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×àñòèíà I

ÏËÅÍÀÐÍI ËÅÊÖI�

Óçàãàëüíåíî îïóêëi ìíîæèíè â äiéñíèõ
i êîìïëåêñíèõ åâêëiäîâèõ ïðîñòîðàõ

Çåëiíñüêèé Þ. Á.

Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè

Ëåêöi¨ â îñíîâíîìó ïðèñâÿ÷åíi äîñëiäæåííþ ëiíiéíî îïóêëèõ òà ñèëüíî
ëiíiéíî îïóêëèõ ìíîæèí â áàãàòîâèìiðíîìó êîìïëåêñíîìó ïðîñòîði. Áóäå
ðîçãëÿíóòî çâ'ÿçîê öèõ ìíîæèí ç ïèòàííÿìè òåîði¨ éìîâiðíîñòåé òà ií-
òåãðàëüíî¨ ãåîìåòði¨. Áóäå ïîêàçàíî, ÿêi íîâi ïîãëÿäè íà ïèòàííÿ äiéñíîãî
îïóêëîãî àíàëiçó âèíèêàþòü íà îñíîâi óçàãàëüíåíî îïóêëèõ ìíîæèí â êîì-
ïëåêñíèõ ïðîñòîðàõ.

1. Ïðèêëàäè óçàãàëüíåíî îïóêëèõ ìíîæèí.

2. Ñïðÿæåíi ìíîæèíè òà òåîðåìè äâî¨ñòîñòi.

3. Çâ'ÿçîê óçàãàëüíåíî îïóêëèõ ìíîæèí ç çàäà÷àìè òåîði¨ éìîâiðíîñòåé.

4. Ñòðóêòóðà ñèëüíî ëiíiéíî îïóêëèõ ìíîæèí. Ïàðàëåëi òà âiäìiííîñòi
ç äiéñíèì âèïàäêîì.

5. Ëîêàëüíà òà ãëîáàëüíà óçàãàëüíåíà îïóêëiñòü.

6. Çàäà÷à òîïîëîãi÷íî¨ êëàñèôiêàöi¨ óçàãàëüíåíî îïóêëèõ ìíîæèí ç
ãëàäêîþ ìåæåþ â êîìïëåêñíîìó òà äiéñíîìó âèïàäêàõ.

7. Òîïîëîãi÷íi âëàñòèâîñòi ëiíiéíî îïóêëèõ ìíîæèí. Îöiíêè ãðóï êîãî-
ìîëîãié òàêèõ ìíîæèí òà ¨õ îá'¹äíàíü.

8. Ñèñòåìè ëiíiéíèõ âêëþ÷åíü.

9. Óçàãàëüíåíà îïóêëiñòü âèùîãî ïîðÿäêó (ïîðÿäîê îïóêëîñòi).

10. Âiäêðèòi ïðîáëåìè.

[1] Þ.Á. Çåëèíñêèé.Ìíîãîçíà÷íûå îòîáðàæåíèÿ â àíàëèçå - Êèåâ. Íàóê. äóìêà, 1993.
- 264ñ.

[2] Þ.Á. Çåëèíñêèé. Âûïóêëîñòü. Èçáðàííûå ãëàâû // Ïðàöi Iíñòèòóòó ìàòåìàòèêè
ÍÀÍ Óêðà¨íè.- ò. 92.� - Êèåâ: Èí-ò ìàòåìàòèêè ÍÀÍ Óêðàèíû, 2012. - 280ñ.
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Third step to nonlinear analysis

Kondratyuk Andriy Andriyovych

Ivan Franko National University of Lviv

kond@franko.lviv.ua

The following topics will be exposed.

1. A short history.

2. Loxodromic meromorphic and multiplicatively periodic functions in the
punctured euclidean spaces.

3. Multiplicatively periodic subharmonic functions in the punctured eucli-
dean spaces.

4. Piersed euclidean space and multiplicatively periodic harmonic functions.

[1] Rausenberger O. Lehrbuch der Theorie der Periodischen Functionen Einer variabeln,
Leipzig, Druck und Ferlag von B.G.Teubner, 1884, 470p.

[2] Valiron G. Cours d'Analyse Mathematique, Theorie des fonctions, 2nd Edition, Masson
et.Cie., Paris, 1947, 522 p.

[3] Hellegouarch Y. Invitation to the Mathematics of Fermat-Wiles, Academic Press, 2002,
381 p.

[4] Kondratyuk A. A. Loxodromic meromorphic and δ-subharmonic functions,Conference
Proceedings on Workshop on Complex Analysis and its Applications to Di�erential and
Functional Equations in the honour of Ilpo Laine's 70th birthday, (to appear).

[5] Kondratyuk A. A., Zaborovska V.S. Multiplicatively periodic subharmonic functions in
the punctured euclidean space, Mat. Stud. � 2014. � V.41, �1. � (to appear).

Ïðî íóëi öiëèõ ãàóñîâèõ ôóíêöié

Ñêàñêiâ Îëåã Áîãäàíîâè÷

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. I.Ôðàíêà

matstud@franko.lviv.ua
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Íàðiçíî íåïåðåðâíi âiäîáðàæåííÿ i òåîðiÿ íàáëèæåíü

Ìàñëþ÷åíêî Âîëîäèìèð Êèðèëîâè÷

×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

vmaslyuchenko@ukr.net

Ëåêöiÿ �1. Ïîòî÷êîâå íàáëèæåííÿ íàðiçíî íåïåðåðâíèõ ôóíêöié.

Áóäóòü ðîçãëÿíóòi ðåçóëüòàòè À.Ëåáåãà, Ã.Ãàíà, Â.Ðóäiíà ïðî ïîòî÷êîâó
àïðîêñèìàöiþ íàðiçíî íåïåðåðâíèõ ôóíêöié òà ¨õ ðîçâèòîê ó ïðàöÿõ ñó÷à-
ñíèõ ÷åðíiâåöüêèõ ìàòåìàòèêiâ, à òàêîæ îáãîâîðþâàòèìóòüñÿ íåðîçâ'ÿçàíi
ïðîáëåìè.

Ëåêöiÿ �2. Ïîøàðîâî ðiâíîìiðíà àïðîêñèìàöiÿ íàðiçíî íåïåðåðâíèõ
ôóíêöié.

Íà ïðîñòîði S âñiõ íàðiçíî íåïåðåðâíèõ ôóíêöié f : [0, 1]2 → R áóäå
ââåäåíà ëîêàëüíî îïóêëà òîïîëîãiÿ T ïîøàðîâî¨ ðiâíîìiðíî¨ çáiæíîñòi i
âèâ÷àòèìåòüñÿ ñåêâåíöiàëüíå çàìèêàííÿ P

s
ïiäïðîñòîðó P âñiõ ìíîãî÷ëå-

íiâ âiä äâîõ çìiííèõ ó ïðîñòîði (S, T ).

Ïðî äåÿêi ìåòîäè îöiíþâàííÿ ðîçâ'ÿçêiâ ïàðàáîëi÷íèõ
ðiâíÿíü

Ïîðòåíêî Ìèêîëà Iâàíîâè÷

Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè

portenko@imath.kiev.ua

Îñèï÷óê Ìèõàéëî Ìèõàéëîâè÷

Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Âàñèëÿ Ñòåôàíèêà

myosyp@gmail.com

Ôóíäàìåíòàëüíi ðîçâ'ÿçêè äèôåðåíöiàëüíèõ òà ïñåâäîäèôåðåíöiàëüíèõ
ðiâíÿíü ïàðàáîëi÷íîãî òèïó ¹ ïðåäìåòîì îñîáëèâî¨ öiêàâîñòi ç áîêó ñïåöià-
ëiñòiâ çi ñòîõàñòè÷íîãî àíàëiçó, îñêiëüêè âîíè ¹ ùiëüíîñòÿìè éìîâiðíîñòåé
ïåðåõîäó âiäïîâiäíèõ ïðîöåñiâ Ìàðêîâà.

Ïðè äîñëiäæåííi ëîêàëüíèõ âëàñòèâîñòåé âèïàäêîâèõ ïðîöåñiâ, ãðàíè-
÷íî¨ ïîâåäiíêè ïîñëiäîâíîñòåé âèïàäêîâèõ ïðîöåñiâ ÷àñòî âèêîðèñòîâóþ-
òüñÿ òi ÷è iíøi îöiíêè ôóíäàìåíòàëüíèõ ðîçâ'ÿçêiâ âiäïîâiäíèõ ïàðàáîëi-
÷íèõ äèôåðåíöiàëüíèõ ðiâíÿíü (êëàñè÷íi, îöiíêè Êðèëîâà i ò. ï.).

Â äîïîâiäi îáãîâîðþþòüñÿ äåÿêi ïiäõîäè äî ïðîáëåìè îöiíþâàííÿ ôóí-
äàìåíòàëüíèõ ðîçâ'ÿçêiâ òàêèõ ðiâíÿíü.
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×àñòèíà II

ÑÅÊÖIÉÍI ÄÎÏÎÂIÄI

1 ÑÅÊÖIß ÒÅÎÐI� ÉÌÎÂIÐÍÎÑÒÅÉ

Ïðåäñòàâëåííÿ äëÿ ïîõiäíî¨ çà ïî÷àòêîâèìè äàíèìè
ðîçâ'ÿçêó ñòîõàñòè÷íîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ ç

íåðåãóëÿðíèì êîåôiöi¹íòîì ïåðåíîñó

Àðÿñîâà Îëüãà Âiêòîðiâíà

Iíñòèòóò ãåîôiçèêè iì. Ñ.I. Ñóááîòiíà ÍÀÍ Óêðà¨íè

oaryasova@gmail.com

Ðîçãëÿíåìî ñòîõàñòè÷íå äèôåðåíöiàëüíå ðiâíÿííÿ{
dϕt(x) = a(ϕt(x))dt+ dwt,

ϕ0(x) = x,
(1)

äå x ∈ Rd, d ≥ 1, (wt)t≥0 � d-âèìiðíèé âiíåðiâ ïðîöåñ, a = (a1, . . . , ad) �
îáìåæåíà âèìiðíà ôóíêöiÿ iç Rd â Rd.

Çà òåîðåìîþ Âåðåòåííiêîâà [6] iñíó¹ ¹äèíèé ñèëüíèé ðîçâ'ÿçîê ðiâíÿííÿ
(1).

Äîáðå âiäîìî, ùî ïðè íåïåðåðâíî äèôåðåíöiéîâíîìó êîåôiöi¹íòi ïåðå-
íîñó a, ïîõiäíà ÿêîãî ¹ îáìåæåíîþ, ðiâíÿííÿ (1) ïîðîäæó¹ ïîòiê äèôåîìîð-
ôiçìiâ. Âèÿâëÿ¹òüñÿ, ùî öÿ óìîâà ìîæå áóòè çíà÷íî ïîñëàáëåíà, i ïîòiê
äèôåîìîðôiçìiâ iñíó¹ ó âèïàäêó ìîæëèâî íåîáìåæåíîãî íåïåðåðâíîãî çà
Ãåëüäåðîì âåêòîðà ïåðåíîñó [3]. Íåùîäàâíî ó ðîáîòàõ [1, 2, 4, 5] áóëî äîâå-
äåíî ñîáîëiâñüêó äèôåðåíöiéîâíiñòü ðîçâ'ÿçêó ðiâíÿííÿ (1) ïðè äîñòàòíüî
ñëàáêèõ ïðèïóùåííÿõ íà êîåôiöi¹íò ïåðåíîñó. Òàê àâòîðè [1] ðîçãëÿäàþòü
âåêòîð ïåðåíîñó, ùî íàëåæèòü äî ïðîñòîðó Lq(0, T ;Lp(Rd)) ïðè äåÿêèõ
p, q ∈ Rd òàêèõ, ùî

p ≥ 2, q > 2,
d

p
+

2

q
< 1.

Â [5] áóëî äîâåäåíî, ùî ïðè îáìåæåíîìó âèìiðíîìó âåêòîði ïåðåíîñó a
ðîçâ'ÿçîê íàëåæèòü L2(Ω;W 1,p(U)) ïðè âñiõ t ∈ Rd, p > 1 i âiäêðèòié îáìå-
æåíié ìíîæèíè U ∈ Rd.

Ìè ïðèïóñêà¹ìî, ùî äëÿ 1 ≤ i ≤ d, ai ¹ ôóíêöi¹þ îáìåæåíî¨ âàðiàöi¨ íà
Rd, òîáòî äëÿ âñiõ 1 ≤ j ≤ d óçàãàëüíåíà ïîõiäíà µij = ∂ai

∂xj
¹ çàðÿäîì íà
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Rd. Íåõàé µij,+, µij,− � ìiðè ç ðîçêëàäó Õàíà-Æîðäàíà µij = µij,+−µij,−.
Ïîçíà÷èìî |µij | = µij,+ + µij,−. Ìè âèìàãà¹ìî, ùîá ïðè âñiõ 1 ≤ i, j ≤ d
ìiðè |µij | çàäîâîëüíÿëè óìîâó

lim
t↓0

sup
x∈Rd

∫
Rd

(∫ t

0

1

(2πs)d/2
exp

{
−‖y − x‖

2

2s

}
ds

)
|µij |(dy) = 0.

Öÿ óìîâà íà êîåôiöi¹íò ïåðåíîñó ¹ áiëüø îáìåæóâàëüíîþ â ïîðiâíÿííi ç
óìîâàìè ðîáiò [1, 5], àëå âîíà äîçâîëÿ¹ íàì îäåðæàòè ïðåäñòàâëåííÿ äëÿ
ïîõiäíî¨ â òåðìiíàõ ïàðàìåòðiâ ïî÷àòêîâîãî ðiâíÿííÿ. Ìè äîâîäèìî, ùî
ïîõiäíà Yt(x) ïî x ¹ ðîçâ'ÿçêîì iíòåãðàëüíîãî ðiâíÿííÿ

Yt(x) = E +

∫ t

0

dAs(ϕ(x))Ys(x),

äå At(ϕ(x)) � íåïåðåðâíèé àäèòèâíèé ôóíêöiîíàë âiä ïðîöåñó (ϕt(x))t≥0,
ÿêèé äîðiâíþ¹

∫ t
0
∇a(ϕs(x))ds, ÿêùî a ¹ äèôåðåíöiéîâíèì, E � d-âèìiðíà

îäèíè÷íà ìàòðèöÿ. Öå ïðåäñòàâëåííÿ ¹ ïðèðîäíèì óçàãàëüíåííÿì âèðàçó
äëÿ ïîõiäíî¨ ó âèïàäêó ãëàäåíüêîãî êîåôiöi¹íòà ïåðåíîñó.

[1] E. Fedrizzi and F. Flandoli. H�older �ow and di�erentiability for SDEs with nonregular
drift. Stochastic Analysis and Applications, 31(4):708�736, 2013.

[2] E. Fedrizzi and F. Flandoli. Noise prevents singularities in linear transport equations.
Journal of Functional Analysis, 264(6):1329 � 1354, 2013.

[3] F. Flandoli, M. Gubinelli, and E. Priola. Flow of di�eomorphisms for SDEs with
unbounded H�older continuous drift. Bulletin des Sciences Mathematiques, 134(4):405 �
422, 2010.

[4] T. Meyer-Brandis and F. Proske. Construction of strong solutions of SDE's via Malliavin
calculus. Journal of Functional Analysis, 258(11):3922 � 3953, 2010.

[5] S.E.A. Mohammed, T. Nilssen, and F. Proske. Sobolev di�erentiable stochastic �ows of
SDE's with measurable drift and applications. 2012. arXiv/1204.3867.

[6] A. Y. Veretennikov. On strong solutions and explicit formulas for solutions of stochastic
integral equations. Math. USSR Sborn, 39(3):387�403, 1981.
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Ïîðîäæåííÿ âiíåðîâèì ïðîöåñîì áàãàòîâèìiðíèõ
äèôóçié

Áiãóí Ãàëèíà Ñòåïàíiâíà

Iíñòèòóò ïðèêëàäíèõ ïðîáëåì ìåõàíiêè òà ìàòåìàòèêè ÍÀÍ Óêðà¨íè
iìåíi ß. Ñ. Ïiäñòðèãà÷à

Îñèï÷óê Ìèõàéëî Ìèõàéëîâè÷

Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Âàñèëÿ Ñòåôàíèêà

myosyp@gmail.com

Îäíèì ç íàéáiëüø ïðîñòèõ i íàéáiëüøå âèâ÷åíèõ äèôóçiéíèõ ïðîöåñiâ
¹ âiíåðiâ ïðîöåñ. Â òàêîãî ïðîöåñó êîåôiöi¹íò ïåðåíîñó � ôóíêöiÿ, ùî
õàðàêòåðèçó¹ ìàêðîñêîïi÷íèé ðóõ ñåðåäîâèùà, � íóëüîâèé, à êîåôiöi¹íò
äèôóçi¨ � ôóíêöiÿ, ùî îïèñó¹ ìiêðîñêîïi÷íèé (òåïëîâèé) ðóõ â ñåðåäî-
âèùi, � îäèíè÷íèé. Çàãàëîì ó âèïàäêó îäíîâèìiðíîãî ôàçîâîãî ïðîñòîðó
ïðè âèêîíàííi íå íàäòî îáìåæëèâèõ óìîâ ñòîñîâíî êîåôiöi¹íòiâ ïåðåíî-
ñó i äèôóçi¨, êîæåí äèôóçiéíèé ïðîöåñ ìîæå áóòè îäåðæàíèé ç âiíåðîâîãî
ïðîöåñó ïåðåòâîðåííÿì ôàçîâîãî ïðîñòîðó òà ñïåöiàëüíî âëàøòîâàíîþ çà-
ìiíîþ ÷àñó. Â áàãàòîâèìiðíîìó ïðîñòîði ñèòóàöiÿ ¹ íå òàêîþ ïðîñòîþ. Â
ðîáîòi [1] îäåðæàíî äîñòàòíþ óìîâó ó âèïàäêó äâîâèìiðíîãî ôàçîâîãî ïðî-
ñòîðó. Ïðîäîâæóþ÷è iäåîëîãiþ öi¹¨ ðîáîòè ðîçãëÿíóòî çàãàëüíèé âèïàäîê.
Â äîïîâiäi îáãîâîðþþòüñÿ óìîâè, ïðè âèêîíàííi ÿêèõ äèôóçiéíèé ïðîöåñ â
áàãàòîâèìiðíîìó ïðîñòîði ìîæå áóòè óòâîðåíèé ç âiíåðîâîãî ïðîöåñó øëÿ-
õîì ïåðåòâîðåííÿ ôàçîâîãî ïðîñòîðó òà âèïàäêîâî¨ çàìiíè ÷àñó.

[1] Áiãóí Ã. Ñ., Îñèï÷óê Ì. Ì. Äèôóçi¨ ïîðîäæåíi âiíåðîâèì ïðîöåñîì
Êàðïàòñüêi ìàòåìàòè÷íi ïóáëiêàöi¨, Òîì 5, � 2, ñ. 180 � 186.
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Ìîäåëü ñèñòåìè ìàñîâîãî îáñëóãîâóâàííÿ iç ÷àñîì
îáñëóãîâóâàííÿ, çàëåæíîãî âiä iíòåíñèâíîñòi âõiäíîãî

ïîòîêó

Âîòÿêîâà Ëåñÿ Àíäði¨âíà

Âiííèöüêèé äåðæàâíèé ïåäàãîãi÷íèé óíiâåðñèòåò iìåíi Ìèõàéëà
Êîöþáèíñüêîãî

Äüîãò¹âà Iðèíà Îêñåíòi¨âíà

Âiííèöüêèé äåðæàâíèé ïåäàãîãi÷íèé óíiâåðñèòåò iìåíi Ìèõàéëà
Êîöþáèíñüêîãî

irishka_do@mail.ru

Â äîïîâiäi ðîçãëÿäà¹òüñÿ âàðiàíò ïîáóäîâè çàëåæíîñòi ÷àñó âõiäíîãî
ïîòîêó i ÷àñó îáñëóãîâóâàííÿ ó ôóíêöiîíóâàííi ñèñòåìè ìàñîâîãî îáñëóãî-
âóâàííÿ ç ïóàññîíiâñüêèì ïîòîêîì âèìîã.

Âèìîãè ïðàêòèêè âèñóâàþòü ïåðåä òåîði¹þ ìàñîâîãî îñáëóãîâóâàííÿ öi-
ëó íèçêó çàäà÷. Íàéâàæëèâiøîþ ñåðåä íèõ ââàæàþòü ïîáóäîâó òàêî¨ ìîäå-
ëi ñèñòåìè ìàñîâîãî îáñëóãîâóâàííÿ (ÑÌÎ), ÿêà á äîñèòü òî÷íî îïèñóâàëà
ðåàëüíó ñèñòåìó.

Äî íåäàâíüîãî ÷àñó ìàòåìàòè÷íi ìîäåëi, ùî îïèñóþòü ôóíêöiîíóâàííÿ
ÑÌÎ, áóäóâàëèñü íà ïðèïóùåííi, ùî âõiäíèé ïîòiê i ÷àñ îáñëóãîâóâàííÿ
íåçàëåæíi. Çàïðîïîíó¹ìî îäèí iç ìîæëèâèõ âàðiàíòiâ ïîáóäîâè çàëåæíîñòi
öèõ ôàêòîðiâ.

Íåõàé íà îáñëóãîâóþ÷èé ïðèñòðié íàäõîäèòü ïóàññîíiâñüêèé ïîòiê âè-
ìîã ç ïàðàìåòðîì λ > 0, òîáòî âõiäíèì ïîòîêîì âèìîã ¹ ðåêóðåíòíèé ïîòiê
çàäàíèé ôóíêöi¹þ ðîçïîäiëó

F (t) =

{
0, ÿêùî t ≤ 0

1− e−λt, ÿêùî t > 0

Âèìîãè íàäõîäÿòü íà îáñëóãîâóþ÷èé ïðèñòðié i çà óìîâè, êîëè âií âiëü-
íèé, ïðè÷îìó îáñëóãîâó¹òüñÿ âèìîãà âèïàäêîâèé ÷àñ η, ÿêèé ìà¹ ðîçïîäië

G(t) = P (η < t) = 1− (1 + (α− 1)µt)e−αµt,

äå µ > 0, α > 1.

Äëÿ äàíîãî ðîçïîäiëó ùiëüíiñòü ðîçïîäiëó áóäå
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g(t) = (µ+ α(α− 1)µ2t)e−αµt,

à ñåðåäíié ÷àñ îáñëóãîâóâàííÿ

M(η) =
2α− 1

α2µ
.

Ìîæíà ïîêàçàòè, ùî iñíó¹ ìàðêîâñüêèé ïðîöåñ äëÿ ÿêîãî G(t) ¹ ôóí-
êöi¹þ ðîçïîäiëó ÷àñó ïåðåáóâàííÿ éîãî ó ôiêñîâàíié ìíîæèíi ñòàíiâ.

Ïîáóäó¹ìî ìàðêîâñüêèé ïðîöåñ η0(t), ÿêèé ìîæå ïåðåáóâàòè ó òðüîõ
ñòàíàõ e0, e1, e2, ïðè÷îìó ó íóëüîâîìó ñòàíi âií ïåðåáóâà¹ ÷àñ min(η1, η2),
äå η1, η2- íåçàëåæíi âèïàäêîâi âåëè÷èíè ç ïàðàìåòðàìè µ i (α − 1)µ, ó
ïåðøîìó ñòàíi âií ïåðåáóâà¹ âèïàäêîâèé ÷àñ η3, ÿêèé ìà¹ ïîêàçíèêîâèé
ðîçïîäië ç ïàðàìåòðîì αµ. Äðóãèé ñòàí ïîãëèíàþ÷èé, òîáòî êîëè ïðîöåñ
ïîòðàïèòü â íüîãî, òî âií íiêîëè ç íüîãî íå âèéäå. Iç íóëüîâîãî ñòàíó ïðîöåñ
ç éìîâiðíiñòþ P01(t) = α−1

α ïåðåõîäèòü ó ïåðøèé ñòàí, i ç éìîâiðíiñòþ
P02(t) = 1

α ïåðåõîäèòü ó äðóãèé ñòàí. Ç ïåðøîãî ñòàíó ç éìîâiðíiñòþ 1 âií
ïåðåõîäèòü â äðóãèé ñòàí.

Òàêèì ÷èíîì, ìà¹ìî ìàðêîâñüêèé ïðîöåñ ç ïîãëèíàþ÷èì ñòàíîì, ÷àñ
ïåðåáóâàííÿ ÿêîãî ó ñòàíàõ e0, e1 ìà¹ ïîêàçíèêîâèé ðîçïîäië ç ïàðàìåòðîì
αµ, ìàòðèöÿ éìîâiðíîñòåé ïåðåõîäiâ ìà¹ âèãëÿä 0 α−1

α
1
α

0 0 1
0 0 1


Íåõàé Qij(t)- éìîâiðíiñòü òîãî, ùî ïðîöåñ â i-îìó ñòàíi ïðîâåäå ÷àñ

ìåíøèé t i ïåðåéäå â j-èé ñòàí. Â íàøîìó âèïàäêó

Q01(t) =
α− 1

α
(1− e−αµt).

Êðiì òîãî, íåõàé F̄0(t) - éìîâiðíiñòü òîãî, ùî ïðîöåñ η0(t) ïðîâåäå íà
ìíîæèíi ñòàíiâ {e0, e1} ÷àñ áiëüøèé çà t çà óìîâè, ùî η(0) = 0, F̄1(t) =
e−αµt - éìîâiðíiñòü òîãî, ùî ïðîöåñ ïðîâåäå íà ìíîæèíi ñòàíiâ ÷àñ áiëüøèé
t çà óìîâè, ùî η(0) = 0. Ìàþ÷è Q01(t),F̄1(t) ìîæíà ðîçðàõóâàòè:

F̄0(t) = e−αµt(1 + (α− 1)µt),

ùî çáiãà¹òüñÿ ç 1−G(t).
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Iñíóâàííÿ ðîçâ'ÿçêó ãiïåðáîëi÷íîãî ðiâíÿííÿ ç
îðëi÷åâîþ ïðàâîþ ÷àñòèíîþ

Äîâãàé Áîãäàí Âàëåðiéîâè÷

Êè¨âñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Òàðàñà Øåâ÷åíêà,
ôàêóëüòåò êiáåðíåòèêè

bogdov@gmail.com

Â äîïîâiäi ðîçãëÿäà¹òüñÿ çàäà÷à

∂

∂x

(
p(x)

∂u

∂x

)
− q(x)u− ρ(x)

∂2u

∂t2
= −ρ(x)ξ(x, t), x ∈ [0, π], t ∈ [0, T ], (1)

u|t=0 = 0,
∂u

∂t

∣∣∣∣
t=0

= 0, (2)

u|x=0 = 0, u|x=π = 0, (3)

äå T > 0 � äåÿêà ñòàëà, ôóíêöi¨ p(x) òà ρ(x), x ∈ [0, π] �äâi÷i íåïåðåðâíî
äèôåðåíöiéîâíi, p(x) > 0, ρ(x) > 0; q(x), x ∈ [0, π] � íåïåðåðâíî äèôåðåí-
öiéîâíà ôóíêöiÿ òàêà, ùî q(x) ≥ 0, ξ(x, t), x ∈ [0, π], t ∈ [0, T ] � âèáiðêîâî
íåïåðåðâíå ç iìîâiðíiñòþ 1 âèïàäêîâå ïîëå.

Âiäïîâiäíà çàäà÷à Øòóðìà-Ëióâiëëÿ ìà¹ âèãëÿä

d

dx

(
p
dX

dx

)
− qX + λρX = 0

X(0) = X(π) = 0.

Íåõàé Xn(x) � îðòîíîðìîâàíi ç âàãîþ ρ âëàñíi ôóíêöi¨ öi¹¨ çàäà÷i, à λn �
âiäïîâiäíi âëàñíi çíà÷åííÿ. Ïîçíà÷èìî µn =

√
λn.

Òîäi ðîçâ'ÿçîê çàäà÷i (1)�(3) øóêà¹òüñÿ ó âèãëÿäi

u(x, t) =

∞∑
n=1

Xn(x)
1

µn

∫ t

0

sinµn(t− u)ζn(u) du, (4)

äå

ζn(t) =

∫ π

0

ξ(x, t)Xn(x)ρ(x) dx.

