþòüñÿ äëÿ äîâiëüíèõ ôiêñîâàíèõ êîåôiöi¹íòiâ ðiâíÿíü i äëÿ ìàéæå âñiõ
(ñòîñîâíî ìiðè Ëåáåãà â Rn) âåêòîðiâ (t1, . . . , tn) ∈ [0;T ]n. Ïîêàçíèê åêñïî-
íåíòè â îöiíêàõ (5), (6) ¹ òî÷íiøèì, ïîðiâíÿíî ç àíàëîãi÷íèì ïîêàçíèêîì
ó [5]. Çàóâàæèìî, ùî ç íåðiâíîñòåé (5), (6) âèïëèâàþòü òâåðäæåííÿ ïðî
êîðåêòíó ðîçâ'ÿçíiñòü çàäà÷i (2)�(4) ó ïðîñòîðàõ ãëàäêèõ ôóíêöié u(t, x),
t ∈ [0;T ], x ∈ G, ÿêi äîïóñêàþòü ðîçâèíåííÿ ó ðÿäè çà ñèñòåìîþ âëàñíèõ
ôóíêöié {Xk(x) : k ∈ N}.

[1] Èëüèí Â.À., Øèøìàðåâ È.À. Ðàâíîìåðíûå â çàìêíóòîé îáëàñòè îöåíêè äëÿ ñîá-
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Ñåð. ìàò. � 1960. � 24, � 6. � Ñ. 883�896.
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[3] Ïòàøíèê Á.É., Iëüêiâ Â.Ñ., Êìiòü I.ß., Ïîëiùóê Â.Ì. Íåëîêàëüíi êðàéîâi çàäà÷i
äëÿ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè. � Ê.: Íàóê. äóìêà, 2002. � 416 ñ.

[4] Ïòàøíèê Á.É., Ñèìîòþê Ì.Ì. Áàãàòîòî÷êîâà çàäà÷à äëÿ íåiçîòðîïíèõ äèôåðåí-
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Ðîçïîäië çíà÷åíü ìóëüòèïëiêàòèâíî ïåðiîäè÷íèõ
ìåðîìîðôíèõ ôóíêöié ó âåðõíié ïiâïëîùèíi

Ñîêóëüñüêà Íàòàëiÿ Áîãäàíiâíà,
Õîðîùàê Âàñèëèíà Ñòåïàíiâíà

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà

natalya.sokulska@gmail.com, vasylyna1992@rambler.ru

Òåîðiÿ ìóëüòèïëiêàòèâíî ïåðiîäè÷íèõ ìåðîìîðôíèõ ôóíêöié ó C∗ = C\{0}
áóëà ðîçðîáëåíà Î. Ðàóçåíáåðãåðîì [1]. Æ. Âàëiðîí [2] íàçâàâ òàêi ôóíêöi¨
ëîêñîäðîìíèìè, òîìó ùî òî÷êè, ó ÿêèõ òàêà ôóíêöiÿ íàáóâà¹ îäíå é òå æ
ñàìå çíà÷åííÿ ó âèïàäêó íåäiéñíîãî q, ëåæàòü íà ëîãàðèôìi÷íèõ ñïiðàëÿõ
(ëîêñîäðîìàõ, λoξoζ - êîñèé, δρoµoζ - øëÿõ). Ó log-ïîëÿðíèõ êîîðäèíà-
òàõ öå ïðÿìi ëiíi¨. Òåîðiÿ ëîêñîäðîìíèõ ôóíêöié òiñíî ïîâ'ÿçàíà ç òåîði¹þ
åëiïòè÷íèõ ôóíêöié [3].

Ìè âèâ÷à¹ìî âëàñòèâîñòi òà ðîçïîäië íóëiâ i ïîëþñiâ ìóëüòèïëiêàòèâíî
ïåðiîäè÷íèõ ìåðîìîðôíèõ ôóíêöié ó âåðõíié ïiâïëîùèíi.

Íåõàé H = {z : Im z > 0} i H∗ = H\{0}. Ìíîæèíà H∗ iíâàðiàíòíà âiä-
íîñíî ìóëüòèïëiêàòèâíî¨ ãðóïè R+, ÿêà äi¹ òðàíçèòèâíî i qH∗ = H∗, 0 <
q < 1.

Îçíà÷åííÿ.Ìåðîìîðôíà âH∗ ôóíêöiÿ f íàçèâà¹òüñÿ ìóëüòèïëiêàòèâ-
íî ïåðiîäè÷íîþ ç ìóëüòèïëiêàòîðîì q, 0 < q < 1, ÿêùî âîíà çàäîâîëüíÿ¹
íàñòóïíó óìîâó

∀z ∈ H∗ f(qz) = f(z).

Ìíîæèíó òàêèõ ôóíêöié ïîçíà÷èìîMq.

Ðîçïîäië íóëiâ i ïîëþñiâ ôóíêöié çMq îïèñó¹ íàñòóïíà òåîðåìà.

Òåîðåìà. Íåõàé f ∈ Mq, f 6= const i f(z) 6= 0,∞ íà R\{0} òà zn =
rne

iαn , wn = ρne
iβn− íóëi i ïîëþñè ôóíêöi¨ f â H∗ âiäïîâiäíî. Òîäi ñïðà-

âåäëèâi íàñòóïíi ñïiââiäíîøåííÿ

r∫
qr

∑
qt<rn≤t

(
qk

rnk
tk−1 − rn

k

tk+1

)
sin kαndt =

=

r∫
qr

∑
qt<ρn≤t

(
qk

ρnk
tk−1 − ρn

k

tk+1

)
sin kβndt, r > 0, k ∈ Z.
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Çàóâàæåííÿ. Ðîçïîäië a-òî÷îê, a ∈ C, ôóíêöi¨ f, f ∈ Mq, îòðèìó-
¹òüñÿ ç òåîðåìè, çàñòîñóâàâøè ¨¨ äî f(z)− a.

Íàñëiäîê. Íåõàé f ãîëîìîðôíà i ìóëüòèïëiêàòèâíî ïåðiîäè÷íà ôóí-
êöiÿ ç ìóëüòèïëiêàòîðîì q, 0 < q < 1, â H∗, R\{0}. Íåõàé zn = rne

iαn -
íóëi f . Òîäi

r∫
qr

∑
qt<rn≤t

(
qk

rnk
tk−1 − rn

k

tk+1

)
sin kαndt = 0, r > 0, k ∈ Z.

[1] Rausenberger O. Lehrbuch der Theorie der Periodischen Functionen Einer variabeln,
Leipzig, Druck und Ferlag von B.G.Teubner, 1884, 470p.

[2] Valiron G. Cours d'Analyse Mathematique, Theorie des fonctions, 3nd Edition, Masson
et.Cie., Paris, 1966, 522 pp.

[3] Hellegouarch Y. Invitation to the Mathematics of Fermat-Wiles, Academic Press, 2002,
381 pp.

Operator calculus for Roumieu ultradistributions and its
applications

Solomko A.V.

Vasyl Stefanyk Precarpathian National University

ansolvas@gmail.com

In the paper [2] is proposed modi�cation of Hille-Phillips formula [1] making
it possible to extend the set of symbols of this calculus to the space of Schwartz
distributions with supports on semiaxis. Further [4] we have extended this
calculus on the set of generators of n-parametric operator semigroups. In this
lecture we explain how to construct a vector analogue of operator calculus
for generators of strongly continuous n-parametric semigroups of operators in
the convolution algebra of Roumieu ultradistributions with supports in the
positive n-dimensional cone. For such constructed calculus some applications
are considered.

We de�ne the vector space G(Rn) of ultradi�erentiable Roumieu functions
with compact supports. For any ν � 0 and a ≺ 0 ≺ b de�ne the subspace in G
by view

Gν [a, b] =
{
ϕ ∈ C∞ : suppϕ ⊂ [a, b], ‖ϕ‖Gν [a,b] = sup

k∈Zn+
sup
t∈[a,b]

|∂kϕ(t)|
νkkkℵ

<+∞
}
,
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where ℵ � any �xed real number. Note, that the inclusion Gν [a, b] ⊂ Gµ[a′, b′]
is continuous for ν ≺ µ and a′ ≺ a ≺ 0 ≺ b ≺ b′. Then the space G is a
topological multiplication algebra. The linear and continuous functional on the
space G is named by Roumieu ultradistribution. Strongly conjugate space of
Roumieu ultradistributions denote by G′(Rn).

Let G′+ = G′(Rn+) is subspace in G′ of ultradistributions with supports in
cone Rn+. If we denote by G′⊥+ � orthogonal complement of subspace G′+ then
the functional space G+ = G/G′⊥+ is conjugate to G′+.

De�ne θ+ : Rn 3 t −→ θ+(t) = θ(t1) · . . . · θ(tn) by characteristic function of
cone Rn+, where θ is Heaviside function. The quotient space G+ is a topologi-
cal algebra and isomorphism G+

∼= θ+(G) is valid. Then the duality 〈G′, G〉
generates the new duality

〈
G′+, G+

〉
.

Let (X, ‖ · ‖) is Banach space. For any �xed real number ℵ > 1 and ν � 0
consider the space

Gν(Rn+, X) =
{
x : suppx ⊂ Rn+, ‖x‖Gν(Rn+,X) = sup

k∈Zn+
sup
t∈Rn+

‖∂kx(t)‖
νkkkℵ

<+∞
}

of X-valued ultradi�erentiable functions x(t) with compact supports in Rn+. On
the space G(Rn+, X) =

⋃
ν�0

Gν(Rn+, X) we introduce the topology of inductive

limit. Further denote G+(X) = G(Rn+, X). Let U : Rn+ 3 s −→ Us ∈ L[G+]
is n-parametric semigroup of shifts along the cone Rn+. We de�ne the cross-
correlation operation of functional f ∈ G′+ with function ϕ ∈ G+ by formula
(f • ϕ)(t) = 〈f(s), Usϕ(t)〉 , t, s ∈ Rn+. The linear mapping Tf : G+ 3 ϕ −→
f • ϕ ∈ G+ be an operator of cross-correlation. For any Us ∈ L[G+] we de�ne
the vector shift operator IX⊗Us ∈ L[G+(X)], where IX is identity operator on
X. On the analogy denote by IX ⊗Tf ∈ L[G+(X)] the vector cross-correlation
operation.

Theorem 1.. The operator IX⊗Tf is nuclear and invariant relatively of opera-
tors {IX ⊗ Us : s ∈ Rn+} for any ultradistribution f ∈ G′+. Conversely, for any
operator T ∈ L[G+], which is invariant relatively {IX ⊗ Us : s ∈ Rn+}, exists
one ultradistribution f ∈ G′+ that T = Tf and IX ⊗ T = IX ⊗ Tf .

Let St : Rn+ 3 (t1, . . . , tn) = t −→ e−itA = e−i(t1A1+...+tnAn) ∈ L[X] be a
n-parametric semigroup of linear and bounded operators with generator −iA,
where A = (A1, . . . , An). That e−itA

∣∣
t=0

= IX and e−i(t+s)A = e−itA ◦ e−isA
for any t, s ∈ Rn+. If for any x ∈ X the condition lim

t→+0
‖Stx−x‖ = 0 is realized,

then n-parametric semigroup St is strongly continuous. Denote that any n-
parametric semigroup St can be represented as a composition St = St1◦. . .◦Stn ,
where {Stj : tj ∈ [0,+∞)}, (j = 1, n) is one-parametric strongly continuous
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semigroup of operators with generator −iAj , (j = 1, n). The generator is de�-
ned by formula:

−iAjx = −i lim
tj→+0

Stjx− x
tj

= −i∂jStjx
∣∣
tj=+0

, x ∈ D(Aj),

where D(Aj) ⊂ X is domain of the operator Aj , (j = 1, n).

Consider the subspace ĜA in Banach space by view

ĜA = {x̂A ∈ X : x ∈ G+(X)}, x̂A =

∫
Rn+

(eitA ⊗ I+)x(t)dt,

where (eitA ⊗ I+)x(t) =
∞∑
m=1

λme
−itAxm ⊗ ϕm(t), λm ∈ C, xm ∈ X, ϕm ∈ G+

and I+ � identity operator in L[G+].