Òåîðåìà 1 Íåõàé â (1) ξ(x, t) � öåíòðîâàíå ñòðîãî Îðëi÷åâå âèïàäêîâå
ïîëå ç ïðîñòîðó LU (Ω) ç âèçíà÷àëüíîþ ñòàëîþ C∆, âèáiðêîâî íåïåðåðâíå
ç iìîâiðíiñòþ îäèíèöÿ, U çàäîâîëüíÿ¹ g-óìîâi. Íåõàé ϕ(λ), λ > 0 � íåïå-
ðåðâíà çðîñòàþ÷à ôóíêöiÿ, ϕ(λ) > 0 ïðè âñiõ λ > 0, ϕ(λ) → ∞, λ → ∞,

òàêà, ùî ôóíêöiÿ
λ

ϕ(λ)
¹ çðîñòàþ÷îþ ïðè λ > v0, äå ñòàëà v0 ≥ 0. Ïðè-

ïóñòèìî âèêîíóþòüñÿ óìîâè:
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1. Çáiãà¹òüñÿ ðÿä

∞∑
k=1

∞∑
m=1

Ck,mµkµmϕ(µ2
k + v0)ϕ(µ2

m + v0) <∞,

äå

Ck,m = sup
0≤t≤T
0≤s≤T

|Eζk(t)ζm(s)|.

2. Äëÿ äîâiëüíîãî ε > 0∫ ε

0

U (−1)

((
ϕ(−1)

(
1

v

))2
)
dv <∞.

3. Iñíóþòü òàêi ñòàëi bk,m > 0, ùî

∣∣E(ζk(t)− ζk(s)
)(
ζm(t)− ζm(s)

)∣∣ ≤ bk,mϕ−2

(
1

|t− s|
+ v0

)
i

∞∑
k=1

∞∑
m=1

bk,m <∞.

Òîäi ðÿä (4) çáiãà¹òüñÿ ðiâíîìiðíî çà éìîâiðíiñòþ â îáëàñòi [0, π]× [0, T ]
(T > 0 � äåÿêà ñòàëà), ðiâíîìiðíî çà éìîâiðíiñòþ çáiãàþòüñÿ ðÿäè, îòðè-
ìàíi ç (4) ïî÷ëåííèì äèôåðåíöiþâàííÿì îäèí òà äâà ðàçè ïî t i îäèí òà
äâà ðàçè ïî x òà ç iìîâiðíiñòþ îäèíèöÿ çàäà÷à (1)�(3) ìà¹ ðîçâ'ÿçîê, ÿêèé
ìîæíà çîáðàçèòè ó âèãëÿäi ðÿäó (4).

Âèêîðèñòàíî ðåçóëüòàò ðîáîòè [1].

[1] Äîâãàé Á.Â. Ãiïåðáîëi÷íå ðiâíÿííÿ ç Îðëi÷åâîþ ïðàâîþ ÷àñòèíîþ // Íàóêîâèé
âiñíèê Óæãîðîäñüêîãî óíiâåðñèòåòó. Ñåðiÿ ìàòåìàòèêà i iíôîðìàòèêà. � 2011. �
Âèï. 22, N 2. � Ñ. 64�78.

[2] Dovgay B.V., Kozachenko Yu.V. The condition for application of Fourie method to the
solution of nonhomogeneous string oscillation equation with ϕ-subgaussian right hand
side // Random operators and stochastic equations, � 2005, � Vol. 13, No. 3, � pp.
281�296.
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[3] Buldygin V.V., Kozachenko Yu.V. Metric characterization of random variables and
random processes. � Kiev: "TBiMC"; English transl., Amer. Math. Soc., Providence,
RI, � 2000. � 257 p.

Îöiíêà òî÷íîñòi ìåòîäó ìîäåëþâàííÿ Ìîíòå-Êàðëî
ðîçâ'ÿçêó îäíîãî ïàðàáîëi÷íîãî ðiâíÿííÿ ç

ñèíãóëÿðíèì êîåôiöi¹íòîì

Ãàíè÷åíêî Þðié Âàëåðiéîâè÷

Êè¨âñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Ò.Øåâ÷åíêà

iurii_ganychenko@ukr.net

Ðîçãëÿäà¹òüñÿ çàäà÷à Êîøi äëÿ äèôåðåíöiàëüíîãî ðiâíÿííÿ â ÷àñòèííèõ
ïîõiäíèõ äðóãîãî ïîðÿäêó: u′t(t, x) =

m∑
i=1

ai · ∂
∂xi

u(t, x) + 1
2

m∑
i,j=1

σij · ∂2

∂xi∂xj
u(t, x)− dµ

dλm (x)u(t, x),

u(0, x) = g(x), t ∈ R+, x ∈ Rm, m ≥ 2,
(1)

äå λm � ìiðà Ëåáåãà â Rm, µ � W -ìiðà, W � âiíåðiâñüêèé ïðîöåñ â Rm, g(·)
� ëiïøèöåâà îáìåæåíà ôóíêöiÿ, σ ≡ (σij)

m
i,j=1 = bb∗, à âåêòîð a òà ìàòðèöÿ

b � âiäïîâiäíî êîåôiöi¹íòè çñóâó òà äèôóçi¨ áàãàòîâèìiðíîãî äèôóçiéíîãî
ïðîöåñó X â Rm, m ≥ 2, ùî âèçíà÷åíèé íàñòóïíîþ ðiâíiñòþ:

X(t) = X(0) +

t∫
0

a(X(s))ds+

t∫
0

b(X(s))dW (s), t ∈ R+,

éîãî ãåíåðàòîð: A =
m∑
i=1

ai · ∂
∂xi

+ 1
2

m∑
i,j=1

σij · ∂2

∂xi∂xj
.

Çà çàäàíèìW -ôóíêöiîíàëîì φs,t =
t∫
s

dµ
dλm (X(r))dr, 0 ≤ s ≤ t ïîáóäó¹ìî

ïiäïðîöåñ Xφ ç ïåðåõiäíîþ iìîâiðíiñòþ

P [Xφ(t) ∈ Γ|Xφ(0) = x] = E[IΓ(X(t)) · exp(−φ0,t)|X(0) = x],

äå t ∈ R+, x ∈ Rm, Γ ∈ B(Rm) (äèâ. [1]).

Ïðè íàêëàäàííi ïåâíèõ îáìåæåíü ôîðìóëà Ôåéíìàíà-Êàöà äà¹ ãåíåðà-
òîð ïðîöåñó Xφ ó âèãëÿäi Aφf = Af − dµ

dλm · f (äèâ. [2], �1.2), òîáòî äëÿ
äîâiëüíî¨ ëiïøèöåâî¨ îáìåæåíî¨ ôóíêöi¨ g(·) ðîçâ'ÿçîê (1) ìà¹ íàñòóïíå
éìîâiðíiñíå ïðåäñòàâëåííÿ:

u(t, x) = E[g(X(t)) · exp(−φ0,t)|X(0) = x].
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Ðåçóëüòàò [1] äà¹ òåîðåòè÷íó ìîæëèâiñòü çàñòîñóâàííÿ ìåòîäó Ìîíòå-
Êàðëî äëÿ ðîçâ'ÿçêó çàäà÷i Êîøi (1) ÷åðåç ôàêò çáiæíîñòi

un(t, x)→ u(t, x), n→∞, t ∈ R+, x ∈ Rm,

äå un(t, x) = E[g(Xn(t)) · exp(−φ0,t
n )|Xn(0) = x], à Xn òà φn � âiäïîâiäíi

àïðîêñèìóþ÷i ïîñëiäîâíîñòi äëÿ X òà φ.

Ó íàøîìó äîñëiäæåííi ìè óòî÷íþ¹ìî ðåçóëüòàò [1] îöiíêîþ íà øâèä-
êiñòü çáiæíîñòi òà íàâîäèìî ÿâíó îöiíêó íà òî÷íiñòü ìåòîäó ìîäåëþâàííÿ
Ìîíòå-Êàðëî ðîçâ'ÿçêó çàäà÷i Êîøi (1).

[1] A.M. Kulik, Di�erence approximation for local times of multidimensional di�usions,
Prob. Theory and Math. Stat, 78(2008), 67-83.

[2] A. Sznitman, Brownian motion, obstacles and random media, Springer, 1998.

Ñèñòåìà M θ/G/1/m ç ïàðàìåòðàìè ôóíêöiîíóâàííÿ,
çàëåæíèìè âiä äîâæèíè ÷åðãè

Æåðíîâèé Êîñòÿíòèí Þðiéîâè÷

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà
k_zhernovyi@yahoo.com

Ìîäåëi ñèñòåì îáñëóãîâóâàííÿ, â ÿêèõ çàìîâëåííÿ íàäõîäÿòü ãðóïàìè,
à ïàðàìåòðè ôóíêöiîíóâàííÿ öiëåñïðÿìîâàíî çìiíþþòüñÿ ðàçîì ç äîâæè-
íîþ ÷åðãè, âèêîðèñòîâóþòüñÿ äëÿ âèâ÷åííÿ òåëåêîìóíiêàöiéíèõ ïðîöåñiâ,
çîêðåìà ïðîöåñiâ ïåðåäàâàííÿ äàíèõ ó ìåðåæàõ ÀÒÌ ç âèêîðèñòàííÿì òåõ-
íîëîãié ìóëüòèïëåêñóâàííÿ.

Ìè âèâ÷à¹ìî ñèñòåìó Mθ/G/1/m, â ÿêié ÷àñ îáñëóãîâóâàííÿ êîæíîãî
çàìîâëåííÿ âèçíà÷à¹òüñÿ çà ïðàâèëîì: ÿêùî â ìîìåíò ïî÷àòêó îáñëóãî-
âóâàííÿ öüîãî çàìîâëåííÿ ó ñèñòåìi ïåðåáóâà¹ n çàìîâëåíü, òî éîãî ÷àñó
îáñëóãîâóâàííÿ âiäïîâiäà¹ ôóíêöiÿ ðîçïîäiëó Fn(x). Ïàðàìåòðè âõiäíîãî
ïîòîêó çàìîâëåíü äëÿ êîæíîãî ðåæèìó ôóíêöiîíóâàííÿ ñèñòåìè òàêîæ ìî-
æóòü áóòè ðiçíèìè i âèçíà÷àþòüñÿ â ìîìåíòè çàâåðøåííÿ îáñëóãîâóâàííÿ
çàìîâëåíü.

Âèêîðèñòîâóþ÷è iäåþ ìåòîäó ïîòåíöiàëó Â.Ñ.Êîðîëþêà [1] äëÿ íåïå-
ðåðâíèõ çíèçó âèïàäêîâèõ áëóêàíü, çíàéäåíî ïåðåòâîðåííÿ Ëàïëàñà äëÿ
ðîçïîäiëó êiëüêîñòi çàìîâëåíü ó ñèñòåìi ïiä ÷àñ ïåðiîäó çàéíÿòîñòi òà äëÿ
ôóíêöi¨ ðîçïîäiëó ïåðiîäó çàéíÿòîñòi, âèçíà÷åíî ñåðåäíþ òðèâàëiñòü ïåði-
îäó çàéíÿòîñòi, îòðèìàíî ôîðìóëè äëÿ ñòàöiîíàðíîãî ðîçïîäiëó êiëüêîñòi
çàìîâëåíü ó ñèñòåìi. Îäåðæàíi ðåçóëüòàòè ïåðåâiðåíî çà äîïîìîãîþ iìiòà-
öiéíî¨ ìîäåëi, ïîáóäîâàíî¨ çà äîïîìîãîþ iíñòðóìåíòàëüíèõ çàñîáiâ GPSS
World.
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[1] ÊîðîëþêÂ.Ñ. Ãðàíè÷íûå çàäà÷è äëÿ ñëîæíûõ ïóàññîíîâñêèõ ïðîöåññîâ. � Êèåâ:
Íàóê. äóìêà, 1975. � 139 ñ.

Ñèñòåìà MX
2 /M/n ç ãiñòåðåçñèñíèì êåðóâàííÿì

iíòåíñèâíñòþ
âõiäíîãî ïîòîêó

Æåðíîâèé Þðié Âàñèëüîâè÷

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà

yu_zhernovyi@yahoo.com

Ñèñòåìè îáñëóãîâóâàííÿ ç ãiñòåðåçèñíèì êåðóâàííÿì iíòåíñèâíiñòþ âõiä-
íîãî ïîòîêó ìîæóòü ñëóãóâàòè àäåêâàòíèìè ìîäåëÿìè äëÿ îöiíþâàííÿ
ÿêîñòi ôóíêöiîíóâàííÿ iíôîðìàöiéíî-òåëåêîìóêàöiéíèõ ñèñòåì (çîêðåìà,
SIP-ñåðâåðiâ) â óìîâàõ ïåðåâàíòàæåííÿ.

Ìè âèâ÷èëè áàãàòîêàíàëüíó ñèñòåìó îáñëóãîâóâàííÿ áåç îáìåæåíü íà
äîâæèíó ÷åðãè ç ïîêàçíèêîâèìè ðîçïîäiëàìè ÷àñó îáñëóãîâóâàííÿ òà ií-
òåðâàëiâ ÷àñó ìiæ ìîìåíòàìè íàäõîäæåííÿ ãðóï çàìîâëåíü, â ÿêié çàñòî-
ñîâó¹òüñÿ äâîïîðîãîâèé ãiñòåðåçèñíèé ìåõàíiçì êåðóâàííÿ iíòåíñèâíiñòþ
âõiäíîãî ïîòîêó. Ó ñèñòåìó íàäõîäÿòü íåçàëåæíi ïîòîêè çàìîâëåíü äâîõ
òèïiâ, îäèí ç ÿêèõ áëîêó¹òüñÿ â ðåæèìi ïåðåâàíòàæåííÿ.

Çàïðîïîíîâàíî àëãîðèòì âiäøóêàííÿ ñòàöiîíàðíîãî ðîçïîäiëó êiëüêîñ-
òi çàìîâëåíü ó ñèñòåìi i ñòàöiîíàðíèõ õàðàêòåðèñòèê (ñåðåäíüî¨ äîâæèíè
÷åðãè, ñåðåäíüîãî ÷àñó î÷iêóâàííÿ â ÷åðçi, éìîâiðíîñòi âòðàòè çàìîâëåíü).
Îòðèìàíi ðåçóëüòàòè ïåðåâiðåíî çà äîïîìîãîþ iìiòàöiéíî¨ ìîäåëi, ïîáóäî-
âàíî¨ çà äîïîìîãîþ iíñòðóìåíòàëüíèõ çàñîáiâ GPSS World.
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Âèêîðèñòàííÿ êîìï'þòåðiâ ïðè âèâ÷åííi òåîði¨
éìîâiðíîñòåé

Æìóðêî Îëåêñàíäð Iâàíîâè÷

Âiííèöüêèé äåðæàâíèé ïåäàãîãi÷íèé óíiâåðñèòåò iì. Ì. Êîöþáèíñüêîãî

alzhmu@gmail.com

Æìóðêî Òåòÿíà Îëåêñàíäðiâíà

Íàöiîíàëüíèé àâiàöiéíèé óíiâåðñèòåò

taniazhm@gmail.com

Â äîïîâiäi ðîçãëÿäà¹òüñÿ îñíîâíi çàñàäè âèêîðèñòàííÿ ñó÷àñíî¨ îá÷èñëþ-
âàëüíî¨ òåõíiêè òà ïàêåòiâ êîìï'þòåðíî¨ àëãåáðè äëÿ âèâ÷åííÿ i ðîçóìiííÿ
òåîði¨ éìîâiðíîñòåé òà ìàòåìàòè÷íî¨ ñòàòèñòèêè.

Òðàäèöiéíèì ïiäõîäîì [1,2] äî âèâ÷åííÿ òåîði¨ éìîâiðíîñòåé ¹ ðîçâ'ÿçà-
ííÿ çàäà÷ íà çíàõîäæåííÿ iìîâiðíîñòåé òà ÷èñëîâèõ õàðàêòåðèñòèê ðîçïî-
äiëiâ. Ðåçóëüòàòîì ðîçðàõóíêiâ ¹ àáñòðàêòíå ÷èñëî, ÿêå ÷àñòî íå àñîöiþ¹-
òüñÿ ç éìîâiðíiñíèìè ïðîöåñàìè, òàê, ó ñòóäåíòiâ, ðåçóëüòóþ÷i iìîâiðíîñòi
áiëüøå 1 òà âiä'¹ìíi ïîäåêóäè íå âèêëèêàþòü íi äié íi åìîöié. Ìîæíà òàêîæ
çóñòðiòè âèðàçè P (win) = P39(0) = 0.999954197 ç âåëè÷åçíîþ êiëüêiñòþ íå-
ïîòðiáíèõ çíàêiâ.

Ïîòðiáíî áiëüø åôåêòèâíî âèêîðèñòîâóâàòè îá÷èñëþâàëüíó òåõíiêó, â
òîìó ÷èñëi: ïðîâåäåííÿ êîìáiíàòîðíèõ ðîçðàõóíêiâ, çàìiíà òàáëèöü âáó-
äîâàíèìè ôóíêöiÿìè, òàêèìè ÿê ôóíêöi¨ Ëàïëàñà, χ2, ôóíêöié ðîçïîäi-
ëiâ, îáåðíåíèõ ðîçïîäiëiâ, êâàíòèëi, ïåðñåíòèëi; ìîäåëþâàííÿ ðåçóëüòàòiâ
ðîçâ'ÿçàííÿ êëàñè÷íèõ çàäà÷ iç íàõîäæåííÿ iìîâiðíîñòi, íàïðèêëàä ñåðiÿ
âèòÿãàíü êóëüîê; äåìîíñòðàöiÿ çàêîíiâ âåëèêèõ ÷èñåë òà øâèäêîñòi çáiãàí-
íÿ äî ðåçóëüòàòiâ; øâèäêi ðîçðàõóíêè ñòàòèñòè÷íèõ ìîìåíòiâ; ïîáóäîâà â
ðåàëüíîìó ÷àñi ÿêiñíèõ ãiñòîãðàì òà ôóíêöié ðîçïîäiëó, òóò îñíîâíà óâà-
ãà âèòðà÷à¹òüñÿ íà ðîçóìiííÿ éìîâiðíiñíèõ ðå÷åé, à íå ðóòèíó ïîáóäîâè
ãðàôi÷íîãî ìàòåðiàëó; äîñëiäæåííÿ ç âèáîðó ÷è ïiäáið îïòèìàëüíèõ iíòåð-
âàëiâ äëÿ ãiñòîãðàì � ïîáóäîâà çíà÷íî¨ êiëüêîñòi ãiñòîãðàì â çàëåæíîñòi
âiä âiäðiçêó ðîçáèòòÿ; ìîäåëþâàííÿ äëÿ äîñëiäæåíü âåëèêî¨ êiëüêîñòi ñå-
ðié îäíîãî i òîãî æ ðîçïîäiëó, òàê Mathcad ìiñòèòü ãåíåðàòîðè ïñåâäîâè-
ïàäêîâèõ âåëè÷èí ìàéæå âñiõ äîñëiäæóâàíèõ â òåîði¨ ðîçïîäiëiâ; ãðàôiêè
çàëåæíîñòi ïàðàìåòðiâ âiä êiëüêîñòi çìîäåëüîâàíèõ âèìiðiâ òà çìiíè óìîâ
ïðîâåäåííÿ äîñëiäæåíü, íàïðèêëàä íàïðóæåíîñòi ïîëÿ; ïîáóäîâà íà îäíî-
ìó ãðàôiêó âåëèêî¨ êiëüêîñòi ñåðié âèìiðþâàíü; âiçóàëiçàöiÿ ðåçóëüòàòiâ
âèìiðþâàíü òàêèõ ÿê êèíóòi ãîëêè, êóáèêè, òî÷êè íà ãåîìåòðè÷íó ôiãóðó,
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âèòÿãíóòi êîëüîðîâi êóëüêè, ìiøåíi ñòðiëüáè, îði¹íòàöiÿ äèïîëiâ, ñïiíiâ â
åëåêòðè÷íèõ òà ìàãíiòíèõ ïîëÿõ òîùî; ãåíåðàöiÿ çàäàíîãî ðîçïîäiëó, à ïî-
òiì éîãî äîñëiäæåííÿ ÿê íåâiäîìîãî, òà â äèíàìiöi, íå äëÿ îäíi¹¨ ñåði¨, à äëÿ
öiëî¨ íèçêè ñåðié; ãåíåðàöiÿ ðîçïîäiëó òà äåìîíñòðàöiÿ äîâið÷èõ iíòåðâà-
ëiâ, åêñïåðèìåíòè ç ïåðåâiðêè ãiïîòåç; äîñëiäæåííÿ âiäïîâiäíîñòi çàäàíîìó
ðîçïîäiëó; ðîçðàõóíêè çãîðòîê òà ãåíåðàöi¨ ðîçïîäiëiâ i ïiäòâåðäæåííÿ ðå-
çóëüòàòiâ; äåìîíñòðàöiÿ òî÷íîñòi ìåòîäó Ìîíòå-Êàðëî.

Âèêîðèñòàííÿ êîìï'þòåðiâ ç MS Excel ÷è ïðîãðàìàìè êîìï'þòåðíî¨ àë-
ãåáðè, òàêèõ, íàïðèêëàä, ÿê Mathcad, çâîäèòüñÿ ïåðåâàæíî äî åôåêòèâíî-
ãî êàëüêóëÿòîðà ç ìîæëèâîñòÿìè âiäîáðàæåííÿ ãðàôi÷íîãî ìàòåðiàëó, ùî
ïiäòâåðäæó¹ i [3].

Êðîêîì â öüîìó íàïðÿìêó (áiëüø åôåêòèâíîãî âèêîðèñòàííÿ îá÷èñëþ-
âàëüíî¨ òåõíiêè) ìîæíà ââàæàòè [4]. Îäíàê íå çîâñiì ÷iòêi çàâäàííÿ òèïó
'çìîäåëþâàòè, ðîçðàõóâàòè òà äîñëiäèòè' ïåðåíîñÿòü öåíòð âàãè äîñëiäæå-
ííÿ íà ñòóäåíòiâ i êîíêðåòíi iäå¨ òà ìåòîäè ÿâíî íå ïðîÿâëÿþòüñÿ.

Ïðèêëàäîì îïèñàíîãî âèùå ïiäõîäó ¹ ñòâîðåíà íàìè â Mathcad, â ìå-
æàõ ïðàêòèêóìó, ëàáîðàòîðíà ðîáîòà ç äîñëiäæåííÿ çàäà÷i Áþôôîíà. Äî-
êóìåíò äîçâîëÿ¹ ãåíåðóâàòè çàäàíó êiëüêiñòü äîñëiäiâ, âiäîáðàæàòè ¨¨, ãå-
íåðóâàòè i ïåðåãëÿäàòè àíiìàöiþ äîñëiäæåííÿ. Òàêîæ â ðåàëüíîìó ÷àñi
äîñëiäæó¹òüñÿ òî÷íiñòü îòðèìàííÿ π i, âiäïîâiäíî, äåìîíñòðó¹òüñÿ ðîáîòà
ìåòîäó ìîäåëþâàííÿ.

ßê áà÷èìî ÷àñòèíà ïiäõîäó âèêîðèñòàííÿ êîìï'þòåðiâ âæå ðåàëiçîâàíà,
âîäíî÷àñ ñó÷àñíà òåõíiêà òà ¨¨ ïðîãðàìíå çàáåçïå÷åííÿ äîçâîëÿ¹ îòðèìóâà-
òè áiëüø âðàæàþ÷i äåìîíñòðàöi¨ âèïàäêîâèõ âåëè÷èí òà ïðîöåñiâ ó ðåàëü-
íîìó ïðîìiæêó ÷àñó. Òàêié ïiäõiä çìåíøóþ ñòóïiíü àáñòðàêöi¨ â ïðàêòè÷íó
ñòîðîíó, àëå, î÷åâèäíî, ìà¹ ïðàâî íà iñíóâàííÿ òà âèêîðèñòàííÿ.

Ïiäñóìîâóþ÷è, ìîæåìî ñêàçàòè, ùî âèêîðèñòàííÿ öèôðîâî¨ òåõíiêè íà-
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äà¹ 'âiä÷óòòÿ' éìîâiðíiñíèõ ïàðàìåòðiâ òà ¨õ ïîâåäiíêè çà ðàõóíîê ïðîâå-
äåííÿ òà âiçóàëiçàöi¨ çíà÷íî¨ êiëüêîñòi ñòîõàñòè÷íèõ åêñïåðèìåíòiâ, çìîäå-
ëüîâàíèõ ó ðåàëüíîìó ïðîìiæêó ÷àñó.

[1] Âåíòöåëü Å. Ñ., Îâ÷àðîâ Ë. À. Òåîðèÿ âåðîÿòíîñòåé è åå èíæåíåðíûå ïðèëîæåíèÿ.
// Ì.: ÈÖ ¾Àêàäåìèÿ¿, 2003. � 464 ñ.
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éìîâiðíîñòåé� / Óïîðÿäíèêè: Î. I. Âàñèëèê, Ì. Â. Êàðòàøîâ, Â. Ï. Êíîïîâà,
Ã. Ì. Øåâ÷åíêî, Ð. �. ßìíåíêî. � Ê.: ÂÏÖ 'Êè¨âñüêèé óíiâåðñèòåò', 2008. � 50 ñ.

[4] Ìåòîäè÷íi ðåêîìåíäàöi¨ äî âèêîíàííÿ ëàáîðàòîðíèõ ðîáiò ç äèñöèïëiíè ¾Òåîðiÿ
éìîâiðíîñòi òà ìàòåìàòè÷íà ñòàòèñòèêà¿ / Óêëàä: Î. Ê. Þäií, À. Â. ×óíàðüîâà �
Ê.: ÍÀÓ, 2010. � 25 ñ.

Àñèìïòîòè÷íi âëàñòèâîñòi ÎÌÂ äëÿ äèñêðåòíèõ
ñïîñòåðåæåíü ðîçâ'ÿçêó ÑÄÐ, êåðîâàíîãî ïðîöåñîì

Ëåâi

Iâàíåíêî Äìèòðî Îëåêñàíäðîâè÷

Êè¨âñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Òàðàñà Øåâ÷åíêà
ida@univ.net.ua

Â äîïîâiäi ðîçãëÿäà¹òüñÿ âèïàäêîâèé ïðîöåñ, çàäàíèé ðiâíÿííÿì

dXθ
t = aθ(X

θ
t )dt+ dZt,

â ÿêîìó Z � ïðîöåñ Ëåâi áåç äèôóçiéíî¨ ñêëàäîâî¨, aθ � íåâèïàäêîâà ôóí-
êöiÿ. ÍåõàéXn = {Xhk, k = 1, . . . , n} ñïîñòåðåæåííÿ ïðîöåñóX ó äèñêðåòíi
ìîìåíòè ÷àñó iç çàäàíèì êðîêîì h > 0.

Çà äîïîìîãîþ ÷èñëåííÿ Ìàëëÿâåíà i âëàñòèâîñòi ðiâíîìiðíî¨ àñèìïòî-
òè÷íî¨ íîðìàëüíîñòi (êîðîòêî ÐÀÍ) âiäïîâiäíî¨ ñiì'¨ ðîçïîäiëiâ äîâîäè-
òüñÿ àñèìïòîòè÷íà íîðìàëüíiñòü i àñèìïòîòè÷íà åôåêòèâíiñòü îöiíêè ìà-
êñèìàëüíî¨ âiðîãiäíîñòi íåâiäîìîãî ïàðàìåòðà θ ïîáóäîâàíî¨ ïî ñïîñòåðå-
æåííÿì Xn.

×èñëåííÿ Ìàëëÿâåíà äîçâîëÿ¹ êåðóâàòè âëàñòèâîñòÿìè ëîãàðèôìi÷íî¨
ôóíêöi¨ âiðîãiäíîñòi ÷åðåç îá'¹êòè, ùî çàäàþòü ìîäåëü, à ñàìå: ÷åðåç ôóí-
êöiþ aθ(x), ¨¨ ïîõiäíi i ìiðó Ëåâi ïðîöåñó Z. Äëÿ òîãî, ùîá äîâåñòè âëàñòè-
âiñòü ÐÀÍ äëÿ ñiì'¨ iìîâiðíiñíèõ ìið ïîðîäæåíèõ ïðîöåñîì X, äîâîäèòüñÿ
öåíòðàëüíà ãðàíè÷íà òåîðåìà äëÿ ïåðøî¨ ïîõiäíî¨ ïî ïàðàìåòðó âiä ëîãà-
ðèôìi÷íî¨ ôóíêöi¨ âiðîãiäíîñòi i çàêîí âåëèêèõ ÷èñåë äëÿ ¨¨ äðóãî¨ ïîõiäíî¨.
Äëÿ âñòàíîâëåííÿ öüîãî ôàêòó âèêîðèñòîâóþòüñÿ åðãîäè÷íi âëàñòèâîñòiX.