Theorem 2.. If {St : t ∈ Rn+} � n-parametric strongly continuous semigroup
of operators, then subspace ĜA is dense in Banach space X.

Let us de�ne a linear and continuous mapping FA : G+(X) 3 x −→ x̂A ∈
ĜA and give a theorem which is the main result of our research.

Theorem 3.. Let Rn+ 3 t −→ e−itA ∈ L(X) be a n-parametric strongly conti-
nuous semigroup with generator −iA. The mapping Φ : G′+ 3 f −→ f̂(A) ∈
L[ĜA], where the linear operator f̂(A) is de�ned by the relation

f̂(A) : ĜA 3 x̂A −→ f̂(A)x̂A =

∫
Rn+

(e−itA ⊗ Tf )x(t)dt,

is continuous homomorphism of convolution algebra of Roumieu ultradistributi-
ons onto closed subalgebra of algebra L[ĜA] of the form {[ ̂IX ⊗ Us]c : s ∈ Rn+},
[ ̂IX ⊗ Us]c = FA ◦ (IX ⊗ [Us]

c) ◦ F−1
A , where [Us]

c is commutant of semigroup
{Us : s ∈ Rn+}.

For constructed operator calculus we can consider examples of calculating
Dirac function for generator of n-parametric strongly continuous semigroup of
operators and solve the problem of representation of multiplicative powers and
derivatives for Dirac function from the generator of the semigroup of fractional
integration. Similar examples for Schwartz distributions are described in detail
in the paper [3].
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Factorization formulas for some classes of generalized
J-inner matrix valued functions
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Let jpq := diag(Ip,−Iq) (m = p + q). Recall, that an m × m mvf W (λ)
meromorphic in D is said to belong to the class Uκ(jpq), if the kernel Kω(λ) =
jpq−W (λ)jpqW (ω)∗

1−λω∗ has κ negative squares and W (µ) is jpq-unitary T-a.e. For a
mvf W from a subclass Urκ(jpq) of Uκ(jpq) the notion of the right associated
pair was introduced in [1] and some factorization formulas were found. In the
present work we introduce a dual subclass U`κ(jpq). For every mvf W ∈ U`κ(jpq)
a left associated pair {β1, β2} is de�ned and factorization formulas for W in
terms of β1, β2 are found.

The Potapov-Ginzburg transform S of a mvf W = [wij ]
2
i,j=1 ∈ Uκ(jpq)

de�ned by

S(λ) =

[
s11 s12

s21 s22

]
:=

[
w11(λ) w12(λ)

0 Iq

] [
Ip 0

w21(λ) w22(λ)

]−1

(1)

belongs to the Schur class Sm×m. An m×m mvf W ∈ Uκ(jpq) is said to be in
the class U`κ(jpq), if s12 := w12w

−1
22 ∈ Sq×pκ . If

s12 = β−1
` σ` = σrβ

−1
r , (β`, βr ∈ Sin, σ`, σr ∈ Sq×p).

is the Kre��n�Langer factorization of s12, then the mvf's β`s11 and s22βr are
proved to be holomorphic in D and admit inner-outer factorizations

β`s11 = α1β1, s22βr = β2α2 (β1, β2 ∈ Sin, α1, α2 ∈ Sout). (2)
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De�nition 1. The pair β1, β2 of inner factors in (2) is called the left associated
pair of the mvf W ∈ U`κ(jpq) and is written as {β1, β2} ∈ ap`(W ).

Theorem 1. Let W ∈ U`κ(jpq), and let {β1, β2} ∈ ap`(W ). Then W admits
the factorization

W =

[
β∗` σr
σ∗` βr

] [
α−∗1 0

0 α−1
2

] [
β1 0
0 β−1

2

]
a.e. in Ω0. (3)

New factorization formulas for the mvf W ∈ U`κ(jpq) in the domains D and
C \ D are also found.

[1] V. A. Derkach, H. Dym On linear fractional transformations associated with generalized
J-inner matrix functions// Integ. Eq. Oper. Th., 65 (2009), 1-50.

Note on Arens regularity of symmetric tensor products

Olena Taras, Andriy Zagorodnyuk

Vasyl Stefanyk Precarpathian National University, Ivano-Frankivsk, Ukraine

elena_taras@ukr.net

Let X,Y be complex Banach spaces and B : X × X → Y be a (symmetric)
bilinear map. We call B is (symmetrically) regular, if

lim
α,β

B(xα, yβ) 6= lim
β,α

B(xα, yβ),

where (xα), (yβ) ⊂ X are ∗-convergent nets in X∗∗. X is (symmetrically)
regular if each (symmetric) bilinear form on X ×X is regular (see [1]). If A is
a Banach algebra, then A is called Arens regular if the bilinear map associated
with the algebra product (x, y)→ xy is regular. In this note we examine Arens
regularity of symmetric projective tensor products of Banach algebras.

Theorem 1. If limα,β P (xα, yβ) 6= limβ,α P (xα, yβ), where (xα), (yβ) ⊂ X
are polynomially convergent nets, P ∈ P(nX) then the Banach space

n∑
X := C ⊕X ⊕X ⊗s,π X ⊕ . . .⊕

n︷ ︸︸ ︷
X ⊗s,π . . .⊗s,π X

is not symmetrically regular.

For a given 2n-homogeneous polynomial P on X we consider a continuous
symmetric bilinear form BP on the space

∑n
X such that BP (1 + x + . . . +
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x⊗n, 1 + y+ . . .+ y⊗n) = P (x+ y). By this way we construct an example of 4-
homogeneous polynom P on `2 such that limα,β P (xα+yβ) 6= limβ,α P (xα+yβ)
and as a consequence to get that

∑n
`2 is not symmetrically regular. In the

case when A be a Banach (commutative) algebra the following theorem was
obtained.

Theorem 2. The symmetric projective tensor product
⊗n

s,π A is not (symmetri-
cally) regular.