Äîïîâiäü ÷àñòêîâî ìiñòèòü ðåçóëüòàòè îäåðæàíi â ðîáîòàõ [1] i [2].
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[1] Ivanenko D. O., Kulik A. M. Malliavin calculus approach to statistical inference for
Levy driven SDE's // arXiv:1301.5141.
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Âàðòiñòü îïöiîíiâ ó âèïàäêîâîìó ñåðåäîâèùi

Êîöþáà Iãîð Áîãäàíîâè÷

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà

kotsiuba@hotmail.com

Iíâåñòóâàííÿ êîøòiâ ó ðèçèêîâi ôiíàíñîâi iíñòðóìåíòè ñüîãîäíi íàáè-
ðà¹ íåàáèÿêî¨ ïîïóëÿðíîñòi, ÿêà çóìîâëåííà áiëüøîþ äîõiäíiñòþ, íiæ ¨õí¹
âêëàäåííÿ ó áåçðèçèêîâi àêòèâè. Î÷åâèäíî, ùî â òàêîìó âèïàäêó âàæëè-
âèì åëåìåíòîì ¹ ðîçóìíèé âèáið ìîäåëi, êîòðà á îïèñóâàëà äèíàìiêó çìiíè
âàðòîñòi ðèçèêîâèõ àêòèâiâ. Ñàìå òîìó ó ðîáîòi ðîçãëÿíóòî ìîäåëü Áëåêà-
Øîóëñà ó äåÿêîìó âèïàäêîâîìó ñåðåäîâèùi, ùî îïèñó¹òüñÿ Ìàðêiâñüêèì
ïðîöåñîì ç íåïåðâíèì ÷àñîì òà ñêií÷åííîþ ìíîæèíîþ ñòàíiâ. Ïîäiáíi äî-
ñëiäæåííÿ äîáðå âèñâiòëåíi ó ïðàöÿõ [1], [2]. Ñïðàâåäëèâà öiíà îïöiîíó ó
òàêîìó ñåðåäîâèùi ðîçðàõîâó¹òüñÿ íà îñíîâi ìèíóëî¨ iíôîðìàöi¨ ñòîñîâíî
àêòèâiâ òà ¨õ éìîâiðíiñíèõ öií ó ìàéáóòíüîìó. Êðiì öüîãî íà ñïðàâåäëèâó
öiíó âïëèâàþòü äåÿêi çîâíiøíi ôàêòîðè, ÿêi íå âðàõîâóþòüñÿ åêñïåðòàìè
ïðè îöiíöi ïîêàçíèêiâ áåçðèçèêîâî¨ âiäñîòêîâî¨ ñòàâêè, î÷iêóâàííî¨ äîõi-
äíîñòi òà âîëàòèëüíîñòi. Òîìó âèíèêà¹ ïðîáëåìà ïîáóäîâè éìîâiðíî¨ ìiðè
íàñòàííÿ òîãî ÷è iíøîãî ñòàíó ñåðåäîâèùà ç âðàõóâàííÿì ìèíóëî¨ iíôîð-
ìàöi¨ ñòîñîâíî àêòèâiâ.

[1] Fuh C.D. Option Pricing in a Black-Scholes Model with Mawkov Switching / Fuh C.D.,
Wang R.H., Cheng J.C. // Technical report, Institute of Statistical Science, Academia
Sinica, Taipei, Taiwan. - 2002. - no. C-10.

[2] Bittlingmayer G. Output, stock volatility and political uncertainty in a natural experi-
ment: Germany, 1880-1940 // Journal of Finance. - 1998. - 53. -P.2243-2257.
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Ïðî ðîçâ'ÿçîê ñòîõàñòè÷íîãî äèôåðåíöiàëüíîãî
ðiâíÿííÿ çà ñèìåòðè÷íèì ñòiéêèì ïðîöåñîì

Êíîïîâà Âiêòîðiÿ Ïàâëiâíà

Iíñòèòóò êiáåðíåòèêè iìåíi Â.Ì. Ãëóøêîâà

vicknopova@googlemail.com

Ðîçãëÿíåìî ðiâíÿííÿ

dXt = b(Xt)dt+ a(Xt)dZt, t > 0, (1)

äå Zt � ñèìåòðè÷íèé α-ñòiéêèé ïðîöåñ â Rd. Çà ïåâíèõ îáìåæåíü íà êîåôi-
öi¹íòè, äîâåäåíî iñíóâàííÿ òà ¹äèíiñòü ñëàáêîãî ðîçâ'çêó ðiâíiííÿ (1). Ïðè
öüîìó, çà äîïîìîãîþ ìåòîäó ïàðàìåòðèêñà ïîáóäîâàíî çîáðàæåííÿ iìîâið-
íiñíî¨ ùiëüíîñòi ïðîöåñó Xt, òà çíàéäåíî îöiíêó çâåðõó íà öþ ùiëüíiñòü.

Äîïîâiäü áàçó¹òüñÿ òà ñóìiñíié ðîáîòi ç Î. Ì. Êóëèêîì.

Ïîáóäîâà äèôóçiéíîãî ïðîöåñó ç ðîçðèâíèìè
ëîêàëüíèìè õàðàêòåðèñòèêàìè ðóõó çà äîïîìîãîþ
ðîçâ'ÿçàííÿ îäíi¹¨ ïàðàáîëi÷íî¨ çàäà÷i ñïðÿæåííÿ

Êîïèòêî Áîãäàí Iâàíîâè÷

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà

Öàïîâñüêà Æàííåòà ßðîñëàâiâíà

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà

tzhannet@yahoo.com

Íåõàé â åâêëiäîâîìó ïðîñòîði Rn, n ≥ 2, çàäàíà îáëàñòü D âèãëÿäó

D = {x = (x′, xn) ∈ Rn | F1(x′) < xn < F2(x′)}

ç ãëàäêîþ ìåæåþ ∂D = S1 ∪ S2, äå

Sm = {x ∈ Rn | xn = Fm(x′)}, m = 1, 2.
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Ïðèïóñòèìî, ùî åëåìåíòàðíà ïîâåðõíÿ

S0 = {x ∈ Rn | xn = F0(x′)}

ðîçäiëÿ¹ îáëàñòü D íà äâi îáëàñòi D1 òà D2 ç ìåæàìè ∂D1 = S0 ∪ S1 òà
∂D2 = S0 ∪ S2 âiäïîâiäíî, äî òîãî æ

F1(x′) < F0(x′) < F2(x′), x′ ∈ Rn−1.

Áóäåìî ïðèïóñêàòè, ùî åëåìåíòàðíi ïîâåðõíi S0, Sm,m = 1, 2, íàëåæàòü
äî êëàñó Ãåëüäåðà H2+λ, λ ∈ (0, 1).

Íåõàé â îáëàñòi Dm, m = 1, 2, çàäàíèé äèôóçiéíèé ïðîöåñ, ÿêèé îïèñó-
¹òüñÿ äèôåðåíöiàëüíèì îïåðàòîðîì äðóãîãî ïîðÿäêó òàêîãî âèãëÿäó:

Lm =
1

2

n∑
i,j=1

b
(m)
ij (x)Dij +

n∑
i=1

a
(m)
i (x)Di, m = 1, 2.

Òóò b
(m)
ij (x), a(m)

i (x), i, j = 1, . . . , n, m = 1, 2, - îáìåæåíi òà íåïåðåðâíi

çà Ãåëüäåðîì ôóíêöi¨ â D̄m, m = 1, 2, i ìàòðèöÿ
(
b
(m)
ij (x)

)n
i,j=1

- äîäàòíî

âèçíà÷åíà òà ðiâíîìiðíî íåâèðîäæåíà.

Â òî÷êàõ ãiïåðïîâåðõîíü Sm, m = 1, 2, òà S0 ââàæàþòüñÿ çàäàíèìè òà-
êîæ äèôåðåíöiàëüíi îïåðàòîðè, ùî âèçíà÷àþòü êðàéîâi óìîâè òà óìîâè
ñïðÿæåííÿ, ÿêèì âiäïîâiäàþòü ïðîäîâæåííÿ ïðîöåñiâ ïiñëÿ ïîòðàïëÿííÿ
äèôóíäóþ÷î¨ ÷àñòèíêè íà öi ïîâåðõíi. Çîêðåìà, ïðèïóñêà¹ìî, ùî îäíà ç
äâîõ óìîâ ñïðÿæåííÿ, ÿêi çàäàþòüñÿ íà S0, îïèñó¹òüñÿ çà äîïîìîãîþ çà-
ãàëüíîãî ãðàíè÷íîãî îïåðàòîðà òèïó Âåíöåëÿ [1], à êðàéîâi óìîâè, ÿêi çàäà-
þòüñÿ íà Sm, m = 1, 2, îçíà÷àþòü, ùî â òî÷êàõ öèõ ïîâåðõîíü ðîçãëÿäóâàíi
ïðîöåñè ìàþòü âëàñòèâiñòü âiäáèòòÿ.

Ñòàâèòüñÿ çàäà÷à ïîáóäóâàòè íàïiâãðóïó îïåðàòîðiâ Tt, t ≥ 0, ÿêà îïè-
ñó¹ íåïåðåðâíèé îäíîðiäíèé ïðîöåñ Ôåëëåðà íà D̄ òàêèé, ùî ó âíóòðiøíiõ
òî÷êàõ îáëàñòåé D1 i D2 âií çáiãà¹òüñÿ iç çàäàíèìè òàì äèôóçiéíèìè ïðî-
öåñàìè, êåðîâàíèìè îïåðàòîðàìè L1 i L2 âiäïîâiäíî, à éîãî ïîâåäiíêà â
òî÷êàõ S0 òà Sm, m = 1, 2, âèçíà÷à¹òüñÿ çàäàíèìè òàì óìîâàìè ñïðÿæåííÿ
òà êðàéîâèìè óìîâàìè.

Äëÿ äîñëiäæåííÿ ñôîðìóëüîâàíî¨ ïðîáëåìè ìè âèêîðèñòîâó¹ìî àíàëi-
òè÷íi ìåòîäè. Øóêàíó íàïiâãðóïó çíàéäåíî ìåòîäîì ãðàíè÷íèõ iíòåãðàëü-
íèõ ðiâíÿíü ÿê ðîçâ'ÿçîê âiäïîâiäíî¨ ïàðàáîëi÷íî¨ çàäà÷i ñïðÿæåííÿ, äî
ÿêî¨ ðåäóêó¹òüñÿ âèõiäíà çàäà÷à. Äîñëiäæåíî äåÿêi âëàñòèâîñòi ïîáóäîâà-
íîãî ïðîöåñó. Çîêðåìà, ïîêàçàíî, ùî ó âíóòðiøíiõ òî÷êàõ îáëàñòi D îòðè-
ìàíèé ïðîöåñ ìîæíà òðàêòóâàòè ÿê çâè÷àéíèé äèôóçiéíèé ïðîöåñ ç ðîç-
ðèâíèìè ëîêàëüíèìè õàðàêòåðèñòèêàìè ðóõó.
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[1] Âåíòöåëü À.Ä. Î ãðàíè÷íûõ óñëîâèÿõ äëÿ ìíîãîìåðíûõ äèôôóçèîííûõ ïðîöåññîâ
// Òåîðèÿ âåðîÿòí. è åå ïðèìåíåíèÿ. 1959. � 4, �2. � Ñ. 172�185.

Êàïëiíãîâi ìåòðèêè äëÿ ìið Ëåâi òà ¨õ çàñòîñóâàííÿ

Êîñåíêîâà Òåòÿíà Iãîðiâíà

Êè¨âñüêèé Íàöiîíàëüíèé Óíiâåðñèòåò iìåíi Ò. Øåâ÷åíêà

tanya.kosenkova@gmail.com

Â äîïîâiäi ââîäèòüñÿ ïîíÿòòÿ êàïëiíãîâèõ ìåòðèê ìiæ ìiðàìè Ëåâi. Â
òåðìiíàõ öèõ ìåòðèê íàâåäåíà îöiíêà âiäñòàíi Âàñåðøòåéíà-Êàíòîðîâè÷à-
Ðóáiíøòåéíà ìiæ ðîçâ'ÿçêàìè ñòîõàñòè÷íèõ äèôåðåíöiàëüíèõ ðiâíÿíü ç
øóìîì Ëåâi. Öåé ðåçóëüòàò äîçâîëÿ¹ îòðèìóâàòè îöiíêè øâèäêîñòi çái-
æíîñòi â ãðàíè÷íèõ òåîðåìàõ òà òåñòè óçãîäæåíîñòi ("goodness-of-�t"tests)
â ìîäåëÿõ ç øóìàìè Ëåâi.

Âèêîðèñòàíî ðåçóëüòàò ðîáîòè [1].

[1] Kosenkova T. Coupling distances between L�evy measures and applications to noise
sensitivity of SDE / Jan Gairing, Michael H�ogele, Tetiana Kosenkova, Alexei Kulik //
Stochastics and Dynamics (submitted)
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Ïðîñòîðè Áàíàõà ç ìîìåíòíèìè íîðìàìè Fψ(Ω)

Êîçà÷åíêî Þðié Âàñèëüîâè÷

Êè¨âñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Òàðàñà Øåâ÷åíêà

ykoz@ukr.net

Ìëàâåöü Þðié Þðiéîâè÷

ÄÂÍÇ �Óæãîðîäñüêèé íàöiîíàëüíèé óíiâåðñèòåò�

yura-mlavec@ukr.net

Îçíà÷åííÿ 1 [1] Íåõàé ψ(u) > 0, u ≥ 1 � ìîíîòîííî çðîñòàþ÷à íåïå-
ðåðâíà ôóíêöiÿ, òàêà ùî ψ(u) → ∞ ïðè u → ∞. Âèïàäêîâà âåëè÷èíà ξ
íàëåæèòü ïðîñòîðó Fψ(Ω), ÿêùî âèêîíó¹òüñÿ óìîâà

sup
u≥1

(E |ξ|u)
1/u

ψ(u)
<∞.

Äîâåäåíî [2], ùî Fψ(Ω) ¹ ïðîñòîðîì Áàíàõà ç íîðìîþ ‖ξ‖ψ = sup
u≥1

(E|ξ|u)1/u

ψ(u) .

Òåîðåìà 2 Íåõàé âèïàäêîâà âåëè÷èíà ξ íàëåæèòü ïðîñòîðó Fψ(Ω), òîäi
äëÿ áóäü-ÿêîãî ε > 0 âèêîíó¹òüñÿ íåðiâíiñòü:

P {|ξ| > ε} ≤ inf
u≥1

‖ξ‖uψ (ψ(u))u

εu
.

Îçíà÷åííÿ 3 [1] Äîäàòíî íåñïàäíà ÷èñëîâà ïîñëiäîâíiñòü (κ(n), n ≥ 1)
íàçèâà¹òüñÿM -õàðàêòåðèñòèêîþ (ìàæîðóþ÷îþ õàðàêòåðèñòèêîþ) ïðîñòî-
ðó Fψ(Ω), ÿêùî äëÿ áóäü-ÿêèõ âèïàäêîâèõ âåëè÷èí ξi, i = 1, 2, . . . , n iç

öüîãî ïðîñòîðó âèêîíó¹òüñÿ íåðiâíiñòü

∥∥∥∥ max
1≤i≤n

|ξi|
∥∥∥∥
ψ

≤ κ(n) max
1≤i≤n

‖ξi‖ψ .

Òåîðåìà 4 Ïîñëiäîâíiñòü κ(n) = sup
u≥1

inf
v>0

n
1

u+v
ψ(u+v)
ψ(u) ¹ ìàæîðóþ÷îþ õà-

ðàêòåðèñòèêîþ ïðîñòîðó Fψ(Ω).

Ïðîñòîðè Fψ(Ω) ìîæóòü áóòè âèêîðèñòàíi äëÿ çíàõîäæåííÿ îöiíîê íà-
áëèæåííÿ ïðè ïiäðàõóíêó iíòåãðàëiâ ìåòîäîì Ìîíòå-Êàðëî.
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[1] Êîçà÷åíêî Þ. Â., Ìëàâåöü Þ. Þ. Ïðîñòîðè Áàíàõà âèïàäêîâèõ âåëè÷èí Fψ(Ω)
// Òåîðiÿ éìîâiðíîñòåé òà ìàòåìàòè÷íà ñòàòèñòèêà. � 2012. � Âèï. 86. � C. 92-107.

[2] Ñ.Â. Åðìàêîâ, Å.È. Îñòðîâñêèé Óñëîâèÿ íåïðåðûâíîñòè, ýêñïîíåíöèàëüíûå îöåí-
êè è öåíòðàëüíàÿ ïðåäåëüíàÿ òåîðåìà äëÿ ñëó÷àéíûõ ïîëåé // Äåï. â ÂÈÍÈÒÈ. �
1986. � � 3752-Â.86.0. � Ñ. 42.

Ìàðêîâñüêi ïðîöåñè ïðèéíÿòòÿ ðiøåíü ç ïåðåîöiíêîþ
ó âèïàäêîâîìó ñåðåäîâèùi

�ëåéêî ß. I.

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà

Ëåáåä¹â Î. À.

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà

alex-lebedev@hotmail.com

Ó ðîáîòi ðîçãëÿíóòî ìàðêîâñüêi ïðîöåñè ïðèéíÿòòÿ ðiøåíü çàäàíi ó âè-
ïàäêîâîìó ñåðåäîâèùi. Ïîðàõîâàíî ñåðåäíié ïðèáóòîê, ðèçèê òà ìiðó ðè-
çèêó ó âèïàäêó çàäàííÿ ìàðêîâñüêîãî ïðîöåñó ó âèïàäêîâîìó ñåðåäîâèùi
ç äèñêðåòíèì òà íåïåðåðâíèì ÷àñîì òà âiäîìèì ïî÷àòêîâèì ñòàíîì. Äàíi
ïðîöåñè ïðèéíÿòòÿ ðiøåíü äîêëàäíî ðîçãëÿäàþòüñÿ ó ðîáîòi [2]. Íîâèçíà
ðîáîòè ïîëÿãà¹ ñàìå ó ðîçãëÿäi ¨õ ó âèïàäêîâîìó ñåðåäîâèùi. Îòæå ðîçãëÿ-
íåìî ìàðêîâñüêèé ïðîöåñ ïðèéíÿòòÿ ðiøåíü ç ïåðåîöiíêîþ. Ó êîæíîìó ôi-
êñîâàíîìó ñòàíi ñåðåäîâèùà çàäàíî êåðóâàííÿ, íàáið ñòðàòåãié òà ïîëiòèê,
êîåôiöiåíò ïåðåîöiíêè òà âåêòîð-ñòîâïåöü ñóìàðíèõ ñåðåäíiõ ïðèáóòêiâ [2]:

V Aiβ (πAi) =

∞∑
n=0

βnAiP
Ai
n (πAi)r(fAin+1), (1)

äå A1, A2, ..., Am � öå çîâíiøíi âèïàäêîâi ôàêòîðè, P (Ai) = pi, pi ≥ 0,∑m
i=1 pi = 1.

Òîäi ó âèïàäêîâîìó ñåðåäîâèùi ç äèñêðåòíèì ÷àñîì ñåðåäíié ïðèáóòîê
áóäå ìàòè íàñòóïíèé âèãëÿä:

m∑
i=1

piV
Ai
β (πAi). (2)
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Ðèçèê âèçíà÷à¹ìî, ÿê ñåðåäíüîêâàäðàòè÷íå âiäõèëåííÿ:

m∑
i=1

pi(V
Ai
β (πAi))2 −

(
m∑
i=1

piV
Ai
β (πAi)

)2

. (3)

Òîäi âåëè÷èíà ðèçèêó ìàòèìå íàñòóïíèé âèãëÿä:√√√√ m∑
i=1

pi(V
Ai
β (πAi))2 −

(
m∑
i=1

piV
Ai
β (πAi)

)2

. (4)

Ìiðîþ ðèçèêó ââàæà¹ìî:√∑m
i=1 pi(V

Ai
β (πAi))2 −

(∑m
i=1 piV

Ai
β (πAi)

)2

V Aiβ (πAi
.

(5)

Ó âèïàäêîâîìó ñåðåäîâèùi ç äèñêðåòíèì ÷àñîì ñåðåäíié ïðèáóòîê áóäå
ìàòè íàñòóïíèé âèãëÿä:

m∑
i=1

pi(t)V
Ai
β (πAi). (6)

Àíàëîãi÷íî ìîæíà ðîçðàõóâàòè âåëè÷èíó ðèçèêó òà éîãî ìiðó.

Âèñíîâêè: Ó äàíié ðîáîòi äîñëiäæóâàâñÿ N-âèìiðíèé âåêòîð ñóìàðíèõ
ñåðåäíiõ ïðèáóòêiâ, ÿêèé ó êîæíîìó ñòàíi ñåðåäîâèùà ìà¹ ñâîþ âiäïîâiäíó
ìàòðèöþ ïåðåõiäíèõ éìîâiðíîñòåé, âåêòîð ïðèáóòêiâ, êîåôiöi¹íò ïåðåîöií-
êè òà ñòðàòåãiþ. Áóëî ðîçãëÿíóòî ìàðêîâñüêi ïðîöåñè ïðèéíÿòòÿ ðiøåíü
ó âèïàäêîâîìó ñåðåäîâèùi ç äèñêðåòíèì òà íåïåðåðâíèì ÷àñîì, êîëè ïî-
÷àòêîâèé ñòàí ñèñòåìè áóâ âiäîìèì. Äëÿ öèõ âèïàäêiâ çíàéäåíî ñåðåäíié
ïðèáóòîê, ðèçèê òà ìiðó ðèçèêó.

[1] Ãèõìàí È.È.Òåîðèÿ ñëó÷àéíûõ ïðîöåññîâ, ò.II./È.È.Ãèõìàí, À.Â.Ñêîðîõîä // Èçä-
âî "Íàóêà"Ãëàâíàÿ ðåäàêöèÿ ôèçèêî-ìàòåìàòè÷åñêîé ëèòåðàòóðû, 1973ã. � 641ñ.

[2] Ìàéí Õ Ìàðêîâñêèå ïðîöåññû ïðèíÿòèÿ ðåøåíèé /Õ.Ìàéí, Ñ.Îñàêè //Ãëàâíàÿ
ðåäàêöèÿ ôèçèêî-ìàòåìàòè÷åñêîé ëèòåðàòóðû èçäàòåëüñòâà "Íàóêà".�1977.�176ñ.
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Îöiíêè ðîçïîäiëó ñóïðåìóìó ãàóññiâñüêîãî
àâòîìîäåëüíîãî ïîëÿ çi ñòàöiîíàðíèìè ïðÿìîêóòíèìè

ïðèðîñòàìè

Ìàêîãií Âiòàëié Iâàíîâè÷

Êàôåäðà òåîði¨ éìîâiðíîñòåé, ñòàòèñòèêè òà àêòóàðíî¨ ìàòåìàòèêè,
Êè¨âñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Òàðàñà Øåâ÷åíêà

makoginv@ukr.net

Â äîïîâiäi ðîçãëÿäàþòüñÿ àâòîìîäåëüíi ïîëÿ, ùî ¹ óçàãàëüíåííÿì àâòîìî-
äåëüíèõ âèïàäêîâèõ ïðîöåñiâ. Ïðè÷îìó äàíi ïîëÿ ¹ àíiçîòðîïíèìè ó òîìó
ñåíñi, ùî iíäåêñè àâòîìîäåëüíîñòi çà êîæíîþ êîîðäèíàòîþ ìîæóòü áóòè
ðiçíèìè.

Îçíà÷åííÿ 1 Äiéñíîçíà÷íå âèïàäêîâå ïîëå {X(t), t = (t1, . . . , tn) ∈ Rn+} ¹
àâòîìîäåëüíèì ç iíäåêñîì H = (H1, . . . ,Hn) ∈ (0,+∞)n, ÿêùî{

X(a1t1, . . . , antn), t ∈ Rn+
} d

=
{
aH1

1 · · · aHnn X(t), t ∈ Rn+
}
,

äëÿ âñiõ a1 > 0, . . . , an > 0.

Â äîïîâiäi ðîçãëÿäà¹òüñÿ ðîçïîäië ñóïðåìóìó íîðìîâàíîãî ãàóññiâñüêî-
ãî àâòîìîäåëüíîãî ïîëÿ çi ñòàöiîíàðíèìè ïðÿìîêóòíèìè ïðèðîñòàìè:

P

{
sup
t∈T

|X(t)|
ϕ(t)

> ε

}
, ε > 0.

Äëÿ òàêèõ íåðiâíîñòåé çíàéäåíi îöiíêè çâåðõó. Ïðè÷îìó ðîçãëÿäàþòüñÿ
âèïàäêè, â çàëåæíîñòi ÷è ¹ ìíîæèíà T êîìïàêòîì. Âèêîðèñòàíî ðåçóëüòàò
ðîáiò [1] òà [2].

Äîñëiäæåííÿ àâòîìîäåëüíèõ âèïàäêîâèõ ïîëiâ, òîáòî áàãàòîïàðàìåòðè-
÷íèõ ïðîöåñiâ, âìîòèâîâàíå íàÿâíiñòþ âëàñòèâîñòi àâòîìîäåëüíîñòi ó ÿâè-
ùàõ, ùî ¹ ïðåäìåòîì êëiìàòîëîãi¨, íàóê ïðî äîâêiëëÿ òà iíøèõ îáëàñòåé
çíàíü.

Îöiíêè ðîçïîäiëó ñóïðåìóìó òàêèõ ïîëiâ, ìîæíà çàñòîñóâàòè äî îöií-
êè àñèìïòîòè÷íîãî çðîñòàííÿ ïðàâî¨ äðîáîâî¨ ïîõiäíî¨ äðîáîâîãî áðîóíiâ-
ñüêîãî ðóõó. Â ñâîþ ÷åðãó, öi îöiíêè ïîòðiáíi ïðè âèâ÷åííi àñèìïòîòè÷íîãî
çðîñòàííÿ óçàãàëüíåíîãî iíòåãðàëó âiä äðîáîâîãî áðîóíiâñüêîãî ðóõó, ÿêi
âèêîðèñòîâóþòüñÿ ïðè àíàëiçi âëàñòèâîñòåé ñòàòèñòè÷íèõ îöiíîê ìàêñè-
ìàëüíî¨ âiðîãiäíîñòi íåâiäîìîãî ïàðàìåòðà çñóâó â ñòîõàñòè÷íîìó äèôå-
ðåíöiàëüíîìó ðiâíÿííi, ùî êåðó¹òüñÿ äðîáîâèì áðîóíiâñüêèì ðóõîì ( [3]).

Äîïîâiäü áàçó¹òüñÿ íà ðåçóëüòàòàõ ñïiëüíî¨ ðîáîòè äîïîâiäà÷à òà Êîçà-
÷åíêà Þ.Â.
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Ïðî ôóíäàìåíòàëüíèé ðîçâ'ÿçîê çàäà÷i Êîøi äëÿ
îäíîãî êëàñó ðiâíÿíü òèïó äèôóçi¨ ç iíåðöi¹þ òà

çðîñòàþ÷èìè êîåôiöi¹íòàìè

Áóðòíÿê Iâàí Âîëîäèìèðîâè÷

Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. Â. Ñòåôàíèêà
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Ìàëèöüêà Ãàííà Ïåòðiâíà

Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. Â. Ñòåôàíèêà

Íåõàé x ∈ Rn, x = (x′, x′′, x′′′), x′ ∈ Rn1 , x′′ ∈ Rn2 , x′′′ ∈ Rn3 , n = n1 +
n2 + n3, nj ∈ N ∪ {0}, j ∈ {1, 2, 3}, àëå n ∈ N , ξ = (ξ′, ξ′′, ξ′′′), y∗ =
(y′, y′′), y∗ ∈ Rn1+n2 ,η∗ = (η′, η′′), η∗ ∈ Rn1+n2 ,X = (x, y), S = (ξ, η), X ∈
R2(n1+n2)+n3 , S ∈ R2(n1+n2)+n3 , ∆x =

n∑
j=1

∂2
x2
j
, x∗∗ = (x′′, x′′′), |x∗∗ − ξ∗∗|2 =

n∑
j=n1+1

(xj − ξj)2.

Ðîçãëÿíåìî çàäà÷ó Êîøi äëÿ ðiâíÿííÿ âèãëÿäó:

∂tu(t,X)−
n1+n2∑
j=1

xj∂yju(t,X) = ∆xu(t,X) +

n1∑
j=1

xj∂xju(t,X), t > 0, (1)

u(t,X)|t=0 = u0(X), X ∈ R2n−n3 , (2)

äå u0(X) äîñòàòíüî ãëàäêà i ôiíiòíà ôóíêöiÿ.

Âèêîðèñòîâóþ÷è ïåðåòâîðåííÿ Ôóð'¹ çà çìiííèìè (x, y), ìåòîä õàðà-
êòåðèñòèê, çíàéäåíî Z(t,X; 0, S)- ôóíäàìåíòàëüíèé ðîçâ'ÿçîê çàäà÷i Êîøi
(1), (2) t > 0, X ∈ R2n−n3 , S ∈ R2n−n3 .
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Z(t,X; 0, S) = 3n2/2(2
√
π)−nt−(2n2+n3/2)(e2t − 1)−n1/2(2t− 4(et − 1)×

(et + 1)−1)−n1/2 exp{−|x′et − γ′|2(2e2t − 2)−1 − |y′ − η′ + (x′ + γ′)×
(et − 1)(et + 1)−1|2(4t − 8(et − 1)(et + 1)−1)−1 − |x∗∗ − ξ∗∗|2(4t)−1 − 3|y′′ −
η′′ + (x′′ + γ′′)2−1t|2t−3 + t}.

�äèíiñòü Z(t,X; 0, S) âñòàíîâëåíî íà îñíîâi ïðèíöèïó ìàêñèìóìó Ôiê-
êåðè [1].

[1] Ìàëèöüêà Ã.Ï.Ïðî ïðèíöèï ìàêñèìóìó äëÿ óëüòðàïàðàáîëi÷íèõ ðiâíÿíü // Óêð.
ìàò. æóðí. � 1996. � 48, �2. � Ñ.195�201.

Î ïîâåäåíèè âîçìóùåíèé ìàðêîâñêèõ ïðîöåññîâ
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Èíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðàèíû

pilipenko.ay@yandex.ua

Ïðèõîäüêî Þ. Å.
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Ïîëó÷åíà òåîðåìà î õàðàêòåðèçàöèè ïðåäåëüíîãî ïîâåäåíèÿ ïîñëåäîâà-
òåëüíîñòè ìàðêîâñêèõ ïðîöåññîâ {Xn} òàêèõ, ÷òî èõ ðàñïðåäåëåíèå âíå
ïðîèçâîëüíîé îêðåñòíîñòè âûäåëåííîé �ñèíãóëÿðíîé� òî÷êè ïðèòÿãèâàå-
òñÿ ê íåêîòîðîìó èçâåñòíîìó çàêîíó, â îêðåñòíîñòè æå ýòîé òî÷êè ðåãó-
ëÿðíîñòü ïîâåäåíèÿ {Xn} ìîæåò íàðóøàòüñÿ.

Â êà÷åñòâå ïðèìåðà îáùèõ ðåçóëüòàòîâ ðàññìîòðåí ïðåäåë ïîñëåäîâà-
òåëüíîñòè {Xn(t) = S([nt])√

n
, n ≥ 1}, ãäå {S(n), n ≥ 0} � öåïü Ìàðêîâà íà Z

ñ ïåðåõîäíûìè âåðîÿòíîñòÿìè:

pi,i±1 = 1/2, |i| > m

è êîíå÷íûì ìàòåìàòè÷åñêèì îæèäàíèåì ñêà÷êà ïðè |i| ≤ m :∑
j

pij |j| <∞, |i| ≤ m.

Ïðåäåëîì ÿâëÿåòñÿ êîñîå áðîóíîâñêîå äâèæåíèå. Â îòëè÷èå îò ðàáîò [1�4]
ìû íå ïðåäïîëàãàåì îãðàíè÷åííîñòè ñêà÷êà ïðè |i| ≤ m.
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Ðåãóëÿðíå çðîñòàííÿ àíàëiòè÷íèõ â êðóçi
õàðàêòåðèñòè÷íèõ ôóíêöié
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Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà

Íåõàé ϕ - àíàëiòè÷íà â DR = {z : |z| < R}, R > 0, õàðàêòåðèñòè÷íà
ôóíêöiÿ éìîâiðíîñíîãî çàêîíó F, à WF (x) = 1 − F (x) + F (−x), x ≥ 0.
Âñòàíîâëåíî çâ'ÿçîê ìiæ çðîñòàííÿìM(r, ϕ) i ñïàäàííÿìWF (x) ó òåðìiíàõ
óçàãàëüíåíèõ ïîðÿäêiâ.

Âèíèêëî ïèòàííÿ, çà ÿêèõ óìîâ íà WF (x) äëÿ öiëèõ õàðàêòåðèñòè÷íèõ
ôóíêöié lnM(r, ϕ) = (1 + o(1))Trρ ïðè r → ∞, äå T > 0 i ρ > 1, à äëÿ
àíàëiòè÷íèõ â êðóçi {z : |z| < R} õàðàêòåðèñòè÷íèõ ôóíêöié ïðàâèëüíà
àñèìïòîòè÷íà ðiâíiñòü M(r, ϕ) = (1+o(1))T

(R−r)ρ ïðè r ↑ R, äå T > 0 i ρ > 0.

×åðåç Ω(0, R), ïîçíà÷èìî êëàñ äîäàòíèõ íåîáìåæåíèõ íà [r0, R) äëÿ
äåÿêîãî r0 ∈ (0 , R) ôóíêöié Φ òàêèõ, ùî ïîõiäíà Φ′ äîäàòíà, íåïåðåðâíî
äèôåðåíöiéîâíà i çðîñòà¹ äî +∞ íà [r0, R), i íåõàé φ - ôóíêöiÿ, îáåðíåíà
äî Φ′, à Ψ(r) = r − Φ(r)

Φ′(r) - ôóíêöiÿ, àñîöiéîâàíà ç Φ çà Íüþòîíîì.

Áóäåìî äîñëiäæóâàòè óìîâè íà ôóíêöi¨ WF i Φ, çà ÿêèõ

lnM(r, ϕ) = (1 + o(1))Φ(r), r ↑ R. (1)
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Äëÿ öüîãî ïðèéìåìî µ(r, ϕ) = sup {WF (x)erx : x ≥ 0} i çíàéäåìî ñïî÷à-
òêó óìîâè íà Φ, çà ÿêèõ ñïiââiäíîøåííÿ (1) ¹ ðiâíîñèëüíå ñïiââiäíîøåííþ

lnµ(r, ϕ) = (1 + o(1))Φ(r), r ↑ R. (2)

Òâåðäæåííÿ 1 Íåõàé 0 < R ≤ +∞, à ôóíêöiÿ Φ ∈ Ω(0, R) òàêà, ùî
Φ′(r) ≥ 1+γ

R−r ç γ > 0 äëÿ âñiõ r ∈ [r0, R), ln Φ′(r) = o(Φ(r)) i Φ(r + 1
Φ′(r) ) =

(1 + o(1))Φ(r) ïðè r ↑ R. Òîäi äëÿ êîæíî¨ àíàëiòè÷íî¨ â DR õàðàêòåðè-
ñòè÷íî¨ ôóíêöi¨ ϕ ñïiââiäíîøåííÿ (1) i (2) ¹ ðiâíîñèëüíèìè.

Òâåðäæåííÿ 2 Íåõàé 0 < R ≤ +∞ i Φ ∈ (r0, R). Äëÿ òîãî, ùîá àñèì-
ïòîòè÷íà ðiâíiñòü (2) áóëà ïðàâèëüíîþ, íåîáõiäíî i äîñèòü, ùîá äëÿ êî-
æíîãî ε > 0:

1) iñíóâàëî x0 = x0(ε) òàêå, ùî lnWF (x) ≤ −xΨ(φ( x
1+ε )) äëÿ âñiõ x ≥

x0;

2) iñíóâàëà çðîñòàþ÷à äî +∞ ïîñëiäîâíiñòü (xk) äîäàòíèõ ÷èñåë òàêà,
ùî lnWF (xk) ≥ −xkΨ(φ( xk

1−ε )) äëÿ âñiõ k ≥ 1 i âèêîíóâàëàñü ðiâíiñòü

lim
k→∞

G1(xk,xk+1,Φ∗)
G2(xk,xk+1,Φ∗)

= 1 ç Φ∗ = Φ, äå

G1(xk, xk+1,Φ∗) =
xkxk+1

xk+1 − xk

∫ xk+1

xk

Φ∗(φ∗(t))

t2
dt,

G1(xk, xk+1,Φ∗) = Φ∗(
1

xk+1 − xk

∫ xk+1

xk

φ∗(t)dt).

Îá'¹äíóþ÷è öi äâà òâåðäæåííÿ, îòðèìó¹ìî òàêó òåîðåìó.

Òåîðåìà 3 Íåõàé 0 < R ≤ +∞, ôóíêöiÿ Φ ∈ (0, R) çàäîâîëüíÿ¹ óìîâè
òâåðäæåííÿ 1, à ϕ - àíàëiòè÷íà â DR õàðàêòåðèñòè÷íà ôóíêöiÿ éìîâið-
íîñíîãî çàêîíó F . Äëÿ òîãî, ùîá àñèìïòîòè÷íà ðiâíiñòü (1) áóëà ïðà-
âèëüíîþ, íåîáõiäíî i äîñèòü, ùîá äëÿ êîæíîãî ε > 0 âèêîíóâàëèñü óìîâè
1) i 2) òâåðäæåííÿ 2.

30



Estimations for distribution of supremum for random
�elds from spaces Subϕ(Ω)

Anna Slyvka-Tylyshchak

Taras Shevchenko National University of Kyiv

aslyvka@ukr.net

In paper presents estimates of the distribution supremum at in�nity for �elds
from space Subϕ(Ω).

Òåîðåìà 1 Let {ξ(x, t), (x, t) ∈ V } , V = [−A;A] × [0,+∞) be a separable
random �eld belonging to Subϕ (Ω). Assume also that the following conditions
satis�ed.

1. [bk, bk+1] , k = 0, 1, . . . is a family of such segments, that −∞ < bk <
bk+1 < +∞, k = 0, 1, . . . Vk = [−A;A]× [bk, bk+1] ,

⋃
k

Vk = V .

2. Let there exist increasing functions σk(h), 0 < h < bk+1 − bk, such that
σk(h) −→ 0 as h −→ 0

sup
|x−x1|≤h,
|t−t1|≤h

(x,t),(x1,t1)∈Vk

τϕ (ξ (x, t)− ξ (x1, t1)) 6 σk (h) ,

∫
0+

Ψ

(
ln

1

σ
(−1)
k (ε)

)
dε <∞,

where Ψ (u) = u
ϕ(−1)(u)

, σ(−1)
k (ε) are inverse function to σk(ε).

3. c = {c(t), t ∈ R} is some continuous function, such that c(t) > 0, t ∈ R,
ck = min

t∈[bk,bk+1]
c(t).

4. sup
k

εk
ck
<∞, sup

k

Iϕ(θεk)
ck

<∞.

5. The series
∞∑
k=0

exp
{
−ϕ∗

(
sck(1−θ)

2εk

)}
converges for some s, such that,

sup
k

4εk
ck(1−θ) < s < u

2 , where εk = sup
(x,t)∈Vk

τϕ (ξ(x, t)) , k = 0, 1, . . ..
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Then

P

{
sup

(x,t)∈V

|ξ(x, t)|
c(t)

> u

}
6

2 exp
{
−ϕ∗

(u
s

)}
·
∞∑
k=0

exp

{
−ϕ∗

(
sck(1− θ)

2εk

)}
= 2A(u),

for u > sup
k

Iϕ(θεk)
ck

· 4
θ(1−θ) , where 0 < θ < 1

Ĩϕ (δ) =

δ∫
0

Ψ

[(
ln

(
A

σ
(−1)
k (ε)

+ 1

))
+

(
ln

(
bk+1 − bk
2σ

(−1)
k (ε)

+ 1

))]
dε,

k = 0, 1, . . .

[1] V.V. Buldygin and Yu.V. Kozachenko Metric Characterization of Random Variables
and Random processes, American Mathematical Society, Providence, Rhode (2000).

[2] Yu. Kozachenko, O. Vasylyk and R. Yamnenko Upper estimate of overrunning by
Subϕ (Ω) random process the level speci�ed by continuous function//Random Operators
and Stochastic Equations, � 2005. Vol.13, No.2, 111�128.

Ïðî íîðìàëüíèé ãðàíè÷íèé ðîçïîäië ÷èñëà ñòîðîííiõ
ðîçâ'ÿçêiâ íåëiíiéíî¨ ñèñòåìè âèïàäêîâèõ ðiâíÿíü ó

ïîëi GF(2)

Ñëîáîäÿí Ñâiòëàíà ßðîñëàâiâíà

Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. Âàñèëÿ Ñòåôàíèêà

slobodian_s@ukr.net

Â äîïîâiäi ðîçãëÿäà¹òüñÿ ñèñòåìà ðiâíÿíü

gq(n)∑
k=1

∑
1≤j1<...<jk≤n

a
(q)
j1...jk

xj1 . . . xjk = bq, q = 1, . . . , N, (1)

ó ïîëi GF (2), ùî ñêëàäà¹òüñÿ ç äâîõ åëåìåíòiâ, çà óìîâè: êîåôiöi¹íòè
a

(q)
j1...jk

(1 ≤ j1 < ... < jk ≤ n, k = 1, ..., gq(n), q = 1, ..., N) � íåçàëåæíi âèïàä-

êîâi âåëè÷èíè ç ðîçïîäiëîì P
{
a

(q)
j1...jk

= 1
}

= 1− P
{
a

(q)
j1...jk

= 0
}

= pqk;
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åëåìåíòè bq (q = 1, ..., N) � ðåçóëüòàò ïiäñòàíîâêè â ëiâó ÷àñòèíó ñèñòå-
ìè (1) ôiêñîâàíîãî n-âèìiðíîãî (0, 1)-âåêòîðà x̄0, ÿêèé ìà¹ ρ (n) íåíóëüî-
âèõ êîìïîíåíò, ρ(n) = |x̄0|; ôóíêöiÿ gq(n) (q = 1, ..., N) � íåâèïàäêîâà,
gq(n) ∈ {1, 2, ..., n} (q = 1, ..., N).

Ïîçíà÷èìî ÷åðåçM(x̄0, f(n)) ñóêóïíiñòü óñiõ n-âèìiðíèõ (0, 1)-âåêòîðiâ
x, ÿêi íå ñïiâïàäàþòü ç x0 òà ìàþòü êiëüêiñòü |x̄| íåíóëüîâèõ êîìïîíåíò,
ÿêà çàäîâîëüíÿ¹ íåðiâíîñòi |x̄| ≥ f(n), f(n) ∈ {0, 1, 2, ..., n}. ×èñëî óñiõ
ðîçâ'ÿçêiâ ñèñòåìè (1), ÿêi íàëåæàòü ìíîæèíi M(x̄0, f(n)), ïîçíà÷èìî ÷å-
ðåç νn i áóäåìî íàçèâàòè ¨õ ñòîðîííiìè. Çíàéäåíî óìîâè, çà ÿêèõ âiäïî-
âiäíèì ÷èíîì íîðìîâàíà âèïàäêîâà âåëè÷èíà νn ìà¹ ãðàíè÷íèé (n → ∞)
íîðìàëüíèé ðîçïîäië i ïðè öüîìó n − ρ(n) → ∞ (n → ∞), f(n) ≥ 2. Òóò
áóëî âèêîðèñòàíî ïiäõiä, çàïðîïîíîâàíèé â [1].

[1] Ìàñîë Â.È.Î íîðìàëüíîì ïðåäåëüíîì ðàñïðåäåëåíèè ÷èñëà ëîæíûõ ðåøåíèé ñè-
ñòåìû íåëèíåéíûõ ñëó÷àéíûõ áóëåâûõ óðàâíåíèé // Îáîçðåíèå ïðèêë. è ïðîìûøë.
ìàòåì. � 2005. � ò. 12, â. 2

Ïðèíöèï âåëèêèõ âiäõèëåíü äëÿ ñiì'¨ îäíîâèìiðíèõ
ÑÄÐ ç ðîçðèâíèìè êîåôiöi¹íòàìè

Ñîáîë¹âà Äàðèíà Äìèòðiâíà

Êè¨âñüêèé Íàöiîíàëüíèé Óíiâåðñèòåò iì. Òàðàñà Øåâ÷åíêà

dsobolieva@yandex.ua

Â äîïîâiäi ðîçãëÿäà¹òüñÿ ïðèíöèï âåëèêèõ âiäõèëåíü äëÿ îäíîâèìiðíèõ
ñòîõàñòè÷íèõ äèôåðåíöiàëüíèõ ðiâíÿíü ç ðîçðèâíèìè êîåôiöi¹íòàìè. Áóäå
ïîêàçàíî, ùî ó âèïàäêó ðîçðèâíèõ êîåôiöi¹íòiâ ôóíêöiîíàë äi¨ â àñèì-
ïòîòèöi âåëèêèõ âiäõèëåíü âiäðiçíÿ¹òüñÿ âiä ôóíêöiîíàëó äi¨ ó âiäîìîìó
ðåçóëüòàòi Âåíòöåëÿ òà Ôðåéäëiíà.

Âèêîðèñòàíî ðåçóëüòàòè ðîáiò [1] òà [2].

[1] Sobolieva D. Large deviations for one-dimensional SDE with discontinuous di�usion
coe�cient / Alexei M. Kulik, Daryna D. Soboleva // Theory of Stochastic Processes
18(34) (2012), no. 1, 101�110.
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[2] Sobolieva D. Large deviation principle for one-dimensional SDEs with discontinuous
coe�cients / Daryna D. Sobolieva // Theory of Stochastic Processes 18(34) (2012),
no. 2, 102�108.

Ïðî iñíóâàííÿ òà ¹äèíiñòü ñèëüíîãî ðîçâ'ÿçêó
ðiâíÿííÿ ùî çàäà¹ ðóõ ñèñòåìè âçà¹ìîäiþ÷èõ ÷àñòèíîê

ç íåñêií÷åííîþ ñóêóïíîþ ìàñîþ

Òàíöþðà Ì. Â.

Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè

mtan@meta.ua

Íåõàé, {wi(t), i ∈ Z} � íåçàëåæíi âiíåðiâñüêi ïðîöåñè, µ =
∑
k∈Z δuk �

ïóàñîíiâñüêà òî÷êîâà ìiðà. Ðîçãëÿíåìî íåñêií÷åííó ñèñòåìó ñòîõàñòè÷íèõ
äèôåðåíöiàëüíèõ ðiâíÿíü dXi(t) = a(Xi(t), µ(t))dt+ dwi(t), i ∈ Z, t ∈ [0, T ]

µ(t) =
∑
k∈Z δXk(t)

Xi(0) = ui, i ∈ Z.
(1)

Ñèñòåìó ðiâíÿíü (1) ìîæíà ðîçãëÿäàòè ÿê ðiâíÿííÿ, ùî çàäà¹ ðóõ ó âè-
ïàäêîâîìó ñåðåäîâèùi íåñêií÷åííî¨ ñèñòåìè ÷àñòèíîê çi âçà¹ìîäi¹þ. Ïðè
öüîìó µ =

∑
k δuk ìîæíà òðàêòóâàòè ÿê ïî÷àòêîâèé ðîçïîäië ìàñ, âèïàäêî-

âó âåëè÷èíó Xi(t) � ÿê ïîëîæåííÿ â ìîìåíò ÷àñó t ÷àñòèíêè ùî ñòàðòóâàëà
ç ui, ìiðó µ(t) � ÿê ðîçïîäië ìàñ ÷àñòèíîê â ìîìåíò ÷àñó t. Ôóíêöiÿ a âiä-
ïîâiäà¹ çà âçà¹ìîäiþ ìiæ ÷àñòèíêàìè.

Äëÿ ñèñòåìè (1) äîâåäåíî iñíóâàííÿ òà ¹äèíiñòü ñèëüíîãî ðîçâ'ÿçêó çà
óìîâè, ùî iíòåíñèâíiñòü ïóàñîíiâñüêî¨ òî÷êîâî¨ ìiðè m â çàäîâîëüíÿ¹ ñïiâ-
âiäíîøåííÿ

∃C > 0 ∀n ∈ N : m([−n, n]) ≤ nC,

à ôóíêöiÿ a ¹ âèìiðíîþ, îáìåæåíîþ òà çàäîâîëüíÿ¹ óìîâó ñêií÷åííîñòi
ðàäióñó âçà¹ìîäi¨:

a(x, µ) = a(x, µI[x−d,x+d])

äëÿ äåÿêîãî d > 0.
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Ïîáóäîâà ìîäåëi ãàóññîâîãî âèïàäêîâîãî ïðîöåñó iç
çàäàíîþ òî÷íiñòþ òà íàäiéíiñòþ â ïðîñòîði C(T )

Êîçà÷åíêî Þðié Âàñèëüîâè÷

Êè¨âñüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. Òàðàñà Øåâ÷åíêà

ykoz@ukr.net

Òðîøêi Íàòàëiÿ Âàñèëiâíà

Êè¨âñüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. Òàðàñà Øåâ÷åíêà

FedoryanichNatali@ukr.net

Â äîïîâiäi ðîçãëÿäà¹òüñÿ ìîäåëü äåÿêîãî öåíòðîâàíîãî ãàóññîâîãî âèïàä-
êîâîãî ïðîöåñó ξ(t) ç íàñòóïíîþ êîâàðiàöiéíîþ ôóíêöi¹þ

R(t, s) =

∞∫
0

g(t, λ)g(s, λ)dF (λ),

ùî íàáëèæà¹ éîãî ç çàäàíîþ òî÷íiñòþ òà íàäiéíiñòþ â ïðîñòîði C(T ).

Äëÿ ñòàöiîíàðíèõ ïðîöåñiâ òà äåÿêèõ iíøèõ ïîáóäîâà ìîäåëåé ç çàäà-
íîþ íàäiéíiñòþ òà òî÷íiñòþ â ðiçíèõ ìåòðèêàõ ðîçãëÿäà¹òüñÿ â [1], [2], [3].
Íåîáõiäíó iíôîðìàöiþ ç òåîði¨ ñóáãàóññîâèõ âèïàäêîâèõ âåëè÷èí ìîæíà
çíàéòè â êíèçi [4] òà ðîáîòi [5].

Çãiäíî ç òåîðåìîþ Êàðóíåíà âèïàäêîâèé ïðîöåñ ξ(t) ìîæå áóòè çîáðà-
æåíèé íàñòóïíèì ÷èíîì

ξ(t) =

∞∫
0

g(t, λ)dη(λ),

äå η(λ) - ãàóññîâèé ïðîöåñ ç íåçàëåæíèìè ïðèðîñòàìè, E(η(b) − η(c))2 =
F (b)− F (c), b > c. Eη(λ) = 0, à äëÿ ôóíêöi¨ g(t, λ) âèêîíó¹òüñÿ

| g(t, λ)− g(t, u) |≤ S(| u− λ |) · Z(t),

äå Z(t) - äåÿêà íåïåðåðâíà ôóíêöiÿ, S(λ), λ ∈ R - ìîíîòîííà ôóíêöiÿ, òàêà
S(λ)→ 0 êîëè λ→ 0.

Ðîçãëÿäà¹òüñÿ ðîçáèòòÿ L = {λ0, ..., λN} ìíîæèíè[0,∞] òàêå, ùî λ0 =
0, λk < λk+1, λN−1 = Λ, λN =∞, äå Λ > 0 äåÿêå ÷èñëî.
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Òîäi ìîäåëü ìàòèìå íàñòóïíèé âèãëÿä

ξΛ(t) =

N−1∑
k=0

ηkg(ζk, t),

äå ηk, ζk íåçàëåæíi âèïàäêîâi âåëè÷èíè, ηk - ãàóññîâi âèïàäêîâi âåëè÷èíè
òàêi, ùî Eηk = 0, Eη2

k = F (λk+1)−F (λk) = b2k, ζk - âèïàäêîâi âåëè÷èíè, ùî
ïðèéìàþòü çíà÷åííÿ íà âiäðiçêàõ [λk, λk+1] i ÿêùî b2k > 0, òîäi

Fk(λ) = P{ζk < λ} =
F (λ)− F (λk)

F (λk+1)− F (λk)
.

ßêùî b2k = 0, òîäi ζk = 0 ç éìîâiðíiñòþ îäèíèöÿ.

Äëÿ òàêîãî âèïàäêîâîãî ïðîöåñó ξ(t) òà ìîäåëi ξΛ(t) ìà¹ ìiñöå íàñòóïíà
òåîðåìà.

Òåîðåìà 1 Íåõàé ó ìîäåëi ξΛ(t) ðîçáèòòÿ L òàêå, ùî ïðè δ > 0, θ ∈ (0, 1)
íàñòóïíå ñïiââiäíîøåííÿ âèêîíó¹òüñÿ

2 exp

{
− (δ(1− θ))2

2ε2
0

}
r(−1)

(
Îr(θε0)

θε0

)
≤ β,

äå ε0 = sup
t∈T

τ(ηΛ(t)), ηΛ(t) = ξ(t) − ξΛ(t), r(x), x ≥ 1 - äîäàòíüîâèçíà÷åíà,

ìîíîòîííî çðîñòàþ÷à i òàêà, ùî ôóíêöiÿ r(exp{x}) âèïóêëà

Îr(θε0) ≤
θε0∫
0

r(T2 (C(−1)(ε(S2
(

Λ
N

)
F (Λ)+

+
∞∫
Λ

∞∫
Λ

S2(| λ− u |)dF (λ)dF (u))−
1
2 ))−1)dε,

Îr(θε0) ≤ ∞.

äå C(−1)(h), h > 0 ôóíêöiÿ îáåðíåíà äî C(h) = sup
|t−s|≤h

(Z(t)− Z(s)).

Òîäi ìîäåëü ξΛ(t) íàáëèæà¹ ξ(t) ç çàäàíîþ íàäiéíiñòþ 1− β, 0 < β < 1
òà òî÷íiñòþ δ > 0 â ïðîñòîði C([0, T ]).

[1] Kozachenko Yu., Rozora I. Simulation of stochastic processes // Random Operators
and Stochastic Equations, Vol. 11 �3 2003, pp. 275-296.
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[2] Kozachenko Yu., Rozora I. Aplication of the theory of Squere-Gaussian Processes to
simulation of Stochastic Processes // Theory of Stochastic Processes. Vol.12 �28 (3-4),
2006, pp. 43-54.

[3] Kozachenko Yu.V., Rozora I.V. and Turchyn Ye.V. On an expansion of random
processes in series// Random Operators and Stochastic Equations. Vol. 15, 2007, pp.
15-33.

[4] Buldygin V.V., Kozachenko Yu.V. Metric characterization of random variables and
random processes// Amer. Math. Soc., Providence, RI., 2000

[5] Buldygin V.V., Kozachenko Yu.V. Sub-Gaussian random variables // Ukrainian
Matheematical Journal. Vol. 32 �6, 1980, pp. 483-489.

Ñõåìà iäåàëüíîãî øóìîïîãëèíàííÿ äëÿ ñèãíàëiâ iç
ϕ-ñóáãàóñîâèìè ïåðåøêîäàìè "õâîñòè"ðîçïîäiëiâ ÿêèõ

"ëåãøi"çà ãàóñîâi

Òðîøêi Âiêòîð Áåéëîâè÷

ÄÂÍÇ "Óæãîðîäñüêèé íàöiîíàëüíèé óíiâåðñèòåò"

btroshki@ukr.net

Â äîïîâiäi ðîçãëÿäà¹òüñÿ ñõåìà iäåàëüíîãî øóìîïîãëèíàííÿ äëÿ ñèãíàëiâ
iç ϕ-ñóáãàóñîâèìè ïåðåøêîäàìè "õâîñòè"ðîçïîäiëiâ ÿêèõ "ëåãøi"çà ãàóñîâi.

Ìåòà: ðîçøèðèòè ðåçóëüòàòè îòðèìàíi â ðîáîòàõ [3] òà [5] äëÿ áiëüø
øèðîêîãî êëàñó âåêòîðiâ.

Íåõàé L - öå ñiì'ÿ îðòîíîðìîâàíèõ áàçèñiâ â Rn,Mn - öå íàáið ðiçíèõ
âåêòîðiâ ç L. Mn-öå ïîòóæíiñòüMn. B - öå îðòîíîðìîâàíèé áàçèñ â Rn.

Ïîêëàäåìî δn(λ) = 4λ(1 + 2 logMn)) i Λn = Λn(λ) = τ2δn(λ), λ > 2.

Íåõàé äàíi ïðåäñòàâëåíi òàêèì ÷èíîì

y = s+ z (1)

äå s öå âèçíà÷åíèé ñèãíàë, à z- öå âåêòîð øóìó êîîðäèíàòè ÿêîãî ¹ íå-
çàëåæíèìè ϕ-ñóáãàóñîâèìè âèïàäêîâèìè âåëè÷èíàìè. Íåõàé s̃ - öå îöiíêà
ñèãíàëà s.

Âèçíà÷èìî ñêëàäåíèé ôóíêöiîíàë

K(s̃, s) =‖ s̃− s ‖22 +Λn min
B∈L

∑
{i,s̃i[B] 6=0}

1 =‖ s̃− s ‖22 +ΛnNL(s̃)

äå
NL(s̃) = min

B
#{ei ∈ B : s̃i[B] 6= 0}.

37



×åðåç s0 ïîçíà÷èìî íàéìåíøèé òåîðåòè÷íèé ñèãíàë, òîáòî

K(s0, s) = min
ŝ
K(ŝ, s)

.

Íåõàé j0 ≡ max(NL(s0), 1).