[1] Aron R.M., Galindo P.,Garcia D., Maestre M. Regularity and algebras of analytic
functions in in�nite dimensions. // Proc. Amer. Math. Soc., 348 (1996), 543-?559.

[2] Taras O., Zagorodnyuk A. Note on Arens regularity of symmetric tensor products //
Carpathian Math. Publ., 6 (2) (2014), 372?-376.

Some extremal problems the second type for partially
non-overlapping domains.

Targonskii A.L., Targonskaya I.I.

Zhytomyr Ivan Franko State University

targonsk@zu.edu.ua

Let r(B; a) � inner radius domain B ⊂ C with respect to a point a ∈ B.
This work a study the following problem.

Problem. Let n ∈ N, n ≥ 2, γ ≥ 0. Maximum functional be found

rγ (B0 ; 0) ·
n∏
k=1

r (Bk ; ak) ,

whereAn = {ak}nk=1 � arbitrary n-equiangular system points and {B0, {Bk}nk=1}
� arbitrary set partially non-overlapping domains, 0 ∈ B0, ak ∈ Bk, and all
extremal the describe k = 1, n.

[1] Bakhtin, A. K., Bakhtina, G. P., Zelinskii, Yu. B. Topological-algebraic structures and
geometric methods in complex analysis // Proceedings of the Institute of Mathematics
of NAS of Ukraine 73 (2008), 308 pp. (Russian).

[2] Dubinin, V. N. Method of symmetrization in the geometric theory of functions of a
complex variable // Usp. Mat. Nauk, 49, No.1 (295), 3-76 (1994).
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[3] Dubinin, V. N. Asymptotic representation of the modulus of a degenerating condenser
and some its applications // Zap. Nauchn. Sem. Peterburg. Otdel. Mat. Inst., 237, 56-73
(1997).

Çàäà÷à ïðî òiíü äëÿ åëiïñî¨äà îáåðòàííÿ

Òêà÷óê Ìàêñèì Âîëîäèìèðîâè÷

Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè

mvtkachuk@mail.ru

Îñiï÷óê Òåòÿíà Ìèõàéëiâíà

Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè

otm82@mail.ru

Ó 1982 ð. Ã. Õóäàéáåðãàíîâèì áóëà ïîñòàâëåíà çàäà÷à ïðî òiíü [4], (äèâ.
òàêîæ [1], [2]) ÿêà ïîëÿãàëà â òîìó, ùîá çíàéòè ìiíiìàëüíå ÷èñëî çàìêíåíèõ
êóëü â ïðîñòîði Rn ç öåíòðàìè íà ñôåði Sn−1, ÿêi ïîïàðíî íå ïåðåòèíàþ-
òüñÿ, ç ðàäióñàìè ìåíøèìè ðàäióñà ñôåðè i òàêi, ùî äîâiëüíà ïðÿìà, ÿêà
ïðîõîäèòü ÷åðåç öåíòð ñôåðè, ïåðåòèíà¹ õî÷à á îäíó iç êóëü. Iíàêøå êà-
æó÷è, ñêiëüêè òàêèõ êóëü ñòâîðÿòü òiíü äëÿ öåíòðó ñôåðè. Öÿ çàäà÷à áóëà
ðîçâ'ÿçàíà Ã. Õóäàéáåðãàíîâèì äëÿ âèïàäêó n = 2: áóëî ïîêàçàíî, ùî äëÿ
êîëà íà ïëîùèíi äîñòàòíüî äâîõ êóëü. Â [3] Þ. Çåëiíñêèé ðàçîì çi ñâî¨ìè
ó÷íÿìè äîâiâ, ùî äëÿ n = 3 òðüîõ êóëü íå äîñòàòíüî, àëå ÷îòèðè êóëi âæå
áóäóòü ñòâîðþâàòè òiíü äëÿ öåíòðó ñôåðè. Ó òié æå ðîáîòi ëåãêî äîâîäè-
òüñÿ, ùî äëÿ çàãàëüíîãî âèïàäêó íåîáõiäíî i äîñòàòíüî n+ 1 êóëi.

ßêùî ðîçãëÿíóòè âèäîâæåíèé åëiïñî¨ä îáåðòàííÿ ç äîñòàòíüî äîâãîþ
âåëèêîþ âiññþ, òî äîñèòü î÷åâèäíî, ùî òðüîõ êóëü äîñòàòíüî äëÿ ñòâîðåííÿ
òiíi â öåíòði åëiïñî¨äà. Â [5] ñòàâèòüñÿ òà ðîçâ'ÿçó¹òüñÿ òàêà

Çàäà÷à 1. Íåõàé çàäàíî âèäîâæåíèé åëiïñî¨ä îáåðòàííÿ. Çíàéòè ìiíi-
ìàëüíå ñïiââiäíîøåííÿ éîãî îñåé, òàê, ùîá òðè çàìêíåíi êóëi, ÿêi ïîïàð-
íî íå ïåðåòèíàþòüñÿ, íå ïåðåòèíàþòü öåíòð åëiïñî¨äà i ç öåíòðàìè íà
íüîìó ñòâîðþâàëè òiíü äëÿ öåíòðó åëiïñî¨äà.

[1] Çåëèíñêèé Þ. Á. Ìíîãîçíà÷íûå îòîáðàæåíèÿ â àíàëèçå. � Kèåâ: Íàóêîâà äóìêà,
1993. � 264 ñ.

[2] Çåëèíñêèé Þ. Á. Âûïóêëîñòü. Èçáðàííûå ãëàâû. Ïðàöi Iíñòèòóòó ìàòåìàòèêè ÍÀ-
ÍÓ. � Kè¨â: Iíñòèòóò ìàòåìàòèêè ÍÀÍÓ. � 2012. � 92. � 280 ñ.

[3] Çåëèíñêèé Þ. Á., Âûãîâñêàÿ È. Þ., Ñòåôàí÷óê Ì. Â. Îáîáù¼ííî âûïóêëûå ìíî-
æåñòâà è çàäà÷à î òåíè. � arXiv:1501.06747. � 2015.
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[4] Õóäàéáåðãàíîâ Ã. Îá îäíîðîäíî-ïîëèíîìèàëüíî âûïóêëîé îáîëî÷êå îáúåäèíåíèÿ
øàðîâ // Ðóêîïèñü äåï. â ÂÈÍÈÒÈ 21.02.1982 ã. � 1772 � 85 Äåï.