Òåîðåìà 1 Íåõàé ϕ(x) = xp

p , 1 < p ≤ 2 i ϕ∗(x) = xq

q , äå q òàêå ÷èñëî, ùî

ìà¹ ìiñöå ðiâíiñòü 1
p + 1

q = 1. ßêùî äàíi ïðåäñòàâëåíi ó âèãëÿäi (2), òîäi
ïðè t = 1

P

{
‖ s̃− s ‖22>

2λδn(λ)

λ− 2
R∗(s,L)

}
≤ exp{C − j0}

M j0
n

,

äå R∗(s,L) = min
B

∑
i

min
(
s2
i [B] , τ2

)
, C = 1 + 2

q+2
q Cq exp

{
C 1

2 ,q

}
, C 1

2 ,q
=

4
2
q−2 q−2

q , Cq =
∞∫
0

exp
{
−v

q/2

q

}
dv.

[1] Þ. Â. Êîçà÷åíêî, Å. È. Îñòðîâñêèé, Áàíàõîâû ïðîñòðàíñòâà ñëó÷àéíûõ âåëè÷èí
òèïà ñóáãàóññîâñêèõ // Òåîðèÿ âåðîÿòí. è ìàòåì. ñòàòèñò. 32, 1985,-42-53.

[2] R. Guiliano Antonini, Yu. Kozachenko, and T. Nikitina Spaces of ϕsubgaussian random
variables // Memorie di Matematica e Applicazioni XXVII, 2003, �1, 95-124.

[3] Sebastian E. Ferrando, Randall Pyke Ideal denoising for signals in sub-gaussian noise
//Applied and Computational Harmonic Analisis - Volume 24, Issue1, January 2008, P.
1-13.

[4] Buldygin V.V., Kozachenko Yu.V. Metric characterization of random variables and
random processes // Amer. Math. Soc., Providence, RI, 2000.

[5] D.L. Donoho, I.M. Johnstone Ideal denoising in an orthonormal basis chosen from a
library of bases // C.R. Acad. Sci. Paris A. 319, 1994, 1317-1322.

Äåÿêi îöiíêè íà ÷èñëî ïðîöåñiâ ïîòîêó Àðàòüÿ

×åðíåãà Ïàâëî Ïåòðîâè÷

Iíñòèòóò Ìàòåìàòèêè Íàöiîíàëüíî¨ Àêàäåìi¨ Íàóê Óêðà¨íè

pasha_ch@i.ua

Çàçíà÷èìî, ùî Õàððiñ â ðîáîòi [1, ñ. 198] îòðèìàâ ðåçóëüòàò, çãiäíî
ÿêîìó ÷èñëî ðiçíèõ ÷àñòèíîê Ns,[a;b] â ìîìåíò ÷àñó s ñåðåä ÷àñòèíîê ïîòîêó

38



Àðàòüÿ, ÿêi ñòàðòóâàëè ç òî÷îê iíòåðâàëó [a; b] â íóëüîâèé ìîìåíò ÷àñó, ¹
ñêií÷åííèì äëÿ äîâiëüíîãî îáìåæåíîãî iíòåðâàëó [a; b].

Ìè çàïðîïîíó¹ìî îöiíêó äëÿ äðóãîãî ìîìåíòó âèïàäêîâî¨ âåëè÷èíè
Ns,[a;b].

Ëåìà. Äëÿ äîâiëüíîãî îáìåæåíîãî iíòåðâàëó [a; b] i ìîìåíòó ÷àñó s > 0
âèêîíó¹òüñÿ íåðiâíiñòü

EN2
s,[a;b] ≤

(b− a)e
b−a√
πs

√
πs

(1 +
b− a√
πs

).

Äîâåäåííÿ. Ââåäåìî ïîçíà÷åííÿ

Rm :=
∑

umk ∈[a;b]

1{x(umk ,s)>x(umk−1,s)}.

Çàóâàæèìî, ùî Rm = n− 1 òîäi i òiëüêè òîäi, êîëè â òî÷íîñòi n ÷àñòèíîê,
ÿêi ñòàðòóâàëè ç òî÷îê umk ∈ [a; b], íå ñêëå¨ëèñü äî ìîìåíòó ÷àñó s. Îñêiëüêè
ðîçáèòòÿ ∆m := {umk = k

2m , k ∈ Z}, m ≥ 1 ¹ âêëàäåíèìè, ∆m ⊂ ∆m+1,
ñïðàâåäëèâà íåðiâíiñòü Rm ≤ Rm+1. Ìà¹ ìiñöå íàñòóïíå ñïiââiäíîøåííÿ

P{Rm = n− 1} =

∫
{z1<z2<...<zn}

dz1 . . . dznρlm, n(z1, ..., zn; s),

lm = ]{k : umk ∈ [a; b]}

äå ρlm, n(z1, ..., zn; s) - ãóñòèíà, ÿêà âèçíà÷à¹òüñÿ ç ðiâíîñòi

P{ñåðåä ÷àñòèíîê {x(umk , s), u
m
k ∈ [a; b]} ¹ ðiâíî n ðiçíèõ, ðîçòàøîâàíèõ

â iíòåðâàëàõ [z1, z1 + dy1], . . . , [zn, zn + dzn]}

= ρlm, n(z1, . . . , zn; s)dz1 . . . dzn.

Îöiíèìî äðóãèé ìîìåíò âèïàäêîâî¨ âåëè÷èíè Rm. Îñêiëüêè òðà¹êòîði¨
ïðîöåñiâ ïîòîêó Àðàòüÿ âïîðÿäêîâàíi i íå ïåðåòèíàþòüñÿ ç òðà¹êòîðiÿìè
ïðîöåñiâ äóàëüíîãî ïîòîêó x [2, ñ. 95] íà ïðîìiæêó ÷àñó [0; s], äëÿ äîâiëüíèõ
÷èñåë a1 < b1 < . . . < an < bn âèêîíó¹òüñÿ íàñòóïíå ñïiââiäíîøåííÿ ìiæ
âèïàäêîâèìè ïîäiÿìè (ç òî÷íiñòþ äî ìíîæèí íóëüîâî¨ ìiðè)

{ñåðåç ÷àñòèíîê {x(umk , s), u
m
k ∈ [a; b]} ¹ ðiâíî n ðiçíèõ, ðîçòàøîâàíèõ

â iíòåðâàëàõ [a1, b1], . . . , [an, bn]} ⊆

{ñåðåä ÷àñòèíîê x(b1, T − s), x(b2, T − s)b2, . . . , x(bn−1, T − s) ¹ ðiâíî n− 1
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ðiçíèõ â ìîìåíò ÷àñó íóëü, ðîçòàøîâàíèõ â èíòåðâàëi [a; b]}.

Òîìó ∫
{a1≤z1≤b1,...,an≤zn≤bn}

dz1 . . . dznρlm, n(z1, ..., zn; s) ≤

≤
∫

{a≤z1<z2<...<zn−1≤b}

dz1 . . . dzn−1ρ̃n−1,n−1(z1, ..., zn−1; s),

äå ãóñòèíà ρ̃n−1,n−1(z1, ..., zn−1; s) âiäïîâiäà¹ òî÷êàì ñòàðòó b1, b2, . . . , bn−1

ïðîöåñiâ ïîòîêó Àðàòüÿ.

Äëÿ äîâiëüíèõ yi ∈ R, y1 < . . . < yn, t > 0 ìà¹ ìiñöå íåðiâíiñòü [?, ñ.
718]

ρ̃n,n(y1, . . . , yn; t) ≤ (πt)−
n
2 , n ∈ N

Îñêiëüêè

∞∑
n=1

n2

s
n
2 n!

=

∞∑
n=1

n

s
n
2 (n− 1)!

=
e

1√
s

√
s

(1 +
1√
s

), s > 0,

ñïðàâåäëèâà îöiíêà

sup
m≥1

E(Rm)2 ≤ (b− a)e
b−a√
πs

√
πs

(1 +
b− a√
πs

).

Äàëi, âèêîðèñòîâóþ÷è ñïiââiäíîøåííÿ

Ns,[a;b] = lim
m→∞

Rm

îòðèìó¹ìî òâåðäæåííÿ ëåìè.

[1] T. E. Harris. Coaslescing and noncoalescing stochastic �ows in R1 -
Stochastic Processes and their Applications, 17 1984, 187�210.

[2] R. Arratia. Coalescing Brownian motions on the line - Ph.D. thesis, Uni-
versity of Wisconsis, Madison, 1979.

[3] R. Munasinghe, R. Rajesh, R. Tribe, O. Zaboronskiy. Multi-Scaling of the
n-Point Density Function for Coalescing Brownian Motions - Commun.
Math. Phys. 2006, no. 268, 717�725.
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Äèôóçiéíi ïðîöåñè i íåëîêàëüíi çàäà÷i äëÿ
ïàðàáîëi÷íèõ ðiâíÿíü

Øåâ÷óê Ðîìàí Âîëîäèìèðîâè÷

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà
r.v.shevchuk@gmail.com

Äîïîâiäü ïðèñâÿ÷åíà ïðîáëåìi ïîáóäîâè äâîïàðàìåòðè÷íèõ íàïiâãðóï
îïåðàòîðiâ, ÿêi îïèñóþòü çàãàëüíi êëàñè îäíîâèìiðíèõ íåîäíîðiäíèõ â ÷àñi
äèôóçiéíèõ ïðîöåñiâ â îáìåæåíèõ òà íàïiâîáìåæåíèõ îáëàñòÿõ ïðè çàäà-
íèõ â òî÷êàõ ìåæi öèõ îáëàñòåé çàãàëüíèõ êðàéîâèõ óìîâàõ ÷è óìîâàõ
ñïðÿæåííÿ òèïó Ôåëëåðà-Âåíòöåëÿ ( [1]). Äîñëiäæåíî òðè çàäà÷i. Ïåðøà
ç íèõ ïîëÿãà¹ â òîìó, ùîá ïîáóäóâàòè äâîïàðàìåòðè÷íó íàïiâãðóïó ëi-
íiéíèõ îïåðàòîðiâ, ÿêà îïèñó¹ íåîäíîðiäíèé ïðîöåñ Ôåëëåðà íà ïiâïðÿìié
[0,∞) òàêèé, ùî â ¨¨ âíóòðiøíiõ òî÷êàõ âií çáiãà¹òüñÿ iç äèôóçiéíèì ïðîöå-
ñîì, êåðîâàíèì çàäàíèì äèôåðåíöiàëüíèì îïåðàòîðîì äðóãîãî ïîðÿäêó, à
â íóëi ïîâåäiíêà öüîãî ïðîöåñó âèçíà÷à¹òüñÿ çàãàëüíîþ êðàéîâîþ óìîâîþ
Ôåëëåðà-Âåíòöåëÿ. Äðóãà çàäà÷à � öå òàê çâàíà çàäà÷à ïðî ñêëåþâàííÿ
äâîõ íåîäíîðiäíèõ äèôóçiéíèõ ïðîöåñiâ íà ïðÿìié. Âîíà ïîëÿãà¹ â òîìó,
ùîá îïèñàòè çàãàëüíèé êëàñ íåîäíîðiäíèõ ôåëëåðiâñüêèõ ïðîöåñiâ íà R
òàêèõ, ùî â îáëàñòÿõ (−∞, 0), (0,∞) âîíè çáiãàþòüñÿ iç çàäàíèìè òàì äè-
ôóçiéíèìè ïðîöåñàìè, à â òî÷öi íóëü ¨õ ïîâåäiíêà âèçíà÷à¹òüñÿ çàãàëüíîþ
óìîâîþ ñïðÿæåííÿ òèïó Ôåëëåðà-Âåíòöåëÿ. Òðåòÿ çàäà÷à ¹ óçàãàëüíåííÿì
äâîõ ïîïåðåäíiõ çàäà÷: ïîáóäóâàòè íåîäíîðiäíèé ôåëëåðiâñüêèé ïðîöåñ íà
âiäðiçêó, ÷àñòèíè ÿêîãî ó âíóòðiøíiõ òî÷êàõ âiäïîâiäíèõ ïðîìiæêiâ äàíîãî
âiäðiçêà, ðîçäiëåíèõ ìiæ ñîáîþ äåÿêîþ ôiêñîâàíîþ òî÷êîþ, çáiãàþòüñÿ iç
çàäàíèìè òàì íåîäíîðiäíèìè äèôóçiéíèìè ïðîöåñàìè, à ïîâåäiíêà øóêàíî-
ãî ïðîöåñó â öié ôiêñîâàíié òî÷öi, à òàêîæ íà êiíöÿõ âiäðiçêà âèçíà÷à¹òüñÿ
âiäïîâiäíî óìîâîþ ñïðÿæåííÿ i êðàéîâèìè óìîâàìè Ôåëëåðà-Âåíòöåëÿ.

Äëÿ ðîçâ'ÿçàííÿ ñôîðìóëüîâàíèõ çàäà÷ çàñòîñîâàíî àíàëiòè÷íèé ìå-
òîä. Çà òàêîãî ïiäõîäó ïèòàííÿ ïðî iñíóâàííÿ äâîïàðàìåòðè÷íèõ íàïiâãðóï
îïåðàòîðiâ, ÿêi îïèñóþòü øóêàíi ïðîöåñè ïðàêòè÷íî çâîäèòüñÿ äî äîñëi-
äæåííÿ âiäïîâiäíèõ êðàéîâèõ çàäà÷ i çàäà÷ ñïðÿæåííÿ äëÿ ëiíiéíîãî ïàðà-
áîëi÷íîãî ðiâíÿííÿ äðóãîãî ïîðÿäêó çi çìiííèìè êîåôiöi¹íòàìè, êëàñè÷íó
ðîçâ'ÿçíiñòü ÿêèõ âñòàíîâëåíî ìåòîäîì ãðàíè÷íèõ iíòåãðàëüíèõ ðiâíÿíü ç
âèêîðèñòàííÿì ïàðàáîëi÷íèõ ïîòåíöiàëiâ ïðîñòîãî øàðó.

[1] Âåíòöåëü À. Ä. Ïîëóãðóïïû îïåðàòîðîâ, ñîîòâåòñòâóþùèå îáîáùåííîìó äèôôå-
ðåíöèàëüíîìó îïåðàòîðó âòîðîãî ïîðÿäêà // Äîêë. ÀÍ ÑÑÑÐ 111 (1956), no. 2,
269�272.
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2 ÑÅÊÖIß ÌÀÒÅÌÀÒÈ×ÍÎÃÎ ÀÍÀËIÇÓ

Some problems in theory of entire functions of
unbounded index in direction

Bandura Andriy Ivanovych

Department of Higher Mathematics
Ivano-Frankivs'k National Technical University of Oil and Gas

andriykopanytsia@gmail.com

Kulinich Halyna Mykhaylivna

Department of Higher Mathematics
Ivano-Frankivs'k National Technical University of Oil and Gas

Main de�nitions and denotations see in [1]- [2]. Bandura A. I. and Skaskiv O.
B. were proved a such assertion in [1].

Òåîðåìà 1 An entire function F (z), z ∈ Cn be a function of bounded L-index
in direction b ∈ Cn if and only if there exists number M > 0 such that for
all z0 ∈ Cn a function gz0(t) = F (z0 + tb) be a function of bounded lz0-index
N(gz0 , lz0) ≤ M < +∞, as a function of variable t ∈ C (lz0(t) ≡ L(z0 + tb)).
Thus Nb(F,L) = max{N(gz0 , lz0) : z0 ∈ Cn}.

In view of this theorem it was arised a natural question Is there an entire
function F (z), z ∈ Cn and b ∈ Cn such that N(gz0 , lz0) < +∞ for all
z0 ∈ Cn, but Nb(F,L) = +∞?

Later we gave a positive answer [2]: a function cos
√
z1z2 has described

properties for b = (1, 1) and L(z) = 1.

But it is traditionally that a solution of some problem leads to new problems.
In our case there are interesting questions:

1. what are conditions on zero set and growth of entire functions such that it
provides an index boundedness of F (z0

1 + t, z0
2 + t) for every (z0

1 , z
0
2) ∈ C2

and an index unboundedness of F (z1, z2) in direction (1, 1)?

2. how does it construct an entire function F of n variables such that F (z0 +
tb) be of bounded index for any z0 ∈ Cn, but F (z) be of unbounded index
in direction b = (1, . . . , 1) (n ≥ 3, L(z) ≡ 1)?

For example, a function F = cos
√
z1z2z3 is not a solution because a function

cos
√

(z0
1 + t)(z0

2 + t)(z0
3 + t) is of bounded l-index with l(t) =

√
t 6≡ 1.We shall

discus the possible ways of solution for these problems.
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[1] Bandura A. I., Skaskiv O. B. Entire functions of bounded L-index in direction //
Matem. Studii. � 2007. � Vol. 27, No 1. � P. 30�52. (in Ukrainian)

[2] Bandura A. I., Skaskiv O. B. Entire functions of bounded and unbounded index in
direction// Matem. Studii. � 2007. � Vol. 27, No 2. � P.211-215. (in Ukrainian)

Çáiæíiñòü ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ ç
íåðiâíîçíà÷íèìè çìiííèìè

Áàðàí Îêñàíà �âãåíi¨âíà

IÏÏÌÌ iì. ß. Ñ. Ïiäñòðèãà÷à ÍÀÍÓ

boe13ukr.net

Áîäíàð Äìèòðî Iëüêîâè÷

Òåðíîïiëüñüêèé íàöiîíàëüíèé åêîíîìi÷íèé óíiâåðñèòåò

dmytro_bodnar@hotmail.com

Äëÿ ïîáóäîâè äðîáîâî�ðàöiîíàëüíèõ íàáëèæåíü ôóíêöié áàãàòüîõ çìií-
íèõ âèêîðèñòîâóþòü ðiçíi êîíñòðóêöi¨ ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ (ÃËÄ).
Íàéïðîñòiøèìè çà ñòðóêòóðîþ, ÿêà àíàëîãi÷íà ñòðóêòóði êðàòíèõ ñòåïå-
íåâèõ ðÿäiâ, ¹ ãiëëÿñòi ëàíöþãîâi äðîáè ç íåðiâíîçíà÷íèìè çìiííèìè

b0 +

∞

D
k=1

ik−1∑
ik=1

ai(k)zik
bi(k)

= b0 +

N∑
i1=1

ai(1)zi1

bi(1) +

i1∑
i2=1

ai(2)zi2
bi(2) + . . .

, (1)

äå N � ôiêñîâàíå íàòóðàëüíå ÷èñëî, i(k) � ìóëüòèiíäåêñ, i(k) = i1i2 . . . ik,
1 ≤ ip ≤ ip−1, p = 1, k, k = 1, 2, . . .; i0 = N ; b0, ai(k), bi(k) � êîìïëåêñíi
÷èñëà, z = (z1, z2, . . . , zN ) ∈ CN .

Äëÿ ÃËÄ ç íåðiâíîçíà÷íèìè çìiííèìè âñòàíîâëåíî áàãàòîâèìiðíi àíà-
ëîãè îçíàê çáiæíîñòi íåïåðåðâíèõ äðîáiâ Âîðïiöüêîãî, Ñëåøèíñüêîãî-Ïðiíã-
ñãåéìà, óçàãàëüíåíî ïàðàáîëi÷íó òåîðåìó Òðîíà (÷àñòèííi ÷èñåëüíèêè íà-
ëåæàòü ïàðàáîëi÷íèì îáëàñòÿì, ÷àñòèííi çíàìåííèêè � ïiâïëîùèíàì). Ó
ïîðiâíÿííi iç ÃËÄ çàãàëüíîãî âèãëÿäó ç N ãiëêàìè ðîçãàëóæåííÿ äðîáè
âèãëÿäó (1) çáiãàþòüñÿ ó øèðøèõ îáëàñòÿõ àáî øâèäøå.

Òàêîæ äëÿ ÃËÄ ç íåðiâíîçíà÷íèìè çìiííèìè âñòàíîâëåíî îáëàñòi çáiæ-
íîñòi, ÿêi ¹ áàãàòîâèìiðíèìè óçàãàëüíåííÿìè äåÿêèõ âiäîìèõ òåîðåì (Ó.Ëåé-
òîíà i Ã. Óîëëà, Â. Òðîíà, Ë. Ëàíãå, Í. Âèøiíñêi òà Äæ. Ìàê Ëàôëiíà)
ïðî ñïàðåíi îáëàñòi çáiæíîñòi íåïåðåðâíèõ äðîáiâ. Îòðèìàíi ðåçóëüòàòè
ïðè ïåâíîìó ïiäáîði ïàðàìåòðiâ ó âèïàäêó íåïåðåðâíèõ äðîáiâ äàþòü øèð-
øi îáëàñòi çáiæíîñòi, íiæ ó ïåðåðàõîâàíèõ òåîðåìàõ.
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Ïðî ðiâíîìiðíó çáiæíiñòü 1-ïåðiîäè÷íîãî ãiëëÿñòîãî
ëàíöþãîâîãî äðîáó ñïåöiàëüíîãî âèãëÿäó â
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Ìèõàëü÷óê Ð. I.

Ëóöüêèé íàöiîíàëüíèé òåõíi÷íèé óíiâåðñèòåò

Îá'¹êòîì äîñëiäæåíü ¹ 1-ïåðiîäè÷íèé ãiëëÿñòèé ëàíöþãîâèé äðiá (ÃËÄ)
âèãëÿäó

(
1 +

∞
D
k=1

ik−1∑
ik=1

cik
1

)−1

=

1 +

N∑
i1=1

ci1

1 +
i1∑
i2=1

ci2
1 + . . .


−1

, (1)

äå cj 6= 0 � êîìïëåêñíi ÷èñëà (j = 1, N ; i0 = N � ôiêñîâàíå íàòóðàëüíå

÷èñëî). Ïîçíà÷èìî Fn =

(
1 +

n

D
k=1

ik−1∑
ik=1

cik
1

)−1

� n-é ïiäõiäíèé äðiá òàR(q)
n =

1 +
n

D
k=1

jk−1∑
jk=1

cjk
1

� n-é çàëèøîê q-ãî ïîðÿäêó äðîáó (1), äå F0 = 1; j0 = q;

R
(j)
0 = 1; R(0)

n = 1; n ≥ 0; q = 1, N .

Íåõàé çàäàíî âåêòîð âàãîâèõ êîåôiöi¹íòiâ ~v = (v1, v2, . . . , vN ) òàêèõ, ùî
vj > 0 i

∑N
j=1 vj < 1. Ïîçíà÷èìî ϑj = 1−

∑j
s=1 vs. Òîäi ñïðàâäæóþòüñÿ

Ëåìà 1 Íåõàé åëåìåíòè cj (j = 1, N) äðîáó (1) íàëåæàòü ïàðàáîëi÷íèì
îáëàñòÿì Pj(γ) i γ ∈ (−π/2;π/2), äå

Pj(γ) =
{
z ∈ C : |z| − <(ze−2iγ) ≤ 2pj cos2 γ

}
, pj = vjϑj . (2)

Òîäi çàëèøêè R(j)
n (j = 1, N ; n ≥ 0) 1-ïåðiîäè÷íîãî ÃËÄ íàëåæàòü âiäïî-

âiäíî ïiâïëîùèíàì H(ϑj , γ), äå H(ϑj , γ) =
{
z ∈ C : <(ze−iγ) ≤ ϑj cos γ

}
.
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Òåîðåìà 2 Íåõàé åëåìåíòè cj äðîáó (1) íàëåæàòü ïàðàáîëi÷íèì îáëà-
ñòÿì (2). Òîäi öåé äðiá ðiâíîìiðíî çáiãà¹òüñÿ íà áóäü-ÿêîìó êîìïàêòi
ìíîæèíè P = P1 × P2 × . . . × PN i îáëàñòþ éîãî çíà÷åíü ¹ êðóã K(γ) ={
z ∈ C :

∣∣∣∣∣z − exp(−iγ)

2ϑN cos γ

∣∣∣∣∣ ≤ 1

2ϑN cos γ

}
.

Ãåîìåòðè÷íå ïðîäîâæåííÿ ïîëiíîìiâ íà áàíàõîâèõ
ïðîñòîðàõ

Âåðêàëåöü Íàäiÿ Áîãäàíiâíà

ÄÂÍÇ �Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Âàñèëÿ
Ñòåôàíèêà�

nadyaverkalets@ukr.net

Íåõàé X � êîìïëåêñíèé áàíàõiâ ïðîñòið, P(X) � àëãåáðà âñiõ íåïåðåðâ-
íèõ êîìïëåêñíîçíà÷íèõ ïîëiíîìiâ íà X i P(nX) ⊂ P(X) � ïiäïðîñòið n-
îäíîðiäíèõ ïîëiíîìiâ.

Ó äîïîâiäi ðîçãëÿäàþòüñÿ ïèòàííÿ ïîâ'ÿçàíi ç ïðîäîâæåííÿì ïîëiíîìiâ,
âèêîðèñòîâóþ÷è ïðèðîäí¹ ïðîäîâæåííÿ ¨õíi íóëiâ. Áóäåìî âèêîðèñòîâóâà-
òè ôàêò, ùî ÿäðî êîæíîãî îäíîðiäíîãî ïîëiíîìà íà êîìïëåêñíîçíà÷íîìó
íåñêií÷åííî âèìiðíîìó áàíàõîâîìó ïðîñòîði X ìiñòèòü â ñîái íåñêií÷åí-
íî âèìiðíèé ëiíiéíèé ïiäïðîñòið ( [1]). Òàêîæ ó äîïîâiäi ðîçãëÿäà¹òüñÿ
ïðîäîâæåííÿ Àðîíà-Áåðíåðà ïîëiíîìiâ ç P(X) íà äðóãèé ñïðÿæåíèé äî
ïðîñòîðó X òà ôàêò, ùî îïåðàòîð ïðîäîâæåíí÷ÿ P  P̃ ¹ òîïîëîãi÷íèì
ãîìîìîðôiçìîì àëãåáð P(X) òà P(X ′′) (äèâ. [2], [3]).

Îñíîâíèì ïèòàííÿì, ÿêå ðîçãëÿäà¹òüñÿ ó äîïîâiäi ¹: ×è ñïðàâåäëèâà
ðiâíiñòü Ker P̃ = ∪αV ⊥⊥α , äå Ker P̃ ¹ ïðîäîâæåííÿì Àðîíà-Áåðíåðà ïîëi-
íîìà P ,

V ⊥⊥α =
{
ϕ ∈ X ′′ : ϕ(f) = 0,∀f ∈ V ⊥α

}
,

V ⊥α = {f ∈ X ′ : f(x) = 0,∀x ∈ Vα} ,

Vα � ìàêñèìàëüíi ëiíiéíi ïiäïðîñòîðè ó Ker P?

Ïðè äîñëiäæåííi äàíîãî ïèòàííÿ äîâåäåíî íàñòóïíi òâåðäæåííÿ:

Òâåðäæåííÿ 1 Ker P̃ ⊃ ∪αV ⊥⊥α .

Corollary 2 ßêùî X ¹ äóàëüíèì ïðîñòîðîì äî áàíàõîâîãî ïðîñòîðó, òî
Ker P = ∪αV ⊥⊥α .
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Ïðî áåðiâñüêó êàòåãîðiþ ïðîñòîðó íàðiçíî
íåïåðåðâíèõ ôóíêöié

Âîëîøèí Ãàëèíà Àðêàäi¨âíà

Áóêîâèíñüêèé äåðæàâíèé ôiíàíñîâî-åêîíîìi÷íèé óíiâåðñèòåò,
×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

galja.vlshin@gmail.com

Ìàñëþ÷åíêî Âîëîäèìèð Êèðèëîâè÷

×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

vmaslyuchenko@ukr.net

Ìàñëþ÷åíêî Îëåêñàíäð Âîëîäèìèðîâè÷

Áóêîâèíñüêèé äåðæàâíèé ôiíàíñîâî-åêîíîìi÷íèé óíiâåðñèòåò,
×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

ovmasl@gmail.com

Â ðîáîòi [1] áóëî çàïðîïîíîâàíî ïðèðîäíó òîïîëîãiçàöiþ ïðîñòîðó S =
CC[0, 1]2 íàðiçíî íåïåðåðâíèõ ôóíêöié íà êâàäðàòi, íàçâàíó òàì òîïîëî-
ãi¹þ ïîøàðîâî¨ ðiâíîìiðíî¨ çáiæíîñòi. Öÿ òîïîëîãiÿ ïîðîäæó¹òüñÿ äâîìà
ñiì'ÿìèðèëîâè÷è ïåðåäíîðì

‖f‖x = max
0≤t≤1

|f(x, t)|, ‖f‖y = max
0≤t≤1

|f(t, y)|, x, y ∈ [0, 1].

Äëÿ äîâiëüíèõ òîïîëîãi÷íèõ ïðîñòîðiâ X òà Y íà ìíîæèíi CC(X × Y ),
ÿêà ñêëàäà¹òüñÿ ç óñiõ íàðiçíî íåïåðåðâíèõ ôóíêöié f : X × Y → R, ðîç-
ãëÿíåìî òîïîëîãiþ, ÿêó íàçèâàòèìåìî òîïîëîãi¹þ ïîøàðîâî¨ ðiâíîìiðíî¨
çáiæíîñòi, áàçèñíèìè îêîëàìè òî÷êè f0 â ÿêié ¹ ìíîæèíè

WA,B,ε(f0) =
{
f : ∀(x, y) ∈ (A× Y ) ∪ (X ×B)

∣∣∣ |f(x, y)− f0(x, y)| < ε
}
,
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äå A ⊆ X òà B ⊆ Y � ñêií÷åííi ìíîæèíè i ε > 0. Öåé òîïîëîãi÷íèé ïðîñòið
ïîçíà÷àòèìåìî S(X × Y ). Çðîçóìiëî, ùî S = S([0, 1] × [0, 1]). Êðiì òîãî,
ÿêùî X òà Y ïñåâäîêîìïàêòíi, òî S(X × Y ) ¹ òîïîëîãi÷íèì âåêòîðíèì
ïðîñòîðîì.

Â [1] áóëî äîâåäåíî, ùî ïðîñòið S ¹ ãàóñäîðôîâèì ïîâíèì ñåïàðàáåëü-
íèì ëîêàëüíî îïóêëèì òîïîëîãi÷íèì âåêòîðíèì ïðîñòîðîì, i ñòàâèëîñü ïè-
òàííÿ ïðî âèâ÷åííÿ éîãî ïîäàëüøèõ âëàñòèâîñòåé ÿê îò: áî÷êîâiñòü, áîðíî-
ëîãi÷íiñòü, òîùî. ßê âiäîìî, áî÷êîâiñòü òîïîëîãi÷íîãî âåêòîðíîãî ïðîñòî-
ðó âèïëèâà¹ ç éîãî áåðîâîñòi. Òîìó ïðèðîäíî äîñëiäèòè ïèòàííÿ áåðîâîñòi
ïðîñòîðó S. Ïðîòå âèÿâèëîñÿ, ùî öåé ïðîñòið S ¹ ïåðøî¨ êàòåãîði¨, i òîìó
ïèòàííÿ ïðî éîãî áî÷êîâiñòü çàëèøà¹òüñÿ âiäêðèòèì. Äëÿ äîâåäåííÿ òîãî,
ùî S ïåðøî¨ êàòåãîði¨, áóëî çíàéäåíî àæ òðè ñïîñîáè. Ïåðøèé áàçó¹òüñÿ
íà íàÿâíîñòi ïåâíèõ ñêií÷åííèõ ε-ñiòîê, äðóãèé � íà ðîçðèâíîñòi ôóíêöi¨
îá÷èñëåííÿ, à òðåòié îòðèìó¹òüñÿ çà äîïîìîãîþ òîïîëîãi÷íî¨ ãðè Øîêå.
Íàéçàãàëüíiøèé ðåçóëüòàò âäà¹òüñÿ îòðèìàòè çà äîïîìîãîþ òðåòüîãî ïiä-
õîäó, äî îïèñó ÿêîãî ìè çàðàç ïðèñòóïèìî.

Êëþ÷îâó ðîëü ó öüîìó ïiäõîäi âiäiãðà¹ íàñòóïíà òåîðåìà, ÿêà âèïëèâà¹
ç ðåçóëüòàòiâ ñòàòòi [2].

Òåîðåìà 1 Íåõàé X � íåñêií÷åííèé êîìïàêò. Òîäi iñíó¹ äèç'þíêòíà ïî-
ñëiäîâíiñòü ñêií÷åííèõ ìíîæèí An ⊆ X, òàêà, ùî äëÿ äåÿêî¨ òî÷êè
a ∈ X i äîâiëüíîãî ¨¨ îêîëó U iñíó¹ òàêèé íîìåð n0, ùî An ∩ U 6= ∅
ïðè n ≥ n0.

ßê âiäîìî [3], ÿêùî ó ãði Øîêå ãðàâåöü β ìà¹ äåÿêó âèãðàøíó ñòðàòå-
ãiþ σ, òî ïåðøèé õiä σ(∅) ãðàâöÿ β çà öi¹þ ñòðàòåãi¹þ ¹ ìíîæèíîþ ïåðøî¨
êàòåãîði¨. Äàëi, âèêîðèñòîâóþ÷è ïîïåðåäíþ òåîðåìó, ìè áóäó¹ìî òàêó âè-
ãðàøíó ñòðàòåãiþ σ äëÿ ãðàâöÿ β ó ãði Øîêå íà ïðîñòîði S(X × Y ), ó ÿêî¨
ìíîæèíà σ(∅) çáiãà¹òüñÿ ç óñiì ïðîñòîðîì, i òèì ñàìèì îäåðæó¹ìî òàêèé
ðåçóëüòàò.

Òåîðåìà 2 Íåõàé X � íåñêií÷åííèé êîìïàêò, Y � öiëêîì ðåãóëÿðíèé
òîïîëîãi÷íèé ïðîñòið áåç içîëüîâàíèõ òî÷îê, ÿêèé ¹ α-ñïðèÿòëèâèì äëÿ
ãðè Øîêå (ñêàæiìî, Y � êîìïàêò áåç içîëüîâàíèõ òî÷îê). Òîäi ïðîñòið
S(X × Y ) ¹ ïåðøî¨ êàòåãîði¨ â ñîái.

[1] Âîëîøèí Ã.À., Ìàñëþ÷åíêî Â.Ê. Òîïîëîãiçàöiÿ ïðîñòîðó íàðiçíî íåïåðåðâíèõ ôóí-
êöié // Êàðïàòñüêi ìàòåìàòè÷íi ïóáëiêàöi¨. � 2013. � 5, �2. � Ñ. 199-207.

[2] Banakh T., Mykhaylyuk V., Zdomskyy L.On meager function spaces, network character
and meager convercent in topological spaces // Coment. Math. Univ. Carolin. � 2011. �
52, �2. � P. 273-281.
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� 1984. � 87, N4. � P.409�504.

Îöiíþâàííÿ ðiçíèöü êîðåíiâ ìíîãî÷ëåíà, çàëåæíîãî
âiä öiëî÷èñëîâîãî ïàðàìåòðà

Âîëÿíñüêà Iðèíà Iãîðiâíà

Íàöiîíàëüíèé óíiâåðñèòåò
”
Ëüâiâñüêà ïîëiòåõíiêà“

i.volyanska@mail.ru

Iëüêiâ Âîëîäèìèð Ñòåïàíîâè÷

Íàöiîíàëüíèé óíiâåðñèòåò
”
Ëüâiâñüêà ïîëiòåõíiêà“

ilkivv@i.ua

Ó ðîáîòi ïðîâåäåíà îöiíêà çíèçó ðiçíèöü äiéñíèõ ÷àñòèí êîðåíiâ ìíîãî-
÷ëåíà, ùî çàëåæèòü âiä öiëî÷èñëîâîãî ïàðàìåòðà.

Ïðè äîñëiäæåííi ðîç'ÿçêiâ çàäà÷
n∑

m=0
bm(k)

dn−muk(t)

dtn−m
= 0, uk(0) = ϕ1k,

uk(t1) = ϕ2k, . . . , uk(T ) = ϕnk, äå bm(k) =
m∑

s1=0
(ik)s1an−m,s1 �ìíîãî÷ëåíè

ñòåïåíÿ íå âèùå m, tj = (j − 1)t0, t0 > 0, ϕjk �êîåôiöi¹íòè Ôóð'¹ ôóíêöi¨
ϕj , j = 1, . . . , n, ïîñòàëà ïðîáëåìà îöiíêè çíèçó, çàëåæíîãî âiä ïàðàìå-

òðà k ∈ Z, âèðàçó ∆(k) =
n∏

p=1,p6=r

(
1 − ek̃t0(λp(k)−λr(k))

)
, k̃ =

√
1 + k2, ÿêà

çâîäèòüñÿ äî îöiíêè ðiçíèöü äiéñíèõ ÷àñòèí ìíîãî÷ëåíà Pk.

Ïîáóäîâàíî ìíîãî÷ëåíè Pk, êîðåíÿìè ÿêîãî ¹ ðiçíèöi λp(k)−λr(k) i Pk1

ç êîðåíÿìè λ̄p(k)− λ̄r(k), p = 1, . . . , n, r = 1, . . . , n, p 6= r . Äëÿ ¨õ ïîáóäîâè
âèêîðèñòîâó¹òüñÿ ìàòðèöÿ ϕ(A,A) = A ⊗ I − I ⊗ A i òåîðåìà ïðî çâ'ÿçîê
ìiæ âëàñíèìè çíà÷åííÿìè ìàòðèöi A òà ϕ(A,A) [1], äå ⊗�ïðÿìèé äîáóòîê
ìàòðèöü, I� îäèíè÷íà ìàòðèöÿ ðîçìiðíîñòi n,

A=


0 1 0 0 . . . 0
0 0 1 0 . . . 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
0 0 0 0 . . . 1

−b̃n(k) −b̃n−1(k) −b̃n−2(k) −b̃n−3(k) . . . −b̃1k

 ,

b̃m(k) = bm(k)/k̃m, m = 1, . . . , n.

Ó ðîáîòi çíàéäåíî ñòðóêòóðó ðåçóëüòàíòà R(k) ìíîãî÷ëåíiâ Pk i Pk1

äëÿ ïðîâåäåííÿ îöiíþâàííÿ çíèçó ðiçíèöü äiéñíèõ ÷àñòèí êîðåíiâ ìíîãî-
÷ëåíà Pk. Âñòàíîâëåíî óìîâó, çà ÿêî¨ äàíi ðiçíèöi äëÿ âåëèêèõ çíà÷åíü k̃
îöiíþþòüñÿ íåçàëåæíîþ âiä k âåëè÷èíîþ.
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Ïîáóäîâà ðîçâ'ÿçêiâ ðiâíÿííÿ Ãåëüìãîëüöà â
öèëiíäðè÷íié ñèñòåìi êîîðäèíàò ó âèãëÿäi îäíîðiäíèõ

ïîëiíîìiâ çà äâîìà áiîðòîãîíàëüíèìè ñèñòåìàìè
ôóíêöié

Äîñòîéíà Â.Â.

Íàöiîíàëüíèé óíiâåðñèòåò �Ëüâiâñüêà ïîëiòåõíiêà�

v.dostojna@gmail.com

Ó ðîáîòi [1] îòðèìàíî ìåòîäîì êîíòóðíèõ iíòåãðàëiâ [2�4] ñèñòåìó ðîçâ'ÿç-
êiâ áiãàðìîíiéíîãî ðiâíÿííÿ òà ðiâíÿííÿ Ãåëüìãîëüöà ó ïëîùèíi ó âèãëÿäi
îäíîðiäíèõ ïîëiíîìiâ çà äâîìà áiîðòîãîíàëüíèìè ñèñòåìàìè ôóíêöié.

Ó äàíié ðîáîòi ìåòîäîì êîíòóðíèõ iíòåãðàëiâ çíàéäåíî ðîçâ'ÿçêè ðiâíÿ-
ííÿ Ãåëüìãîëüöà ó öèëiíäðè÷íié ñèñòåìi êîîðäèíàò ó âèãëÿäi îäíîðiäíèõ
ïîëiíîìiâ çà äâîìà áiîðòîãîíàëüíèìè ñèñòåìàìè ôóíêöié.

Ðîçãëÿíåìî äèôåðåíöiàëüíå ðiâíÿííÿ Ãåëüìãîëüöà ó öèëiíäðè÷íié ñè-

ñòåìi êîîðäèíàò
∂2U

∂z2
+
∂2U

∂r2
+

1

r

∂U

∂r
+

1

r2

∂2U

∂ϕ2
+ χ2U = 0, äå (z, r) ∈ R2,

ϕ ∈ [0, 2π], χ = const. Ðîçâ'ÿçêè öüîãî ðiâíÿííÿ áóäåìî øóêàòè ó âèãëÿäi

ðÿäó U(z, r, ϕ) =
∞∑

ν=−∞
Uν(z, r)eiνϕ. Îòðèìà¹ìî ðiâíÿííÿ äëÿ çíàõîäæåííÿ

ôóíêöié Uν = Uν(z, r)

∂2Uν

∂z2
+
∂2Uν

∂r2
+
∂Uν

∂r
+

(
χ2 − ν2

r2

)
Uν = 0.

Çàìiíîþ x = χz, ρ = χr öå ðiâíÿííÿ ìîæíà çâåñòè äî âèãëÿäó

∂2Uν

∂x2
+
∂2Uν

∂ρ2
+

1

ρ

∂Uν

∂ρ
+

(
1− ν2

ρ2

)
Uν = 0, ν ∈ Z. (1)

Ðîçâ'ÿçêè ðiâíÿííÿ (1) áóäåìî øóêàòè ó âèãëÿäi ñóì ðÿäiâ çà îäíîði-
äíèìè ïîëiíîìàìè uνn(x, ρ), çîáðàæåíèìè â iíòåãðàëüíié ôîðìi

uνn(x, ρ) =

∞∑
k=n

1

2πi

∫
Γ

(x+ ξρ)kγk(ξ)dξ, (2)

äå Γ � çàìêíåíà êðèâà, ùî îõîïëþ¹ õî÷à á îäíó îñîáëèâó òî÷êó ôóíêöi¨
γk.
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Ïiäñòàâëÿþ÷è iíòåãðàëüíå çîáðàæåííÿ (2) ó ðiâíÿííÿ (1), ïðèéäåìî äî
òàêîãî ôóíêöiîíàëüíîãî ðiâíÿííÿ

1

2πi

∞∑
k=n

∫
Γ

[
(k − 1)k

(
1 + ξ2

)
(x+ ξρ)k−2 +

+
kξ

ρ
(x+ ξρ)k−1 +

(
1− ν2

ρ2

)
(x+ ξρ)k

]
γk(ξ)dξ = 0.

Iíòåãðóþ÷è ÷àñòèíàìè òà çãðóïóâàâøè âiäïîâiäíi äîäàíêè, çíàõîäèìî

1

2πi

∫
Γ

(x+ ξρ)n

{
d2
[(

1 + ξ2
)
γn(ξ)

]
dξ2

− d [ξγn(ξ)]

dξ
− ν2γn(ξ)

}
dξ+

+
1

2πi

∫
Γ

(x+ ξρ)n+1

{
d2
[(

1 + ξ2
)
γn+1(ξ)

]
dξ2

− d [ξγn+1(ξ)]

dξ
− ν2γn+1(ξ)

}
dξ+

+

∞∑
k=n+2

1

2πi

∫
Γ

(x+ ξρ)k

{
d2
[(

1 + ξ2
)
γk(ξ)

]
dξ2

− d [ξγk(ξ)]

dξ
−

− ν2γk(ξ) +
1

(k − 1)k

d2γk−2(ξ)

dξ2

}
dξ = 0.

Çâiäñè, âðàõîâóþ÷è íåçàëåæíiñòü ñèñòåì ñòåïåíiâ çìiííèõ x òà ρ, îòðè-
ìà¹ìî çâè÷àéíi äèôåðåíöiàëüíi ðiâíÿííÿ äëÿ âèçíà÷åííÿ íåâiäîìèõ ôóí-
êöié γj(ξ): (

1 + ξ2
)
γ′′n(ξ) + 3ξγ′n(ξ) +

(
1− ν2

)
γn(ξ) = 0,(

1 + ξ2
)
γ′′n+1(ξ) + 3ξγ′n+1(ξ) +

(
1− ν2

)
γn+1(ξ) = 0, (3)(

1 + ξ2
)
γ′′k (ξ) + 3ξγ′k(ξ) +

(
1− ν2

)
γk(ξ) = − 1

(k − 1)k
γ′′k−2(ξ), (4)

äå k = n+ 2, n+ 3, . . ..

Ñèíãóëÿðíèìè ðîçâ'ÿçêàìè ðiâíÿíü (3) i ðåêóðåíòíîãî ðiâíÿííÿ (4) ¹

γn(ξ) = γn+1(ξ) =

∞∑
k=0

(−1)k(2k + ν)!

22kk!(k + ν)!

1

ξ2k+ν+1
,

γn+2m(ξ) =
n!

m!(n+ 2m)!

∞∑
k=m

(−1)k(2k + ν)!

22k(k + ν)!(k −m)!

1

ξ2k+ν+1
,m = 1, 2, . . . .

Ïiäñòàâëÿþ÷è ðîçâ'ÿçêè γn+2m(ξ) â (2), îäåðæèìî

uνn(x, ρ) =

∞∑
m=0

1

2πi

∫
Γ

(x+ ξρ)n+2mγn+2m(ξ)dξ =

∞∑
m=0

n!

m!(n+ 2m)!
∗
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∗
n+2m∑
j=0

Cjn+2mx
n+2m−jρj

∞∑
k=m

(−1)k(2k + ν)!

22k(k + ν)!(k −m)!

1

2πi

∫
Γ

dξ

ξ2k−j+ν+1
.

Âèêîðèñòîâóþ÷è âiäîìèé iíòåãðàë
1

2πi

∫
Γ

dz

zn
=

{
1, n = 1,

0, n 6= 1.
, çíàõîäèìî

uνn(x, ρ)=

∞∑
m=0

n!

m!(n+ 2m)!

[
n−ν

2 +m
]∑

k=m

(−1)k(2k + ν)!C2k+ν
n+2m

22k(k + ν)!(k −m)!
xn+2m−2k−νρ2k+ν =

=

[
n−ν

2

]∑
r=0

(−1)rC2r+ν
n Cr2r+νn!

22r
xn−2r−ν(r + ν)!

∞∑
m=0

(−1)m

22mm!(m+ r + ν)!
ρ2(m+r)+ν .

(5)

Ðîçãëÿíåìî ñèñòåìó
{
b
[ν2 ]
l (z)

}
ôóíêöié êîìïëåêñíî¨ çìiííî¨

b
[ν2 ]
l (z) =

([
l + 1

2

]
+
[ν

2

])
!

∞∑
m=0

(−1)m

22mm!

(
m+

[
l + 1

2

]
+
[ν

2

])
!

zl+2m.

Òîäi ñèñòåìà ðîçâ'ÿçêiâ (5) âèðàçèòüñÿ ÷åðåç ôóíêöi¨ b
[ν2 ]
l (z).

Çàóâàæèìî, ùî ôóíêöi¨ b
[ν2 ]
l (z) óòâîðþþòü áàçèñ Øàóäåðà ó ïðîñòîði

îäíîçíà÷íèõ àíàëiòè÷íèõ ó êðóçi |z| ≤ r (0 < r < ∞) ôóíêöié, òîìó ¨õ
ìîæíà âèêîðèñòîâóâàòè ïðè ïîáóäîâi ðîçâ'ÿçêiâ êðàéîâèõ çàäà÷ ðiâíÿííÿ
Ãåëüìãîëüöà ó öèëiíäðè÷íié ñèñòåìi êîîðäèíàò.

[1] Ñóõîðîëüñüêèé Ì.À. Ñèñòåìè ðîçâ'ÿçêiâ ðiâíÿííÿ Ãåëüìãîëüöà // Âiñíèê Íàöiî-
íàëüíîãî óíiâåðñèòåòó �'Ëüâiâñüêà ïîëiòåõíiêà�. Ñåðiÿ ôiçèêî-ìàòåìàòè÷íi íàóêè.
� 2011. � �.718. � Ñ. 19-34.

[2] Àéíñ Ý.Ë. Îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ. � Õàðüêîâ: ÃÎÍÒÈ �
ÍÊÒÏ � ÄÍÒÂÓ, 1939. � 720 ñ.

[3] Êàìêå Ý. Ñïðàâî÷íèê ïî îáûêíîâåííûì äèôôåðåíöèàëüíûì óðàâíåíèÿì. Ì.: Íà-
óêà, 1976. � 576 ñ.

[4] Ñóõîðîëüñüêèé Ì. À., Êîñòåíêî I. Ñ., Äîñòîéíà Â. Â. Ïîáóäîâà ðîçâ'ÿçêiâ ðiâíÿíü
ç ÷àñòèííèìè ïîõiäíèìè ó âèãëÿäi êîíòóðíèõ iíòåãðàëiâ // Âåñòíèê ÕÍÒÓ. � 2013.
� �2(47). � Ñ. 323-326.
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Multiplicatively periodic meromorphic functions in the
upper halfplane

Zaborovska Vasylyna Stepanivna

Ivan Franko National University of Lviv
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The theory of multiplicatively periodic meromorphic functions in C∗ =
C\{0} was elaborated by O. Rausenberger [1] . G. Valiron [2] called these
functions loxodromic because the points in which such a function in the case
of non-real q acquires the same value lay on logarithmic spirals. The images of
these last on the Riemann sphere intersect each meridian under the same angle,
and are called loxodromic curves (λoξoζ - oblique, δρoµoζ - way). In log-polar
coordinates they are straight lines. The theory of loxodromic functions is tightly
connected with the theory of elliptic functions [3]. We study multiplicatively
periodic meromorphic functions in the upper halfplane.

Let H = {z : Im z > 0} and let H∗ = H\{0}. The set H∗ is invariant with
respect to multiplicative group R+.

De�nition. A meromorphic in H∗ function f is said to be multiplicatively
periodic of multiplicator q, 0 < q < 1, if it satis�es the following condition

∀z ∈ H∗ f(qz) = f(z).

The set of such functions is denoted by Mq. It is clear that Mq forms a
�eld.

Theorem. Let f ∈Mq. Then

1) the number of a−points, a ∈ C, of function f 6= const in the horseshoe
At = {z ∈ H : qt < |z| ≤ t} doesn't depend on t;

2) if the function f is holomorphic and f(−x) = f(x), then f = const;

3) if f(−x) = f(x), x ∈ R+, then the function g(ζ) = f(
√
ζ),
√
−1 = i,

is loxodromic in C∗ of multiplicator q2. The function g(e
2πi
ω2
s) is double

periodic of the period lattice Λ = Zω1 + Zω2 with ω1

ω2
= − i

π log q.
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[1] Rausenberger O. Lehrbuch der Theorie der Periodischen Functionen Einer variabeln,
Leipzig, Druck und Ferlag von B.G.Teubner, 1884, 470p.
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Êè¨âñüêèé íàöiîíàëüíèé óíiâåðñèòåò òåõíîëîãié òà äèçàéíó

Ââåäåìî òàêi ïîçíà÷åííÿ: D = {z ∈ C : |z| < 1}, T = {z ∈ C : |z| = 1},
f(z) =

∑∞
k=0 akz

k, z ∈ D � ðîçêëàä â ðÿä Òåéëîðà-Ìàêëîðåíà àíàëiòè÷íî¨
â êðóçi D ôóíêöi¨, Sn(f, z) =

∑n
k=0 akz

k, z ∈ D � ÷àñòèííà ñóìà ¨¨ ðÿäó
Òåéëîðà-Ìàêëîðåíà.

Ðîçãëÿíåìî ìíîæèíó H∞ àíàëiòè÷íèõ â D ôóíêöié ç íîðìîþ ‖f‖H∞ =
‖f‖∞ = maxz∈D |f(z)| ≤ ∞. Íåõàé äàëi {ψ(k)}, k = 0, 1, 2, . . . � ïîñëiäîâ-
íiñòü êîìïëåêñíèõ ÷èñåë òàêà, ùî |ψ(k)| 6= 0, k ∈ N i limk→∞ ψ(k) = 0.
Ïîçíà÷èìî ÷åðåç Hψ

∞ êëàñ ôóíêöié ç H∞ äëÿ ÿêèõ
∑∞
k=1

1
ψ(k)akz

k, z ∈ D ¹

ðÿäîì Òåéëîðà ôóíêöi¨ fψ ∈ H∞, ‖fψ‖H∞ = 1.

Â äàíié ðîáîòi óçàãàëüíþþòüñÿ ðåçóëüòàòè Î.Ì. Øâåöîâî¨ [1], ïîñëi-
äîâíiñòü {ψ(k)} çàäîâîëüíÿ¹ óìîâè Áîàñà-Òåëÿêîâñüêîãî [2].

Òåîðåìà. Íåõàé ψ(k) ∈ C, k = 0, 1, 2, . . . � ïîñëiäîâíiñòü äëÿ ÿêî¨ âèêî-
íóþòüñÿ óìîâè Áîàñà-Òåëÿêîâñüêîãî. Òîäi äëÿ äîâiëüíî¨ ôóíêöi¨ f ∈ Hψ

∞
òà áóäü-ÿêîãî n ∈ N ñïðàâåäëèâå ñïiââiäíîøåííÿ

sup
f∈Hψ∞

‖f(z)− Sn(f, z)‖∞ =
1

π

n∑
k=1

|ψ(k + n+ 1)|
k

+

+O
( ∞∑
k=n+1

|4ψ(k)|+
∞∑
k=2

∣∣∣ [k/2]∑
m=1

4ψ(k −m+ n+ 1)−4ψ(k +m+ n+ 1)

m

)
.
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Iñíóâàííÿ ðîçðèâíîãî ôóíêöiîíàëó íà àëãåáði Ôðåøå (ïîâíà ìåòðèçîâíà
ëîêàëüíî-îïóêëà àëãåáðà ç ìóëüòèïëiêàòèâíî îïóêëèìè ïiâíîðìàìè) ñêëà-
äà¹ âiäîìó ïðîáëåìó Ìàéêëà [1]. Ó [2, ñ. 240 ] Æ. Ìóõiêà ïîêàçàâ, ùî âñi
õàðàêòåðè íà äîâiëüíié àëãåáði Ôðåøå ¹ íåïåðåðâíèìè òîäi i òiëüêè òîäi,
êîëè iñíó¹ íåñêií÷åííîâèìiðíèé áàíàõiâ ïðîñòið X ç áàçîþ Øàóäåðà òà-
êèé, ùî âñi õàðàêòåðè íà àëãåáði àíàëiòè÷íèõ ôóíêöié îáìåæåíîãî òèïó
íà ïðîñòîði X ¹ íåïåðåðâíèìè.

Â äàíié äîïîâiäi äîñëiäæó¹òüñÿ íåïåðåðâíiñòü äåÿêèõ ãîìîìîðôiçìiâ
ïðîñòîðó ñèìåòðè÷íèõ ïîëiíîìiâ íà ïðîñòîðàõ `p òà îïåðàòîðiâ êîìïîçèöi¨
íà àëãåáðàõ ñèìåòðè÷íèõ àíàëiòè÷íèõ ôóíêöié îáìåæåíîãî òèïó.

[1] Michael E. Locally multiplicatively convex topological algebras // Providence: Mem.
Amer. Math. Soc., Vol. 11, 1952. � 79 p.

[2] Mujica J. Complex Analysis in Banach Spaces // Amsterdam, New York, Oxford: North-
Holland, 1986. � 434 p.
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Îöiíêè àïðîêñèìàòèâíèõ õàðàêòåðèñòèê êëàñiâ
ïåðiîäè÷íèõ ôóíêöié áàãàòüîõ çìiííèõ iç çàäàíîþ

ìàæîðàíòîþ ìiøàíèõ ìîäóëiâ íåïåðåðâíîñòi

Ôåäóíèê-ßðåì÷óê Îêñàíà Âîëîäèìèðiâíà

Ñõiäíî¹âðîïåéñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Ëåñi Óêðà¨íêè
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Äîñëiäæóþòüñÿ ðîçãëÿíóòi â [1] êëàñè BΩ
p,θ ïåðiîäè÷íèõ ôóíêöié áàãà-

òüîõ çìiííèõ, ÿêi ¹ àíàëîãàìè âiäîìèõ êëàñiâ Á¹ñîâà.

Íåõàé Ω(t) � ôóíêöiÿ òèïó ìiøàíîãî ìîäóëÿ íåïåðåðâíîñòi ïîðÿäêó l
äåÿêîãî ñïåöiàëüíîãî âèäó

Ω(t) = Ω(t1, ..., td) =


d∏
j=1

trj(
log 1

tj

)bj
+

, ÿêùî tj > 0, j = 1, d;

0, ÿêùî
d∏
j=1

tj = 0.

(1)

Òóò ðîçãëÿäàþòüñÿ ëîãàðèôìè çà îñíîâîþ 2, êðiì òîãî
(

log 1
tj

)
+

=

= max
{

1, log 1
tj

}
. Ââàæà¹ìî òàêîæ, ùî bj < r, j = 1, d, i 0 < r < l.

Öå îçíà÷à¹, ùî äëÿ ôóíêöi¨ âèäó (1) âèêîíóþòüñÿ óìîâè Áàði-Ñò¹÷êiíà
[2] (ïîçíà÷à¹ìî (S) i (Sl)).

Íåõàé Lq(πd) � ïðîñòið 2π � ïåðiîäè÷íèõ ïî êîæíié çìiííié ôóíêöié
f(x) = f(x1, . . . , xd) çi ñòàíäàðòíîþ íîðìîþ.

Îäåðæàíî òî÷íi çà ïîðÿäêîì îöiíêè âåëè÷èí, ÿêi âèçíà÷àþòüñÿ íàñòó-
ïíèì ÷èíîì

dBM (BΩ
p,θ, Lq) = inf

G∈LM (B)q
sup

f∈BΩ
p,θ∩D(G)

‖f(·)−Gf(·)‖q .