[5] Òêà÷óê Ì. Â., Îñiï÷óê Ò. Ì. Çàäà÷à î òåíè äëÿ ýëëèïñîèäà âðàùåíèÿ // Çáiðíèê
ïðàöü Iíñòèòóòó ìàòåìàòèêè ÍÀÍÓ. � Kè¨â: Iíñòèòóò ìàòåìàòèêè ÍÀÍÓ. � 2015.
(ïîäàíî äî äðóêó)

A description of solutions for the integral equation of
special type

Trofymenko O. D.

Donetsk National University (Vinnytsia)

odtro�menko@gmail.com

The set of functions from C2m−2−s (m ∈ N and s ∈ 0, ...,m− 1 are �xed) in
some domain, that satis�es next equality with all possible z and z is of great
interest

m−1∑
n=s

r2n+2

2(n− s)!(n+ 1)!

(
∂

∂z

)n−s(
∂

∂z̄

)n
f(z) =

1

2π

∫ ∫
|ζ−z|≤r

f(ζ)(ζ−z)sdξdη, (1)

r is �xed or belongs to the set of two elements.
For equation (1) a description of all smooth solutions in a disk with radiusR > r
is obtained. Also for functions with corresponding smoothness, satisfying (1) a
uniqueness theorem is obtained. And the two-radii theorem for special class of
polyanalytic functions is obtained.

[1] Volchkov V.V. Integral Geometry and Convolution Equation. // Dordrecht- Boston-
London: Kluwer Academic Publishers. � 2003. � 454 p.

[2] Zalcman L. Supplementary bibliography to 'A bibliographic survey of the Pompeiu
problem. // Radon Transforms and Tomography, Contemp. Math. � 2001. � V. 278. �
P. 69�74.

[3] Trofymenko O.D. Two-radii theorem for solutions of some mean value equations. //
Mathematychni Studii. � 2013. � V. 40. 2. � P. 137�143.
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Îöiíêà êîðåëÿöiéíî¨ ôóíêöi¨ îäíîðiäíîãî òà
içîòðîïíîãî ãàóññîâîãî âèïàäêîâîãî ïîëÿ

Òðîøêi Âiêòîð Áåéëîâè÷

Äåðæàâíèé âèùèé íàâ÷àëüíèé çàêëàä "Óæãîðîäñüêèé íàöiîíàëüíèé
óíiâåðñèòåò"

btroshki@ukr.net

Â äîïîâiäi ðîçãëÿäà¹òüñÿ îäíîðiäíå òà içîòðîïíå íåïåðåðâíå â ñåðåäíüîìó
êâàäðàòè÷íîìó ãàóññîâå âèïàäêîâå ïîëå ξ(t) çàäàíå â Rn ç Eξ(t) = 0 äëÿ
ÿêîãî îòðèìàíî îöiíêè äëÿ ðîçïîäiëó âiäõèëåíü ñôåðè÷íî¨ êîðåëîãðàìè âiä
êîðåëÿöiéíî¨ ôóíêöi¨ iç çàäàíîþ òî÷íiñòþ òà íàäiéíiñòþ â ïðîñòîði Lp(Ω).
Çà äîïîìîãîþ îòðèìàíèõ íåðiâíîñòåé ïîáóäîâàíî êðèòåðié äëÿ ïåðåâiðêè
ãiïîòåçè ïðî âèãëÿä êîðåëÿöiéíî¨ ôóíêöi¨ âèïàäêîâîãî ïîëÿ. Îöiíþâàííÿ
çäiéñíþ¹òüñÿ ïî ñïîñòåðåæåííÿì çà âèïàäêîâèì ïîëåì íà êóëi, à çà îöiíêó
êîðåëÿöiéíî¨ ôóíêöi¨ ïðè öüîìó âèêîðèñòîâó¹òüñÿ ñôåðè÷íà êîðåëîãðàìà.

Â äàíié äîïîâiäi âèêîðèñòàíi ïîïåðåäíi ðåçóëüòàòè ðîáîòè [1], äå áóëè
îòðèìàíi îöiíêè âiäõèëåíü êîðåëÿöiéíî¨ ôóíêöi¨ ãàóññîâîãî ñòàöiîíàðíîãî
âèïàäêîâîãî ïðîöåñà âiä êîðåëîãðàì.

[1] Yu. Kozachenko, V. Troshki A criterion for testing hypotheses about the covariance
function of a stationary Gaussian stochastic process // Modern Stochastics: Theory and
Applications, Vol. 2 (2015), p. 1-11. DOI: 10.15559/15-VMSTA17

Îöiíêè àïðîêñèìàòèâíèõ õàðàêòåðèñòèê êëàñiâ
ïåðiîäè÷íèõ ôóíêöié áàãàòüîõ çìiííèõ iç çàäàíîþ
ìàæîðàíòîþ ìiøàíèõ ìîäóëiâ íåïåðåðâíîñòi â

ïðîñòîði Lq

Ôåäóíèê-ßðåì÷óê Îêñàíà Âîëîäèìèðiâíà

Ñõiäíî¹âðîïåéñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Ëåñi Óêðà¨íêè

fedunyk@ukr.net

Äîñëiäæóþòüñÿ êëàñè BΩ
p,θ ïåðiîäè÷íèõ ôóíêöié áàãàòüîõ çìiííèõ, ÿêi

ðîçãëÿíóòi â [1] i ¹ àíàëîãàìè âiäîìèõ êëàñiâ Á¹ñîâà.

Íåõàé Ω(t) � ôóíêöiÿ òèïó ìiøàíîãî ìîäóëÿ íåïåðåðâíîñòi ïîðÿäêó l
äåÿêîãî ñïåöiàëüíîãî âèäó
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Ω(t) = Ω(t1, ..., td) =


d∏
j=1

trj(
log 1

tj

)bj
+

, ÿêùî tj > 0, j = 1, d;

0, ÿêùî
d∏
j=1

tj = 0.

(1)

Òóò ðîçãëÿäàþòüñÿ ëîãàðèôìè çà îñíîâîþ 2, êðiì òîãî
(

log 1
tj

)
+

=

= max
{

1, log 1
tj

}
. Ââàæà¹ìî òàêîæ, ùî bj < r, j = 1, d, i 0 < r < l.

Öå îçíà÷à¹, ùî äëÿ ôóíêöi¨ âèäó (1) âèêîíóþòüñÿ óìîâè Áàði-Ñò¹÷êiíà
[2] (ïîçíà÷à¹ìî (S) i (Sl) ).

Íåõàé Lq(πd) � ïðîñòið 2π�ïåðiîäè÷íèõ ïî êîæíié çìiííié ôóíêöié
f(x) = f(x1, . . . , xd) çi ñòàíäàðòíîþ íîðìîþ.

Îäåðæàíî òî÷íi çà ïîðÿäêîì îöiíêè âåëè÷èí, ÿêi âèçíà÷àþòüñÿ íàñòó-
ïíèì ÷èíîì

dBM (BΩ
p,θ, Lq) = inf

G∈LM (B)q
sup

f∈BΩ
p,θ∩D(G)

‖f(·)−Gf(·)‖q . (2)

×åðåç LM (B)q òóò ïîçíà÷åíî ìíîæèíó ëiíiéíèõ îïåðàòîðiâ, ÿêi çàäîâîëü-
íÿþòü óìîâè:

à) îáëàñòü âèçíà÷åííÿ D(G) öèõ îïåðàòîðiâ ìiñòèòü âñi òðèãîíîìåòðè-
÷íi ïîëiíîìè, à ¨õ îáëàñòü çíà÷åíü ìiñòèòüñÿ â ïiäïðîñòîði ðîçìiðíîñòi M
ïðîñòîðó Lq(πd);

á) iñíó¹ ÷èñëî B ≥ 1 òàêå, ùî äëÿ âñiõ âåêòîðiâ k = (k1, . . . , kd), kj ∈ Z,
âèêîíó¹òüñÿ íåðiâíiñòü

∥∥Gei(k,·)∥∥
2
≤ B.

Çàçíà÷èìî, ùî äî LM (1)2 íàëåæàòü îïåðàòîðè îðòîãîíàëüíîãî ïðîåêòó-
âàííÿ íà ïðîñòîðè ðîçìiðíîñòi M .

Ñôîðìóëþ¹ìî îäèí iç îäåðæàíèõ ðåçóëüòàòiâ.

Òåîðåìà. 1 ≤ p < q <∞, 1 ≤ θ <∞, à Ω(t) çàäàíà ôîðìóëîþ (1). Òîäi
ïðè 1

p −
1
q < r < l, bj <

r
q
p−1 ìà¹ ìiñöå ïîðÿäêîâà ðiâíiñòü

dBM (BΩ
p,θ, Lq) �M

−r+ 1
p−

1
q
(

logM
)−b1−...−bd+(d−1)

(
r− 1

p+ 1
q+( 1

q−
1
θ )+

)
,

äå a+ = max{a, 0} .
Öåé ðåçóëüòàò äëÿ êëàñiâ Brp,θ îäåðæàíèé À.Ñ. Ðîìàíþêîì [3], à äëÿ

êëàñiâ HΩ
p � Ì.Ì. Ïóñòîâîéòîâèì [4].

Çíàéäåíî òàêîæ òî÷íi çà ïîðÿäêîì îöiíêè âåëè÷èí (2) ïðè äåÿêèõ iíøèõ
ñïiââiäíîøåííÿõ ìiæ ïàðàìåòðàìè p òà q.
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Íàéïðîñòiøà ïåðiîäè÷íà çàäà÷à äëÿ
äèôåðåíöiàëüíî-îïåðàòîðíîãî ðiâíÿííÿ, çâ'ÿçàíîãî ç

êîëèâàííÿìè iäåàëüíî¨ ñòðàòèôiêîâàíî¨ ðiäèíè

Ôåäàê I.Â.

Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Âàñèëÿ Ñòåôàíèêà

Fedak_Ivan@rambler.ru

Ó ãiëüáåðòîâîìó ïðîñòîði H ðîçãëÿíåìî ðiâíÿííÿ

(A+ E)y′′(t) +Ay(t) = 0, (1)

äå A � ñàìîñïðÿæåíèé íàïiâîáìåæåíèé çíèçó âH îïåðàòîð, E � òîòîæíèé
â H îïåðàòîð. Ó âèïàäêó H = L2(a, b) òà A � ñàìîñïðÿæåíîãî ðîçøèðåííÿ
ìiíiìàëüíîãî îïåðàòîðà, ïîðîäæåíîãî âèðàçîì − d2

dx2 ðiâíÿííÿ (1) ¹ ðiâíÿ-
ííÿì êîëèâàíü iäåàëüíî¨ ñòðàòèôiêîâàíî¨ ðiäèíè (äèâ. [1]).

Äëÿ ðiâíÿííÿ (1) çàäàìî íàéïðîñòiøi ïåðiîäè÷íi óìîâè

y(0) = y(T ) = 0, T > 0. (2)

Òåîðåìà. ßêùî

σ(A) ∩
(
{−1} ∪

{
π2n2

T 2 − π2n2

∣∣∣ n ∈ N
})

= ∅,

òî çàäà÷à (1)�(2) ìà¹ ðîçâ'ÿçîê, ÿêèé âèçíà÷à¹òüñÿ ç òî÷íiñòþ äî ñòàëîãî
ìíîæíèêà.
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[1] Ãàáîâ Ñ.À., Îðàçîâ Á.Á. Îá óðàâíåíèè
∂2

∂t2
(uxx−u)+uxx = 0 è íåêîòîðûõ ñâÿçàííûõ

ñ íèì çàäà÷àõ // Æóðí. âû÷èñë. ìàòåìàòèêè è ìàò. ôèçèêè. � 1986. � 26, �1. � Ñ.92
� 102.