×åðåç LM (B)q òóò ïîçíà÷åíî ìíîæèíó ëiíiéíèõ îïåðàòîðiâ, ÿêi çàäîâîëü-
íÿþòü óìîâè:

à) îáëàñòü âèçíà÷åííÿ D(G) öèõ îïåðàòîðiâ ìiñòèòü âñi òðèãîíîìåòðè-
÷íi ïîëiíîìè, à ¨õ îáëàñòü çíà÷åíü ìiñòèòüñÿ â ïiäïðîñòîði ðîçìiðíîñòi M
ïðîñòîðó Lq(πd);

á) iñíó¹ ÷èñëî B ≥ 1 òàêå, ùî äëÿ âñiõ âåêòîðiâ k = (k1, . . . , kd), kj ∈ Z,
âèêîíó¹òüñÿ íåðiâíiñòü

∥∥Gei(k,·)∥∥
2
≤ B.
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Çàçíà÷èìî, ùî äî LM (1)2 íàëåæàòü îïåðàòîðè îðòîãîíàëüíîãî ïðîåêòó-
âàííÿ íà ïðîñòîðè ðîçìiðíîñòi M .

Ñôîðìóëþ¹ìî îäèí iç îäåðæàíèõ ðåçóëüòàòiâ.

Òåîðåìà. Íåõàé 1 ≤ θ < ∞, à Ω(t) çàäàíà ôîðìóëîþ (1). Òîäi ïðè
0 < r < l ìà¹ ìiñöå ïîðÿäêîâà ðiâíiñòü

dBM (BΩ
1,θ, L1) �M−r

(
logM

)−b1−...−bd+(d−1)
(
r+1− 1

θ

)
.

Öåé ðåçóëüòàò äëÿ êëàñiâ Br1,θ îäåðæàíèé À.Ñ. Ðîìàíþêîì [3], à äëÿ
êëàñiâ HΩ

1 � Ì.Ì. Ïóñòîâîéòîâèì [4].

Çíàéäåíî òàêîæ òî÷íi çà ïîðÿäêîì îöiíêè âåëè÷èí (1) ïðè äåÿêèõ iíøèõ
çíà÷åííÿõ ïàðàìåòðiâ p òà q.

[1] Sun Yongsheng, Wang Heping. Representation and approximation of multivariate
periodic functions with bounded mixed moduli of smoothness // Òð. ìàò. èí-òà
èì. Â.À. Ñòåêëîâà. � 1997. � ò. 219. � Ñ. 356 � 377.
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Ñòðóêòóðà äèñêðèìiíàíòà ìíîãî÷ëåíà âèñîêîãî
ïîðÿäêó, ÿêèé ¹ áiëiíiéíîþ ôîðìîþ ïàðàìåòðiâ

Iëüêiâ Âîëîäèìèð Ñòåïàíîâè÷

Íàöiîíàëüíèé óíiâåðñèòåò
”
Ëüâiâñüêà ïîëiòåõíiêà“
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Ñòðàï Íàòàëiÿ Iãîðiâíà

Íàöiîíàëüíèé óíiâåðñèòåò
”
Ëüâiâñüêà ïîëiòåõíiêà“

n.strap@mail.ru

Ó ìàòåìàòè÷íîìó àíàëiçi äèñêðèìiíàíò ìíîãî÷ëåíà ìà¹ øèðîêå çàñòî-
ñóâàííÿ, çîêðåìà, âèêîðèñòîâó¹òüñÿ äëÿ îöiíêè ðiçíèöü êîðåíiâ ïîëiíîìà.
Äèñêðèìiíàíò Dis f(λ) ìíîãî÷ëåíà f(λ) ñòåïåíÿ íå âèùå t âèçíà÷à¹òüñÿ
äîáóòêîì

∏
1≤r<q≤t

(λq−λr)2, äå λj , j = 1, . . . , t, � êîðåíi äàíîãî ìíîãî÷ëåíà.

Ç iíøîãî áîêó, äèñêðèìiíàíò Dis f(λ) ¹ âèçíà÷íèêîì ìàòðèöi Ñèëüâåñòðà

S(f) ìíîãî÷ëåíà f(λ). Ìàòðèöÿ S(f) ¹ áëî÷íîþ ìàòðèöåþ
(
S1

S2

)
, ÿêà ñêëà-

äà¹òüñÿ ç äâîõ ìàòðèöü S1 =
(
fj−i

)t−1, 2t−1

i,j
i S2 =

(
(t− j + i)fj−i

)t, 2t−1

i,j
.

Ó ðîáîòi äîñëiäæåíî ñòðóêòóðó äèñêðèìiíàíòà ìíîãî÷ëåíà f(λ), ÿêèé
¹ ëiíiéíîþ îäíîðiäíîþ ôóíêöi¹þ âiä ïàðàìåòðiâ a i b. Íà îñíîâi ñòðóêòóðè
ìàòðèöi S(f) äîâåäåíî íàñòóïíó òåîðåìó.

Òåîðåìà. ßêùî f(λ) = ah(λ)+bg(λ), äå f(λ), h(λ), g(λ)�ìíîãî÷ëå-
íè, à ñàìå f(λ) = f0λ

t+f1λ
t−1 +. . .+ft, h(λ) = h0λ

t+h1λ
t−1 +. . .+ht,

g(λ) = g0λ
s+g1λ

s−1 + . . .+gs, s < t, à Dis(f), Dis(h), Dis(g)� äèñêðèìiíàí-
òè äàíèõ ìíîãî÷ëåíiâ, òî äèñêðèìiíàíò Dis(f) ìíîãî÷ëåíà f(λ) ¹ ôîðìîþ
âiä çìiííèõ a i b ñòåïåíÿ 2t− 1, ïðè÷îìó

Dis(f)=

2t−1∑
i=0

Dia
ib2t−1−i=

(
(s−t)h0g0

)t−s
Dis(g)at−sbt+s−1 +. . .+a2t−1Dis(h).

Àíàëîãi÷íi ðåçóëüòàòè îòðèìàíî ïðè äîñëiäæåííi ñòðóêòóðè ðåçóëüòàí-
òà Res (f, F ) ìíîãî÷ëåíiâ f(λ) òà F (λ), äå F (λ)=aH(λ)+bG(λ), F (λ) i H(λ)
¹ ìíîãî÷ëåíàìè ñòåïåíÿ íå âèùå t, à G(λ)�ìíîãî÷ëåí ñòåïåíÿ íå âèùå
s < t. Òîäi ðåçóëüòàíò Res (f, F ) ¹ ôîðìîþ âiä çìiííèõ a òà b ñòåïåíÿ 2t.

Ðàíiøå âiäïîâiäíó òåîðåìó äëÿ âèïàäêó t=2s, a=1 äîâåäåíî ó ðîáîòi [1].
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Ïðè äîñëiäæåííi çàäà÷ äëÿ äèôåðåíöiàëüíèõ ðiâíÿíü iç ÷àñòèííèìè
ïîõiäíèìè ç íåëîêàëüíèìè óìîâàìè âèíèêà¹ ïîòðåáà îöiíêè çíèçó äèñêðè-
ìiíàíòà õàðàêòåðèñòè÷íîãî ìíîãî÷ëåíà äèôåðåíöiàëüíîãî ðiâíÿííÿ.

Äëÿ âåêòîðà ïàðàìåòðiâ k = (k1, . . . , kp) ∈ Zp i x = (x1, . . . , xp) ∈ Rp
ïîçíà÷èìî Dk(x) äèñêðèìiíàíò çà çìiííîþ λ ìíîãî÷ëåíà Lk(λ, x), òîáòî

Lk(λ, x) ≡ λn +B1(k)λn−1 + . . .+Bn(k) + x1k
n1
1 + . . .+ xpk

np
p , (1)

äå Bj(k) =
∑
|s|≤j

Bsjk
s, Bsj ∈ C, s = (s1, . . . , sp), nj ∈ N, max{n1, . . . , np} ≤ n.

Ìíîãîâèä M íàçèâà¹òüñÿ δ-íîðìàëüíèì, äå M ⊂ Rp, δ ∈ R, äëÿ íàáîðó
ìíîãî÷ëåíiâ {Lk(·, x)}k,x, ÿêùî äëÿ ìàéæå âñiõ (ñòîñîâíî iíäóêîâàíî¨ ç Rp
íà M ìiðè Ëåáå à) òî÷îê x ∈ M âèêîíó¹òüñÿ íåðiâíiñòü

inf
k∈Zp

(
|k|δ |Dk(x)|

)
> 0, |k| = |k1|+ . . .+ |kp|. (2)
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Òåîðåìà. Íåõàé M = {x ∈ Rp : x1 = f1(τ), . . . , xp = fp(τ), τ ∈ [0, 1]} �
ãëàäêà êðèâà, äëÿ ÿêî¨ âèêîíó¹òüñÿ óìîâà òèïó íåâèðîäæåíîñòi

min
τ∈[0,1]

∣∣det
∥∥Gi[fj ](τ)

∥∥
i,j=0,...,p

∣∣ > 0
(
G0[g] = g, f0(τ) = 1

)
,

äå G1, . . . , Gp � äåÿêi ëiíiéíi äèôåðåíöiàëüíi âèðàçè ïîðÿäêiâ ν1, . . . , νp
âiäïîâiäíî, ν = max{ν1, . . . , νp}, fj ∈ Cν+1([0, 1];R). Òîäi êðèâà M ¹ δ-
íîðìàëüíîþ ïðè δ >

(
n− 1

)(
νp− n0

)
, äå n0 = min{n1, . . . , np}.

Äàíà òåîðåìà óçàãàëüíþ¹ ðåçóëüòàòè ðîáiò [1] òà [2].
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Íàáëèæåííÿ êëàñiâ cψβ,∞ òðèãàðìîíiéíèìè iíòåãðàëàìè
Ïóàññîíà (ñêií÷åííà ãëàäêiñòü)
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Íåõàé L � ïðîñòið 2π-ïåðiîäè÷íèõ ñóìîâíèõ íà ïåðiîäi ôóíêöié, â ÿêîìó

íîðìà çàäà¹òüñÿ çà äîïîìîãîþ ðiâíîñòi ‖f‖L = ‖f‖1 =
π∫
−π
|f(t)|dt; L∞ �

ïðîñòið 2π-ïåðiîäè÷íèõ âèìiðíèõ iñòîòíî îáìåæåíèõ ôóíêöié ç íîðìîþ
‖f‖∞ = ess sup

t
|f(t)|; C � ïðîñòið 2π-ïåðiîäè÷íèõ íåïåðåðâíèõ ôóíêöié, ó

ÿêîìó íîðìà çàäà¹òüñÿ ðiâíiñòþ ‖f‖C = max
t
|f(t)|.

Î. I. Ñòåïàíöåì [1] ââåäåíî êëàñè LψβN i CψβN ïåðiîäè÷íèõ ôóíêöié íà-

ñòóïíèì ÷èíîì. Íåõàé f ∈ L i S[f ] = a0

2 +
∞∑
k=1

(ak cos kx+ bk sin kx) � ðÿä
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Ôóð'¹ ôóíêöi¨ f . Íåõàé, äàëi, ψ(k) � äîâiëüíà ôiêñîâàíà ôóíêöiÿ íàòó-
ðàëüíîãî àðãóìåíòó i β � ôiêñîâàíå äiéñíå ÷èñëî. ßêùî ðÿä

∞∑
k=1

1

ψ (k)

(
ak cos

(
kx+

πβ

2

)
+ bk sin

(
kx+

πβ

2

))
¹ ðÿäîì Ôóð'¹ äåÿêî¨ ñóìîâíî¨ ôóíêöi¨ ϕ, òî öþ ôóíêöiþ íàçèâàþòü (ψ, β)-
ïîõiäíîþ ôóíêöi¨ f(x) i ïîçíà÷àþòü ÷åðåç fψβ (x). Ìíîæèíó óñiõ ôóíêöié

f(x), êîòði çàäîâîëüíÿþòü òàêó óìîâó, ïîçíà÷àþòü ÷åðåç Lψβ . ßêùî f ∈ L
ψ
β ,

i êðiì òîãî, fψβ ∈ N, äå N � äåÿêà ïiäìíîæèíà ôóíêöié iç L, òî çàïèñóþòü,

ùî f ∈ LψβN. Äàëi ïîêëàäåìî L
ψ
β ∩ C = Cψβ i LψβN ∩ C = CψβN.

×åðåç Cψβ,∞ ïîçíà÷àþòü ìíîæèíó ôóíêöié f ∈ CψβN ó âèïàäêó, êî-
ëè N ¹ îäèíè÷íîþ êóëåþ ïðîñòîðó L∞, òîáòî N = S0

∞ = {ϕ ∈ L∞ :
‖ϕ‖∞ ≤ 1, ϕ⊥1}

Ïðè ψ(k) = k−r, r > 0, êëàñè Cψβ,∞ ñïiâïàäàþòü ç êëàñàìè W r
β,∞, ÿêi

áóëè ââåäåíi Á. Íàäåì i fψβ (x) = f
(r)
β (x) � (r, β)-ïîõiäíà â ðîçóìiííi Âåéëÿ-

Íàäÿ. ßêùî, êðiì öüîãî, β = r, r ∈ N, òî fψβ ¹ ïîõiäíîþ ïîðÿäêà r ôóíêöi¨

f i ïðè öüîìó êëàñè Cψβ,∞ ¹ êëàñàìè W r
∞.

Ïîñëiäîâíîñòi ψ(k), k ∈ N, ÿêi âèçíà÷àþòü êëàñè Cψβ,∞, áóäåìî ðîç-
ãëÿäàòè ÿê çâóæåííÿ íà ìíîæèíi íàòóðàëüíèõ ÷èñåë äåÿêèõ íåïåðåðâíèõ
ôóíêöié ψ(t) íåïåðåðâíîãî àðãóìåíòó t ≥ 1 ç ìíîæèíè

M =
{
ψ(t) : ψ(t) > 0, ψ(t1)− 2ψ ((t1 + t2)/2) + ψ(t2) ≥ 0

∀t1, t2 ∈ [1,∞), lim
t→∞

ψ(t) = 0
}
.

Çãiäíî ç Î.I. Ñòåïàíöåì, iç ìíîæèíè M âèäiëèìî ïiäìíîæèíó

MC =
{
ψ(t) ∈M : 0 < K1 ≤ µ(ψ; t) ≤ K2 ∀t ≥ 1

}
,

äå µ(t) = µ(ψ; t) = t
η(t)−t , η(t) = η (ψ; t) = ψ−1

(
1
2ψ(t)

)
, ψ−1(·) � ôóíêöiÿ,

îáåðíåíà äî ôóíêöi¨ ψ(·), à êîíñòàíòè K1, K2, âçàãàëi êàæó÷è, ìîæóòü
çàëåæàòè âiä ôóíêöi¨ ψ.

Íåõàé f ∈ L. Âåëè÷èíó

P3(δ; f ;x)=
a0

2
+

∞∑
k=1

λk(δ) (ak cos kx+ bk sin kx) , δ > 0,

äå λk(δ) =
(

1 + 1
4 (3 − e−

2
δ )(1 − e−

2
δ )k + 1

8 (1 − e−
2
δ )2k2

)
e−

k
δ , íàçèâàþòü

òðèãàðìîíiéíèì iíòåãðàëîì Ïóàññîíà ôóíêöi¨ f .
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Äàíà ðîáîòà ïðèñâÿ÷åíà âèâ÷åííþ àñèìïòîòè÷íî¨ ïîâåäiíêè ïðè δ →∞
âåëè÷èíè

E
(
Cψβ,∞;P3(δ)

)
C

= sup
f∈Cψβ,∞

∥∥f(x)− P3(δ; f ;x)
∥∥
C
. (1)

Çàäà÷ó ïðî âiäøóêàííÿ àñèìïòîòè÷íèõ ðiâíîñòåé äëÿ âåëè÷èíè (1), çãi-
äíî ç Î.I. Ñòåïàíöåì, íàçèâàòèìåìî çàäà÷åþ Êîëìîãîðîâà-Íiêîëüñüêîãî
äëÿ òðèãàðìîíiéíîãî iíòåãðàëà Ïóàññîíà íà êëàñi Cψβ,∞ â ðiâíîìiðíié ìå-
òðèöi.

Òåîðåìà. Íåõàé ψ∈MC , ôóíêöiÿ u3ψ(u) îïóêëà äîíèçó íà [b,∞), b ≥ 1,

i
∞∫
1

u2ψ(u)du <∞. Òîäi ïðè δ →∞ ìà¹ ìiñöå àñèìïòîòè÷íà ðiâíiñòü

E
(
Cψβ,∞;P3(δ)

)
C

=
1

δ3
sup

f∈Cψβ,∞

∥∥∥∥4

3
f

(1)
0 (x) + f

(2)
0 (x) +

1

6
f

(3)
0 (x)

∥∥∥∥
C

+

+O

(
1

δ4

δ∫
1

u3ψ(u)du+
1

δ3

∞∫
δ

u2ψ(u)du

)
,

äå f (1)
0 (x), f (2)

0 (x), f (3)
0 (x) âiäïîâiäíî (1, 0)-, (2, 0)- i (3, 0)�ïîõiäíà â ðîçó-

ìiííi Âåéëÿ�Íàäÿ ôóíêöi¨ f(x).

Âiäìiòèìî, ùî óìîâè òåîðåìè çàäîâîëüíÿþòü, çîêðåìà, òàêi ôóíêöi¨
ψ ∈ M, ÿêi ïðè u ≥ 1 ìàþòü âèãëÿä: ψ(u) = 1

u3 lnα(u+K) , α > 1, K > 0;

ψ(u) = 1
ur lnα(u+K), ψ(u) = 1

ur (K + e−u), ψ(u) = 1
ur arctg u, r > 3, K > 0,

α ∈ R.
Íàñëiäîê. Ïðè r > 3 i δ →∞ ìà¹ ìiñöå àñèìïòîòè÷íà ðiâíiñòü

E
(
W r
β,∞;P3(δ)

)
C

=
1

δ3
sup

f∈W r
β,∞

∥∥∥∥4

3
f

(1)
0 (x) + f

(2)
0 (x) +

1

6
f

(3)
0 (x)

∥∥∥∥
C

+ (2)

+O

(
1

δr
+

1

δ4

)
.

Îöiíêó (2) äëÿ òî÷íèõ âåðõíiõ ìåæ íàáëèæåíü ôóíêöié ç êëàñiâ Âåéëÿ-
Íàäÿ òðèãàðìîíiéíèìè iíòåãðàëàìè Ïóàññîíà îäåðæàíî àâòîðàìè â ðîáîòi
[2].

[1] Ñòåïàíåö À.È. Ìåòîäû òåîðèè ïðèáëèæåíèÿ. � Êèåâ: Èí-ò ìàòåìàòèêè ÍÀÍ
Óêðàíû, 2002. � ×.I. � 427 ñ.
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Êàâêàçñêèé ðåãèîí. Òåîðåòè÷åñêèå è ïðèêëàäíûå ïðîáëåìû ìàòåìàòèêè, ýêîíîìè-
êè, îáðàçîâàíèÿ. � 2011. � Ñïåöâûïóñê. � Ñ. 33�36.

Ïðî ãðàíèöi ïîñëiäîâíîñòåé ôóíêöié òèïó Äàðáó

Êàðëîâà Îëåíà Îëåêñi¨âíà

×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

maslenizza.ua@gmail.com

Âiäîáðàæåííÿ f : X → Y ìiæ òîïîëîãi÷íèìè ïðîñòîðàìè X i Y íàçèâà¹-
òüñÿ

� âiäîáðàæåííÿì Äàðáó, ÿêùî ìíîæèíà f(C) çâ'ÿçíà äëÿ äîâiëüíî¨
çâ'ÿçíî¨ ìíîæèíè C ⊆ X;

� l-Äàðáó âiäîáðàæåííÿì, ÿêùî ìíîæèíà f(C) çâ'ÿçíà äëÿ äîâiëüíî¨
ëiíiéíî çâ'ÿçíî¨ ìíîæèíè C ⊆ X;

� çâ'ÿçíèì, ÿêùî ãðàôiê çâóæåííÿ f |C çâ'ÿçíèé äëÿ äîâiëüíî¨ çâ'ÿçíî¨
ìíîæèíè C ⊆ X;

� (ñëàáêî)  iáñîíîâèì, ÿêùî f(U) ⊆ f(U) äëÿ äîâiëüíî¨ âiäêðèòî¨ (i
çâ'ÿçíî¨) ìíîæèíè U ⊆ X.

Çàóâàæèìî, ùî êîæíå çâ'ÿçíå âiäîáðàæåííÿ ìà¹ âëàñòèâiñòü Äàðáó, à êî-
æíå âiäîáðàæåííÿ Äàðáó ¹ ñëàáêî  iáñîíîâèì. Âiäîìî [1, Theorem 3.4], ùî
êëàñ ôóíêöié Äàðáó f : R→ R ïåðøîãî êëàñó Áåðà çàìêíåíèé âiäíîñíî ðiâ-
íîìiðíèõ ãðàíèöü. Ïðèðîäíî çàïèòàòè, ÷è ¹ âiðíèì öåé ôàêò äëÿ ôóíêöié,
ÿêi âèçíà÷åíi íà Rn ïðè n > 1. Ñëiä çàçíà÷èòè, ùî çãiäíî ç [2, Corollary
9.16] ðiâíîìiðíà ãðàíèöÿ ïîñëiäîâíîñòi çâ'ÿçíèõ ôóíêöié fm : Rn → R,
n > 1, ¹ çâ'ÿçíîþ ôóíêöi¹þ.

Òåîðåìà 1 Íåõàé X � òîïîëîãi÷íèé ïðîñòið, Y � ìåòðè÷íèé ïðîñòið,
(fn)∞n=1 � ðiâíîìiðíî çáiæíà ïîñëiäîâíiñòü ñëàáêî  iáñîíîâèõ ôóíêöié fn :
X → Y i íåõàé f = lim

n→∞
fn. Òîäi ôóíêöié f ñëàáêî  iáñîíîâà.

Òåîðåìà 2 Íåõàé X � òîïîëîãi÷íèé ïðîñòið, Y � ìåòðè÷íèé ïðîñòið i
(fn)∞n=1 � ðiâíîìiðíî çáiæíà ïîñëiäîâíiñòü Fσ-âèìiðíèõ l-Äàðáó ôóíêöié
fn : X → Y . Òîäi ôóíêöiÿ f = lim

n→∞
fn ¹ Fσ-âèìiðíîþ ç âëàñòèâiñòþ

l-Äàðáó.

Òåîðåìà 3 Íåõàé X � ìåòðè÷íèé ïðîñòið áåç içîëüîâàíèõ òî÷îê i Y �
ñåïàðàáåëüíèé ïðîñòið. Òîäi êîæíå âiäîáðàæåííÿ f : X → Y ¹ ïîòî÷êî-
âîþ ãðàíèöåþ ïîñëiäîâíîñòi  iáñîíîâèõ ôóíêöié fn : X → Y .
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[1] A. Bruckner Di�erentiation of Real Functions [2nd ed.], Providence, RI: American
Mathematical Society, 1994, 195 p.

[2] R. Gibson, T. Natkaniec, Darboux-like functions, Real Anal. Exchange 22(2) (1996-97),
492�533.

On the simultaneous regular growth of the logarithm of
modulus and argument of a holomorphic in the

punctured plane function

Khrystiyanyn A.

Ivan Franko National University of Lviv, Lviv

khrystiyanyn@ukr.net

Vyshyns'kyi O.

Ivan Franko National University of Lviv, Lviv

vyshynskyi@ukr.net

Let f be a holomorphic function in C∗ = C\{0}. Assume that no zeroes of f lie
on the unit circle, F (z) = z−mf(z), where m = 1

2πi

∫
|ζ|=1

f ′(ζ)
f(ζ) dζ. The function

logF (z) is de�ned in C∗ with radial slits from zeroes aj of the function f to∞
if |aj | > 1, and to the origin if |aj | < 1.

The notion of the function of completely regular growth in C∗ with respect
to arbitrary growth function λ satisfying the condition λ(2r) = O(λ(r)), as
r → +∞, was introduced and studied by the Fourier series method in [1].

Suppose that log r = o(λ(r)), as r → +∞.
Theorem. Under the above assumptions the following relations 1

2π

2π∫
0

| logF (reiθ)− λ(r)H1(θ)|p dθ


1/p

= o(λ(r)), (1)

and  1

2π

2π∫
0

|logF

(
1

r
eiθ
)
− λ(r)H2(θ)|p dθ


1/p

= o(λ(r)), (2)

as r → +∞ hold for some H1, H2 ∈ Lp[0, 2π], p ≥ 1 if and only if either
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1) H1(θ) ≡ l10 ≥ 0, H2(θ) ≡ l20 ≥ 0, λ(r) is convex with respect to log r, f is
of completely regular growth with respect to λ(r) with the indicator l10 + l20 [1]

or

2) λ(r) = rρL(r), ρ > 0, L(r) is slowly varying function, f is of completely
regular growth with respect to λ(r) with the indicator ReH1 + ReH2.

If relations (1), (2) hold for some p ∈ [1,+∞) then they are true for any
p ∈ [1,+∞).

[1] M. Goldak, A. Khrystiyanyn, Holomorphic functions of completely regular growth in the
punctured plane, Visnyk of the Lviv Univ., Series Mech. Math. 2011. Issue 75. P.91-96.
(in Ukrainian)

Àíàëîãè äâîñòîðîííüîãî ìåòîäó Êóðïåëÿ ðîçâ'ÿçàííÿ
îïåðàòîðíèõ ðiâíÿíü

Êîïà÷ Ì. I.

ÄÂÍÇ �Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Âàñèëÿ
Ñòåôàíèêà�

kopachm2009@gmai.com

Îáøòà À. Ô.

Íàöiîíàëüíèé óíiâåðñèòåò �Ëüâiâñüêà ïîëiòåõíiêà�
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Øóâàð Á. À.

Íàöiîíàëüíèé óíiâåðñèòåò �Ëüâiâñüêà ïîëiòåõíiêà�

Çàïðîïîíîâàíèé â [1] äâîñòîðîííié ìåòîä, ùî óçàãàëüíþ¹ ìåòîä ×àïëèãi-
íà, âiäðiçíÿ¹òüñÿ âiä iíøèõ àíàëîãiâ i ìîäèôiêàöié ìåòîäó ×àïëèãiíà òèì,
ùî äëÿ ðiâíÿííÿ x = T (x, x) ç ìîíîòîííèì i íåîïóêëèì îïåðàòîðîì T ,
îòðèìóþòüñÿ äâîñòîðîííi íàáëèæåííÿ äî ðîçâ'ÿçêó çi çáåðåæåííÿì âëà-
ñòèâî¨ äëÿ ìåòîäó ×àïëèãiíà êâàäðàòè÷íî¨ øâèäêîñòi çáiæíîñòi. Ïðè ïî-
áóäîâi àíàëîãiâ ìåòîäó Êóðïåëÿ îñíîâíèìè ¹ òàêi ïðèïóùåííÿ: 1) çàäàíi
íåïåðåðâíi ùîäî y, z ∈ [u, v], ëiíiéíi íåïåðåðâíi ùîäî w ∈ E îïåðàòîðè

64



G1(y, z)w, G2(y, z)w, α1(y, z)w, α2(y, z)w, ÿêi íå ñïàäàþòü ùîäî y, íå çðî-
ñòàþòü ùîäî z ïðè÷îìó α1(y, z)w, α2(y, z)w ¹ äîäàòíiìè ÿê ëiíiéíi îïåðà-
òîðè ùîäî w; 2) ïðè x, y, z ∈ [u, v] ñïðàâäæóþòüñÿ ñïiââiäíîøåííÿ:

(G1(y, z) + α1(y, z))(z − y) 6 T (z, x)− T (y, x),

T (x, y)− T (x, z) 6 −(G2(y, z) + α2(y, z))(z − y).

Ïîáóäó¹ìî ïîñëiäîâíîñòi {yn}, {zn} çà äîïîìîãîþ ôîðìóë y0 = u, z0 = v,

yn+1 = G1(yn, zn)(yn+1 − yn)−G2(yn, zn)(zn+1 − zn) + T (yn, zn),

zn+1 = G1(yn, zn)(zn+1 − zn) + α1(yn, zn)(zn+1 − zn)−G2(yn, zn)(yn+1 − yn)

+α2(yn, zn)(yn+1 − yn) + T (zn, yn),

ïðèïóñêàþ÷è, ùî u 6 T (u, v), v > T (v, u). Âñòàíîâëåíi óìîâè, ïðè ÿêèõ
ìàòèìåìî yn 6 yn+1 6 x 6 zn+1 6 zn, à òàêîæ óìîâè, ùî çàáåçïå÷óþòü
êâàäðàòè÷íó çáiæíiñòü ïîñëiäîâíîñòåé {yn}, {zn} äî ðîçâ'ÿçêó x çàäàíîãî
ðiâíÿííÿ. Ç öüîãî àëãîðèòìó îòðèìó¹òüñÿ ìåòîä Êóðïåëÿ, ÿêùî α1, α2 ¹
íóëüîâèìè îïåðàòîðàìè, à G1 i G2 ¹ ïîõiäíèìè Ôðåøå âiä îïåðàòîðà T (y, z)
ùîäî y òà z âiäïîâiäíî (äèâ. [2], [3]).