Íàáëèæåííÿ (ψ, β)�äèôåðåíöiéîâíèõ ôóíêöié, çàäàíèõ
íà äiéñíié îñi, òðèãàðìîíiéíèìè îïåðàòîðàìè Ïóàññîíà

Þ. I. Õàðêåâè÷, I. Â. Êàëü÷óê

Ñõiäíî¹âðîïåéñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Ëåñi Óêðà¨íêè,
Ëóöüê

kalchuk_i@ukr.net

Íåõàé f ∈ L̂ (äèâ. îçíà÷åííÿ â [1, c. 168]). Îïåðàòîð P3(δ), ÿêèé äi¹ íà
ôóíêöiþ f çà ïðàâèëîì

P3(δ; f ;x) = A0 +

∞∫
−∞

fψβ (x+ t)
1

π

∞∫
0

ψ(v)λδ(v) cos
(
vt+

βπ

2

)
dv dt, δ > 0,

äå λδ(v) =
(

1+ 1
4 (3−e− 2

δ )(1−e− 2
δ )v+ 1

8 (1−e− 2
δ )2v2

)
e−

v
δ , à fψβ (·) � öå (ψ, β)-

ïîõiäíà ôóíêöi¨ f(·) (äèâ. [2, c. 132]), áóäåìî íàçèâàòè òðèãàðìîíiéíèì
îïåðàòîðîì Ïóàññîíà.

Ìåòîþ ðîáîòè ¹ âèâ÷åííÿ àñèìïòîòè÷íî¨ ïîâåäiíêè ïðè δ →∞ âåëè÷èí

E
(
Ĉψβ,∞;P3(δ)

)
Ĉ

= sup
f∈Ĉψβ,∞

‖f(x)− P3(δ; f ;x)‖Ĉ ,

(äå ‖f‖Ĉ = sup
t∈R
|f(t)|, à îçíà÷åííÿ êëàñiâ Ĉψβ,∞ äèâ. â [1, c. 216]).

Íåõàé A � ìíîæèíà äîäàòíèõ íåïåðåðâíèõ ïðè t ≥ 0 ôóíêöié ψ(t),
ÿêi çàäîâîëüíÿþòü óìîâè: 1) ψ(0) = 0; 2) ψ(t) îïóêëà äîíèçó íà [1,∞) i
lim
t→∞

ψ(t) = 0; 3) ψ′(t) = ψ′(t + 0) ¹ ôóíêöi¹þ îáìåæåíî¨ âàðiàöi¨ íà [0,∞).

Ïiäìíîæèíó ôóíêöié ψ∈A, äëÿ ÿêèõ
∞∫
1

ψ(t)
t dt <∞, ïîçíà÷àþòü ÷åðåç A′.

Íåõàé A0 =
{
ψ ∈ A : 0 < t

η(t)−t ≤ K <∞ ∀t ≥ 1
}
, äå η(t) = ψ−1

(
1
2ψ(t)

)
, à

ψ−1 � ôóíêöiÿ, îáåðíåíà äî ôóíêöi¨ ψ.

Ïîêëàäåìî τ(v) = τδ(v, ψ) =
(

1 −
(
1 + γv + θv2

)
e−v
)
ψ(δv)
ψ(δ) , v ≥ 0, äå

γ = 1
4 (3 − e− 2

δ )(1 − e− 2
δ )δ, θ = 1

8 (1 − e− 2
δ )2δ2, à ψ(v) � íåïåðåðâíà ïðè
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âñiõ v ≥ 0 ôóíêöiÿ. Íàäàëi áóäåìî ââàæàòè, ùî ψ(v) ìîíîòîííî çðîñòà¹,
îïóêëà äîíèçó íà [0, 1] i ìà¹ íåïåðåðâíó äðóãó ïîõiäíó ïðè âñiõ v ≥ 0 çà
âèêëþ÷åííÿì òî÷êè v = 1. Ìíîæèíó ôóíêöié ψ ∈ A àáî ψ ∈ A0, ùî ìàþòü
âêàçàíi âèùå âëàñòèâîñòi ïîçíà÷èìî âiäïîâiäíî ÷åðåç A∗ àáî A∗0.

Òåîðåìà. Íåõàé ψ ∈ A∗0 ∩A′, ôóíêöiÿ g(v) = v3ψ(v) ¹ îïóêëà âãîðó àáî
äîíèçó íà [b,∞), b ≥ 1. Òîäi ïðè δ →∞ ìà¹ ìiñöå ðiâíiñòü

E
(
Ĉψβ,∞;P3(δ)

)
Ĉ

= ψ(δ)A(τ),

äå âåëè÷èíà A(τ) îçíà÷à¹òüñÿ íàñòóïíèì ÷èíîì

A(τ) =
1

π

∞∫
−∞

∣∣∣∣∣∣
∞∫

0

τ(v) cos

(
vt+

βπ

2

)
dv

∣∣∣∣∣∣ dt
i äëÿ íå¨ ñïðàâåäëèâà îöiíêà

A(τ) =
2

π

∣∣∣∣ sin βπ2
∣∣∣∣( 1

6δ3ψ(δ)

δ∫
1

v2ψ(v)dv +
1

ψ(δ)

∞∫
δ

ψ(v)

v
dv

)
+

+O

(
1 +

1

δ3ψ(δ)

δ∫
1

vψ(v)dv

)
.

[1] Ñòåïàíåö À.È. Ìåòîäû òåîðèè ïðèáëèæåíèÿ. � Êèåâ: Èí-ò ìàòåìàòèêè ÍÀÍ
Óêðàíû, 2002. � ×.2. � 468 ñ.

[2] Ñòåïàíåö À.È. Ìåòîäû òåîðèè ïðèáëèæåíèÿ. � Êèåâ: Èí-ò ìàòåìàòèêè ÍÀÍ
Óêðàíû, 2002. � ×.1. � 427 ñ.
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On the properties of the indicators of completely
regularly growing holomorphic functions in C \ {0}

Khrystiyanyn Andriy Yaroslavovych

Ivan Franko National University of Lviv

khrystiyanyn@ukr.net

Vyshynskyi Oleh Stepanovych

Ivan Franko National University of Lviv

vyshynskyi@ukr.net

Let f be a holomorphic function of completely regular growth in C∗ = C \ {0}
[1]. Using an analog of the Poisson-Jensen formula for annuli [2] we prove the
so-called uniformity property for the indicators [1] of f. It allows us to de�ne
these indicators in a di�erent way, the one in Phragm�en-Lindel�of's style. Next,
we prove the equicontinuity property for the class Λ◦H of completely regularly
growing with respect to a growth function λ holomorphic functions in C∗, which
in turn enables us to prove the second main theorem for f ∈ Λ◦H in terms of
its asymptotic behaviour as |z| → +∞ or |z| → 0 outside some E0-sets.

[1] M. Goldak, A. Khrystiyanyn, Holomorphic functions of completely regular growth in the
punctured plane, Visnyk of the Lviv Univ., Series Mech. Math. 2011. Issue 75. P.91-96.
(in Ukrainian)

[2] I. P. Kshanovskyy, An analog of Poisson-Jensen formula for annuli, Matematychni
studii, 24 (2005), 147-158.
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Modulo-loxodromic functions in C \ {0}

Khrystiyanyn Andriy Yaroslavovych

Ivan Franko National University of Lviv

khrystiyanyn@ukr.net

Kondratyuk Andriy Andriyovych

Ivan Franko National University of Lviv

kond@franko.lviv.ua

A multiplicatively periodic function is a function satisfying the condition
f(qz) = f(z) for some q and all z. The theory of meromorphic in C\{0} multi-
plicatively periodic functions was elaborated by O. Rausenberger [1]. G. Valiron
[2] called these functions loxodromic. They give a simple construction [3] of elli-
ptic functions which are well known due to the works of K. Jacobi, N. Abel,
K. Weierstrass.

We consider modulo-loxodromic functions.

De�nition 1. A meromorphic in C∗ = C \ {0} function f is said to be mo-

dulo-loxodromic if there exists q (0 < |q| < 1) such that |f(qz)| = |f(z)|,
z ∈ C∗.

There are modulo-loxodromic functions in C∗ which are not loxodromic [3].

De�nition 2. A meromorphic in C∗ function f is called Julia exceptional

if the family {fn(z)}, n ∈ Z, where fn(z) = f(qnz), and 0 < |q| < 1 is normal
[4] in C∗.

We prove

Theorem 1. Each modulo-loxodromic function is Julia exceptional.

[1] Rausenberger O. Lehrbuch der Theorie der Periodischen Functionen Einer Variabeln,
Leipzig, Druck und Ferlag von B.G.Teubner, 1884, 470 pp.

[2] Valiron G. Cours d'Analyse Mathematique, Theorie des fonctions, 2nd Edition, Masson
et.Cie., Paris, 1947, 522 pp.

[3] Kondratyuk A. A. Loxodromic meromorphic and δ-subharmonic functions // Proceedi-
ngs of the Workshop on Complex Analysis and its Applications to Di�erential and
Functional Equations. � 2014. � Reports and Studies in Forestry and Natural Sciences.
� 14. � P. 89-100.
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[4] Montel P. Le�cons sur les familles normales de fonctions analytiques et leurs applications,
Gauthier-Villars, Paris, 1927.

Íåïåðåðâíi òà ðîçðèâíi ãîìîìîðôiçìè àëãåáðè
ñèìåòðè÷íèõ ïîëiíîìiâ íà ïðîñòîði `p

×åðíåãà Iðèíà Âîëîäèìèðiâíà

Iíñòèòóò ïðèêëàäíèõ ïðîáëåì ìåõàíiêè i ìàòåìàòèêè

icherneha@ukr.net

Ó äîïîâiäi ðîçãëÿäàþòüñÿ ãîìîìîðôiçìè àëãåáðè Ps(`p) âñiõ ñèìåòðè÷íèõ
ïîëiíîìiâ íà ïðîñòîði `p. Çîêðåìà, âèâ÷àþòüñÿ ãîìîìîðôiçìè ç àëãåáðè
Ps(`p) â Ps(`q), 1 ≤ p, q <∞, òà äîñëiäæó¹òüñÿ ïèòàííÿ ¨õ íåïåðåðâíîñòi.

Àïðîêñèìàòèâíi âëàñòèâîñòi äåÿêèõ ëiíiéíèõ ìåòîäiâ
ïiäñóìîâóâàííÿ ðÿäiâ Ôóð'¹

Iðèíà ×åðíÿê, Âiêòîðiÿ Êðàâ÷èøèí

Ñõiäíî¹âðîïåéñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Ëåñi Óêðà¨íêè,
Ëóöüê

irusya1710@ukr.net

Â ðîáîòi âèâ÷àþòüñÿ àïðîêñèìàòèâíi âëàñòèâîñòi ëiíiéíèõ ìåòîäiâ ïiä-
ñóìîâóâàííÿ ðÿäiâ Ôóð'¹, ÿêi çàäàþòüñÿ ìíîæèíîþ ôóíêöié íàòóðàëüíîãî
àðãóìåíòà, â ïðîñòîði íåïåðåðâíèõ 2π�ïåðiîäè÷íèõ ôóíêöié.
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Час у Ворохту, час!
слова і музика 

Володимира Маслюченка

Хоч гори ще в снігах,
Та віє вже весною.
В карпатський милий край
Проліг манливий шлях.
Математичний стяг
Веде нас за собою

І мерехтить в очах

Наш ворохтянський рай.                 2 рази

Приспів:
                          Час у Ворохту, час!
                          Вогонь в душі не згас,

                          Наука кличе нас –

                          Сповняй святий наказ!
              2 рази

Свободи гордий дух
Витає у Карпатах
Його тут боронив
Орлів-повстанців рух
Математичний дух – 
Це теж свободи свято,

В ній наших суть потуг

Як Кантор пояснив.                   
2 рази

Приспів.

Хай розквітає тут
Математична школа,
Нехай знання несе,
Як чисті води Прут.
Її ясний статут
Не зрадимо ніколи

І пильний, впертий труд

Нам успіх принесе.
                         2 рази

 
Приспів.             
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