[1] Êóðïåëü Ì.Ñ. Ïðî äåÿêi ìîäèôiêàöi¨ ìåòîäó Ñ.Î. ×àïëèãiíà íàáëèæåíîãî iíòåãðó-
âàííÿ äèôåðåíöiàëüíèõ ðiâíÿíü // Äîï. ÀÍ ÓÐÑÐ. � Ñåð. À. � 1969. � �4 � Ñ.
303�306.

[2] Êóðïåëü Í.Ñ., Øóâàð Á.À. Äâóñòîðîííèå îïåðàòîðíûå íåðàâåíñòâà è èõ ïðèìåíå-
íèÿ. // Êèåâ: Íàóêîâà äóìêà, � 1980. � 257 ñ.

[3] Øóâàð Á.À., Êîïà÷ Ì.I., Ìåíòèíñüêèé Ñ.Ì., Îáøòà À.Ô. Äâîñòîðîííi íàáëèæåíi
ìåòîäè. // Iâàíî-Ôðàíêiâñüê: Â-âî Ïðèêàðïàòñüêîãî íàö. óí-òó iì. Â. Ñòåôàíèêà
� 2007. � 515 ñ.

Ñòàáiëüíiñòü áàãàòèõ ïiäïðîñòîðiâ

Êðàñiêîâà Iðèíà Âîëîäèìèðiâíà

Çàïîðiçüêèé íàöiîíàëüíèé óíiâåðñèòåò

yudp@mail.ru

Íåõàé E � F-ïðîñòið Êåòå íà ïðîñòîði çi ñêií÷åííîþ áåçàòîìíîþ ìiðîþ
(Ω,Σ, µ). Ïiäïðîñòið X ïðîñòîðó E íàçèâà¹òüñÿ áàãàòèì, ÿêùî ôàêòîð-
âiäîáðàæåííÿ ç E íà E \ X ¹ âóçüêèì îïåðàòîðîì. Iíøèìè ñëîâàìè, X
� áàãàòèé ïiäïðîñòið, ÿêùî äëÿ äîâiëüíîãî ε > 0 òà äîâiëüíî¨ ìíîæèíè
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A ∈ Σ+ iñíóþòü òàêi ôóíêöi¨ x ∈ X òà y ∈ E, ùî |y| = 1A,
∫
Ω

y dµ = 0 òà

‖x− y‖ < ε.

Âiäîìî [1, p. 72], [2, Proposition 5.7], ùî ÿêùî E � ñèìåòðè÷íèé áàíàõiâ
ïðîñòið íà [0, 1], âiäìiííèé âiä L∞ ç òî÷íiñòþ äî åêâiâàëåíòíî¨ íîðìè, K
� êîìïàêòíèé îïåðàòîð íà E òà X � áàãàòèé ïiäïðîñòið ïðîñòîðó E, òî
ïiäïðîñòið (I +K)(X) � òàêîæ áàãàòèé (äîáðå âiäîìî, ùî îñòàííié ïiäïðî-
ñòið ¹ çàìêíåíèì çàâäÿêè êîìïàêòíîñòi K [1, ñ. 474]). Äîâåäåííÿ äàíîãî
òâåðäæåííÿ ó çàçíà÷åíèõ äæåðåëàõ âèêîðèñòîâóþòü òîé ôàêò, ùî ñèñòåìà
Ðàäåìàõåðà ñëàáêî ïðÿìó¹ äî íóëÿ çà äàíèìè ïðèïóùåííÿìè íà ïðîñòið E.
Âèêîðèñòîâóþ÷è òåõíiêó, ðîçðîáëåíó â [2, Section 1.3], ìè íàâîäèìî iíøå
äîâåäåííÿ, ÿêå íå âèêîðèñòîâó¹ ñëàáêó çáiæíiñòü äî íóëÿ ñèñòåìè Ðàäå-
ìàõåðà, ùî äà¹ ìîæëèâiñòü óçàãàëüíèòè äàíå òâåðäæåííÿ ç ñèìåòðè÷íèõ
ïðîñòîðiâ íà ïðîñòîðè Êåòå. Íàñòóïíà òåîðåìà ¹ íàøèì îñíîâíèì ðåçóëü-
òàòîì.

Òåîðåìà 1 Íåõàé E � F-ïðîñòið Êåòå ç àáñîëþòíî íåïåðåðâíîþ íîðìîþ
íà ïðîñòîði çi ñêií÷åííîþ áåçàòîìíîþ ìiðîþ (Ω,Σ, µ). ßêùî K � êîìïà-
êòíèé îïåðàòîð íà E òà X � áàãàòèé ïiäïðîñòið ïðîñòîðó E, òî ïiä-
ïðîñòið (I +K)(X) � òàêîæ áàãàòèé.

[1] Êàíòîðîâè÷ Ë.Â., Àêèëîâ Ã.Ï. Ôóíêöèîíàëüíûé àíàëèç. � Ì.: Íàóêà,
1984. � 752 ñ.

[2] Plichko A. M., Popov M. M. Symmetric function spaces on atomless
probability spaces// Diss. Math. (Rozpr. mat.) � 1990. � 306. � P. 1�85.

[3] Popov M., Randrianantoanina B. Narrow Operators on Function Spaces
and Vector Lattices. � Berlin�Boston: De Gruyter Studies in Mathematics
45, De Gruyter, 2013. � XIII, 319 p.
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Hypercyclic operators on spaces of block-symmetric
analytic functions

Kravtsiv Viktoriia Vasylivna
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maksymivvika@gmail.com

Let
X 2 = ⊕`1C2

be an in�nite `1-sum of copies of Banach space C2. So any element x ∈ X 2 can
be represented as a sequence x = (x1, . . . , xn, . . .), where xn ∈ C2, with the

norm ‖x‖ =
∞∑
k=1

‖xk‖.

Let (x, y), (z, t) ∈ X 2,

(x, y) =

((
x1

y1

)
, . . . ,

(
xm
ym

)
, . . .

)
and

(z, t) =

((
z1

t1

)
, . . . ,

(
zm
tm

)
, . . .

)
where (xi, yi), (zi, ti) ∈ C2. We put

(x, y) • (z, t) =

((
x1

y1

)
,

(
z1

t1

)
, . . . ,

(
xm
ym

)
,

(
zm
tm

)
, . . .

)
and de�ne

T(z,t)(f)(x, y) := f((x, y) • (z, t)). (1)

We will say that (x, y) → (x, y) • (z, t) is the symmetric translation and the
operator T(z,t) is the symmetric translation operator.

In this report will be proof the hypercyclicity of �symmetric translation�
on the algebras of block-symmetric analytic functions of bounded type on an
isomorphic copy of `1.

[1] Kravtsiv V.V., Zagorodnyuk A.V. On algebraic bases of algebras of block-symmetric
polynomials on Banach spaces // Matematychni Studii 2012, 37(1), 109-112.
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Direct algebrization of a boundary value problem for the
Klein-Gordon equation in a planar domain.

Kryven Myroslav
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We propose a semi-discrete method for a Robin problem for the Klein-Gordon
equation in a multiply-connected domain, that does not require to approxi-
mately evaluate integrals when reducing the problem via Potential theory to a
corresponding system of algebraic equations and obtaining the solution.

Let Di ⊂ R2 � be bounded planar domains satisfying the following conditi-
ons:

1. Di ⊂ D1, i = 2, . . . n;

2. D1 ∩Di = Di;

3. Di ∩Dj = ∅, i 6= j, i, j = 2, . . . n;

4. ∂Di = Γi ∈ C1.

We consider the following boundary value problem for the Klein-Gordon equati-
on in a multiply-connected domain D = D1 \

(⋃n
i=2 D̄i

)
, n ∈ N:

∆u− κ2u = 0 in D, (1)

with boundary conditions:

∂u

∂νi
+ λiu = fi on Γi. (2)

where fi, λi ∈ C(Γi) � known positive functions, κ > 0 � known constant and
νi � the outward unit normal to the Γi.

Using Potential theory the problem (1)�(2) is reduced to a system of integral
equations of a second kind, which then is discretized to become a system of
linear algebraic equations. To discretize the system one have to approximately
evaluate the related integrals as well as those on curves to obtain the solution.

We propose a semi-discrete method, that does not require to evaluate integrals
when reducing the problem (1)�(2) to a corresponding system of algebraic
equations and obtaining the solution.

The approximate solution of the problem (1)�(2)

u = QΦ(x), (3)
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where Q = [Q1Q2 . . . Qn], Qi = [qi1qi2 . . . qin1 ] � real matrixes, Φ(x) =
[Φ1(x)Φ2(x) . . .Φn(x)]T , Φi(x) = [fi1(x)fi2(x) . . . fini(x)];
fij(x) = K0 (|x− yij |) � a fundamental solution of the equation (1) (Macdonald
function) with singularity in x = yij (y1j /∈ D1, j = 1 . . . n1), yij ∈ Di(i =
2 . . . n, j = 1 . . . ni).

Matrix Q(N × 1), N = n1 + n2 + . . . + nn1 is a solution to the N × N
linear system

AQ = G, (4)

where G = [G1G2 . . . Gn]T , Gi = [gi1gi2 . . . gin1
], gij = gi(xij) (xij ∈

Γi, j = 1 . . . ni);
A = (Aij) � n × n block matrix, Aij (ni × nj) � real matrixes, with the
following elements:

aijpq = λi(xip)K0 (|xip − yiq|)−K1 (|xip − yiq|)
(
yiq − xip
|yiq − xip|

, νip

)
,

where νip � the outward unit normal to the boundary of D in xip ∈ Γi, K1(x)

� Macdonald function (K1(x) = K
′

0(x)).

For a practical realisation points xip ∈ Γi can be chosen as equidistant
on Γi, while yiq can be taken on relatively the same distance to Γi and with
relatively equal distance |yiq − yiq+1| .

Bene�ting from the possibility to arbitrary position the points xip ∈ Γi
and yiq it is possible to improve the error of the approximate solution without
increasing the order of the system (4).

Ñïåêòðàëüíèé àíàëiç çiðêîâîãî ãðàôà ç íåñêií÷åííèìè
ïðîìåíÿìè

Ëåáiäü Âiêòîðiÿ Îëåêñàíäðiâíà

Iíñòèòóò ìàòåìàòèêè Íàöiîíàëüíî¨ àêàäåìi¨ íàóê Óêðà¨íè

lebiduk@gmail.com

Íåõàé S(n,∞) � çiðêîâèé ãðàô, ó ÿêîãî âñi n ïðîìåíiâ ¹ íåñêií÷åííèìè
ëàíöþãàìè, ç'¹äíàíèìè â îäíié âåðøèíi � öåíòði çiðêîâîãî ãðàôà. Ìàòðèöÿ
ñóìiæíîñòi òàêîãî ãðàôà ïîðîäæó¹ îáìåæåíèé ñàìîñïðÿæåíèé îïåðàòîð A
ó ãiëüáåðòîâîìó ïðîñòîði l2(V ), äå V � ìíîæèíà âåðøèí ãðàôà S(n,∞).
Îïåðàòîð A äi¹ íà âåêòîð x = (x0, x

j
i ) ∈ l2(V ) òàê

(Ax)0 =

n∑
j=1

xj1, (Ax)ji = xji−1 + xji+1, x
j
0 ≡ x0, äëÿ êîæíîãî j = 1, n òà i ∈ N
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Òóò êîìïîíåíòè âåêòîðiâ x òà Ax iç ïðîñòîðó l2(V ), ùî âiäïîâiäàþòü öåí-
òðó çiðêîâîãî ãðàôà, ïîçíà÷à¹ìî íèæíiì iíäåêñîì 0, à êîìïîíåíòè, ùî
âiäïîâiäàþòü i-é âåðøèíi íà j-ìó ïðîìåíi � íèæíiì iíäåêñîì i òà âåðõíiì
iíäåêñîì j.

Òåîðåìà 1. Iñíó¹ óíiòàðíèé îïåðàòîð U òàêèé, ùî

UAU−1 = J
√
n ⊕ J0 ⊕ . . .⊕ J0︸ ︷︷ ︸

n−1

,

äå J
√
n, J0 � ìàòðèöi ßêîái, âèçíà÷åíi íà ïðîñòîði l2 i ìàþòü âèãëÿä

J
√
n=


0
√
n 0 0 0 . . .√

n 0 1 0 0 . . .
0 1 0 1 0 . . .
...

...
...

...
...

. . .

 òà J0=


0 1 0 0 0 . . .
1 0 1 0 0 . . .
0 1 0 1 0 . . .
...

...
...

...
...

. . .


Òàêèì ÷èíîì, ñïåêòðàëüíèé àíàëiç çiðêîâîãî ãðàôà S(n,∞) çâîäèòüñÿ

äî äîñëiäæåííÿ ñïåêòðàëüíèõ âëàñòèâîñòåé ìàòðèöü ßêîái J
√
n, J0. Ñïå-

êòðàëüíèé àíàëiç ìàòðèöi J0 äîáðå âiäîìèé. Ïîâíèé ñïåêòðàëüíèé àíàëiç
ìàòðèöi J

√
n ìîæíà îäåðæàòè çà àëãîðèòìîì, íàâåäåíèì ó ðîáîòàõ

[1] Ëåáiäü Â. Î., Íèæíèê Ë. Ï., Ñïåêòðàëüíèé àíàëiç çiðêîâîãî ãðàôà ç îäíèì íå-
ñêií÷åííèì ïðîìåíåì//Íàóêîâi çàïèñêè ÍàÓÊÌÀ. � 2013. � Òîì 139, ñ. 18-22.

[2] Ëåáiäü Â. Î., Íèæíèê Ë. Ï., Ñïåêòðàëüíèé àíàëiç ëîêàëüíî ñêií÷åííèõ ãðàôiâ ç
îäíèì íåñêií÷åííèì ïðîìåíåì//Äîïîâiäi ÍÀÍ Óêðà¨íè. � 2014. � �3, ñ. 9-17.
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Äèôåðåíöiþâàííÿ â àëãåáðàõ ïîëiíîìiàëüíèõ
ω-óëüòðàðîçïîäiëiâ

Ëîçèíñüêà Âiðà ßðîñëàâiâíà

Iíñòèòóò ïðèêëàäíèõ ïðîáëåì ìåõàíiêè i ìàòåìàòèêè
iì. ß.Ñ. Ïiäñòðèãà÷à ÍÀÍ Óêðà¨íè, Ëüâiâ

vlozynska@yahoo.com

Øàðèí Ñåðãié Âîëîäèìèðîâè÷

Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Âàñèëÿ Ñòåôàíèêà,
Iâàíî-Ôðàíêiâñüê

sharynsir@yahoo.com

Àëãåáðè ðîçïîäiëiâ òà óëüòðàðîçïîäiëiâ ç òåíçîðíîþ îïåðàöi¹þ ìíîæåí-
íÿ âèêîðèñòîâóþòüñÿ, íàïðèêëàä, ó êâàíòîâié òåîði¨ ïîëÿ. Äîñëiäæåííÿ
ó öüîìó íàïðÿìêó, à ñàìå, âèâ÷åííÿ àëãåáð ïîëiíîìiàëüíèõ ðîçïîäiëiâ òà
ïîëiíîìiàëüíèõ óëüòðàðîçïîäiëiâ áóëè ïðîâåäåíi â ðîáîòàõ [2], [3], [4].

Â äîïîâiäi ðîçãëÿíåìî ìóëüòèïëiêàòèâíó àëãåáðó P (D′∗) íåïåðåðâíèõ
ñêàëÿðíèõ ïîëiíîìiâ íà ïðîñòîði D′∗ ω-óëüòðàðîçïîäiëiâ [1], à òàêîæ ¨¨ ñèëü-
íî ñïðÿæåíó P ′(D′∗). Àëãåáðà P (D′∗) ùiëüíî âêëàäåíà â P ′(D′∗). Îïåðàöiþ
ìíîæåííÿ íà P (D′∗) ìîæíà ðîçøèðèòè äî ìíîæåííÿ íà P ′(D′∗) òàê, ùî
P ′(D′∗) ¹ òàêîæ àëãåáðîþ.

Îïèñàíî âëàñòèâîñòi äèôåðåíöiþâàííÿ íà àëãåáðàõ P (D′∗), P ′(D′∗) çà
äîïîìîãîþ ¨õ òåíçîðíîãî ïðåäñòàâëåííÿ.

[1] Braun R.W., Meise R., Taylor B.A. Ultradi�erentiable functions and Fourier analysis.
Results in Math., 17 (1990), P. 206�237.

[2] Grasela K. Generalized derivations and Fourier transform of polynomial ultradistributi-
ons. // Ìàò. ñòóäi¨. 20, � 2 (2003), Ñ. 167�178.

[3] Lopushansky O. Polynomial ultradistributions: di�erentiation and Laplace transformati-
on. Banach Center Publ. IM PAN. 88 (2010), P. 195�209.

[4] Lopushansky O., Sharyn S. Polynomial ultradistributions on Rd+. Topology, 48 (2009),
P. 80�90.
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Íåðiâíiñòü òèïó Âiìàíà äëÿ àíàëiòè÷íèõ â îäèíè÷íîìó
áiêðóçi ôóíêöié

Êóðèëÿê À. Î.

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. I.Ôðàíêà

kurylyak88@gmail.ru

Ñêàñêiâ Î. Á.

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. I.Ôðàíêà

matstud@franko.lviv.ua

Øàïîâàëîâñüêà Ë. Î.

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. I.Ôðàíêà

shap.ludmila@gmail.com

Ðîçãëÿäà¹ìî àíàëiòè÷íi ôóíêöi¨ f : D2 → C, âèãëÿäó

f(z) = f(z1, z2) =
∑+∞

n+m=0
anmz

n
1 z

m
2 , z = (z1, z2),

äå D = {τ ∈ C : |τ | < 1}. Êëàñ òàêèõ ôóíêöié ïîçíà÷èìî ÷åðåç A(D2). Äëÿ
r = (r1, r2) ∈ [0, 1)2 ïîçíà÷èìî ∆r = {t = (t1, t2) ∈ [0, 1)2 : t1 ≥ r1, t2 ≥ r2}
òà Mf (r) = max{|f(z)| : |z1| = r1, |z2| = r2}.

Áóäåìî êàçàòè, ùî ìíîæèíà E ⊂ [0, 1)2 ¹ ìíîæèíîþ àñèìïòîòè÷íî
ñêií÷åííî¨ ëîãàðèôìi÷íî¨ ìiðè íà [0, 1)2, ÿêùî iñíó¹ r0 ∈ [0, 1)2 òàêå, ùî

νln(E ∩4r0):=

∫
E∩4r0

dr1dr2

(1− r1)(1− r2)
< +∞,

ó ïðîòèëåæíîìó âèïàäêó êàæåìî, ùî ìíîæèíà ìà¹ íåñêií÷åííó ëîãàðè-
ôìi÷íó ìiðó íà [0, 1)2.

Òåîðåìà 1 Äëÿ êîæíî¨ ôóíêöi¨ f ∈ A(D2) i áóäü-ÿêîãî δ > 0 iñíó¹ ìíîæè-

íà E = E(f, δ) ⊂ [0, 1)2 àñèìïòîòè÷íî ñêií÷åííî¨ ëîãàðèôìi÷íî¨ ìiðè òàêà,

ùî äëÿ âñiõ r ∈ [0, 1)2 \ E âèêîíó¹òüñÿ íåðiâíiñòü

Mf (r) ≤ µf (r)
( 1

(1− r1)(1− r2)
· ln µf (r)

(1− r1)(1− r2)

)1+δ

.
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Ïîêàçíèê 1+δ â îñòàííié íåðiâíîñòi íå ìîæíà çàìiíèòè ÷èñëîì ìåíøèì
çà 1. Íà öå âêàçó¹ òàêå òâåðäæåííÿ.

Òåîðåìà 2 Iñíóþòü àíàëiòè÷íà ôóíêöiÿ f ∈ A(D2), ñòàëà C > 0, ìíîæè-

íà E ⊂ [0, 1)2 íåñêií÷åííî¨ ëîãàðèôìi÷íî¨ ìiðè òàêi, ùî äëÿ âñiõ r ∈ E
âèêîíó¹òüñÿ íåðiâíiñòü

Mf (r) ≥ C µf (r)

(1− r1)(1− r2)
ln

µf (r)

(1− r1)(1− r2)
.

Âiäçíà÷èìî, ùî ÿêiñíî ïîäiáíi òâåðäæåííÿ îòðèìàíî â [1] ó âèïàäêó,
êîëè ôóíêöiÿ f � àíàëiòè÷íà â îáëàñòi T = D× C.

[1] Kuryliak A.O. , Shapovalovska L.O., Skaskiv O.B. Wiman's type inequality for some
double power series // Mat. Stud. � 2013. � V.39, �2. � P.134�141.

KC-ôóíêöi¨ çi çíà÷åííÿìè ó ïëîùèíi Ñiäðà

Ìàñëþ÷åíêî Âîëîäèìèð

×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

math.analysis.chnu@gmail.com

Ìèðîíèê Îêñàíà

×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

math.analysis.chnu@gmail.com

Ïëîùèíà Ñiäðà M � öå òîïîëîãi÷íèé ïðîñòið, òî÷êàìè ÿêîãî ¹ òî÷êè ç
äîáóòêó R × [0,+∞), à îêîëè ââîäÿòüñÿ òàê: ìíîæèíà W áóäå îêîëîì òî-
÷êè p = (x, y) ïðè y > 0 â M, ÿêùî iñíó¹ òàêå 0 < ε < y, ùî {x} ×
(y − ε, y + ε) ⊆ W , i òî÷êè p = (x, 0) â M, ÿêùî iñíó¹ òàêå ε > 0, ùî
((x−ε, x+ε)× [0, ε))\ ({x}× (0, ε)) ⊆W . Âiäîìî [1,2], ùî M � öå âè÷åðïíèé
i íåìåòðèçîâíèé ïðîñòið. Â îñòàííi ðîêè iíòåíñèâíî äîñëiäæóâàëèñÿ íà ñó-
êóïíó íåïåðåðâíiñòü íàðiçíî íåïåðåðâíi âiäîáðàæåííÿ òà ¨õ àíàëîãè, ùî
íàáóâàþòü çíà÷åíü ó ïðîñòîðàõ, áëèçüêèõ äî ìåòðèçîâíèõ (äèâ. [3] i âêà-
çàíó òàì ëiòåðàòóðó). Çîêðåìà, òàêà çàäà÷à ïîñòàëà i äëÿ âiäîáðàæåíü çi
çíà÷åííÿìè â M. Äëÿ íàðiçíî íåïåðåðâíèõ âiäîáðàæåíü âîíà áóëà ðîçâ'ÿ-
çàíà ó ïðàöi [4] äëÿ âèïàäêó, êîëè ñïiâìíîæíèêè ¹ çâ'ÿçíèìè ïðîñòîðàìè.
Òóò ìè ïîäà¹ìî ðåçóëüòàòè, ùî âèíèêëè ïðè ïðîäîâæåííi äîñëiäæåíü ç [4].
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Ôóíêöiÿ f : X → Y íàçèâà¹òüñÿ êâàçiíåïåðåðâíîþ, ÿêùî äëÿ äîâiëüíî¨
òî÷êè x ç X i äîâiëüíèõ îêîëiâ U i V òî÷îê x i f(x) ó ïðîñòîðàõ X i
Y âiäïîâiäíî iñíó¹ òàêà âiäêðèòà íåïîðîæíÿ ìíîæèíà G â X, ùî G ⊆ U i
f(G) ⊆ V . Äëÿ ôóíêöi¨ f : X×Y → Z i òî÷êè p = (x, y) ∈ X×Y ïîêëàäåìî
fx(y) = fy(x) = f(x, y). Ôóíêöiÿ f : X×Y → Z íàçèâà¹òüñÿ KC-ôóíêöi¹þ,
ÿêùî äëÿ êîæíîãî x ∈ X ôóíêöiÿ fx : Y → Z íåïåðåðâíà i äëÿ êîæíîãî
y ∈ Y ôóíêöiÿ fy : X → Z êâàçiíåïåðåðâíà.

Êàæóòü, ùî òîïîëîãi÷íèé ïðîñòið X ìà¹ âëàñòèâiñòü çëi÷åííîñòi ëàí-
öþæêiâ, ÿêùî äîâiëüíà äèç'þíêòíà ñèñòåìà âiäêðèòèõ íåïîðîæíiõ ìíîæèí
ç X ¹ íå áiëüø, íiæ çëi÷åííîþ.

Òåîðåìà 1. Íåõàé X � òîïîëîãi÷íèé ïðîñòið ç âëàñòèâiñòþ çëi÷åí-
íîñòi ëàíöþæêiâ i f : X →M � êâàçiíåïåðåðâíà ôóíêöiÿ. Òîäi ¨¨ ìíîæèíà
òî÷îê íåïåðåðâíîñòi C(f) çàëèøêîâà â X.

Äëÿ âiäîáðàæåíü çi çíà÷åííÿìè â ìåòðèçîâíèõ ïðîñòîðàõ � öå äîáðå
âiäîìèé ðåçóëüòàò, äîâåäåííÿ òåîðåìè 1 çäiéñíþ¹òüñÿ çâåäåííÿì äî öüîãî
âèïàäêó.

Òåîðåìà 2.Íåõàé X � òîïîëîãi÷íèé ïðîñòið ç âëàñòèâiñòþ çëi÷åííîñ-
òi ëàíöþæêiâ, ÿêèé ìà¹ íå áiëüø íiæ çëi÷åííó ïñåâäîáàçó, Y � çâ'ÿçíèé
áåðiâñüêèé ïðîñòið, ùî çàäîâîëüíÿ¹ äðóãó àêñiîìó çëi÷åííîñòi i f : X ×
Y → M � KC-ôóíêöiÿ. Òîäi ìíîæèíà CY (f) = {x ∈ X : {x} × Y ⊆ C(f)}
áóäå çàëèøêîâîþ â X.

[1] Ceder J. Some generalizations of metric spaces // Pacif. J. Math. � 1961.�11. � P.105-
126.

[2] Ìàñëþ÷åíêî Â.Ê., Ìèðîíèê Î.Ä. Äîáóòîê Ñiäðà òà âè÷åðïíi ïðîñòîðè // Áóê. ìàò.
æóðí. � 2013. � 1, �1-2. � C.107-112.

[3] Ìàñëþ÷åíêî Â., Ìèðîíèê Î. Ñóêóïíà íåïåðåðâíiñòü âiäîáðàæåíü çi çíà÷åííÿìè ó
ðiçíèõ óçàãàëüíåííÿõ ìåòðèçîâíèõ ïðîñòîðiâ // Âñåóêð. íàóê. êîíôåðåíöiÿ "Ñó÷à-
ñíi ïðîáëåìè òåîði¨ éìîâiðíîñòåé òà ìàòåìàòè÷íîãî àíàëiçó"(20 - 26 ëþòîãî 2012
ð.). Òåçè äîïîâiäåé. � Iâ.-Ôðàíêiâñüê: Ïðèê. íàö. óí-ò. � 2012. � Ñ.5-6.

[4] Ìèðîíèê Î.Ä.Ïðî íàðiçíî íåïåðåðâíi âiäîáðàæåííÿ çi çíà÷åííÿìè â ïëîùèíi Ñiäðà
// Áóê. ìàò. æóðí. � 2013. � 1, �3-4. � C.100-105.
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Îïåðàòîðè êîìïîçèöi¨ íà àëãåáði ñèìåòðè÷íèõ ôóíêöié

Ìîæèðîâñüêà Çîðÿíà Ãîðèñëàâiâíà

Ëüâiâñüêà êîìåðöiéíà àêàäåìiÿ

nzoriana@yandex.ua

Êëàñè÷íà òåîðåìà Áiðêãîôà [1] ñòâåðäæó¹, ùî îïåðàòîð çñóâó Ta íà äî-
âiëüíèé íåíóëüîâèé âåêòîð a, Ta : f(x) 7→ f(x+ a) ¹ ãiïåðöèêëi÷íèì ó ïðî-
ñòîði H(C). Ãîäôðóà i Øàïiðî [2] óçàãàëüíèëè öþ òåîðåìó äëÿ âèïàäêó
H(Cn) òà îïèñàëè âñi ãiïåðöèêëi÷íi îïåðàòîðè êîìïîçèöi¨, ùî êîìóòóþòü ç
îïåðàòîðîì çñóâó. Â äîïîâiäi ðîçãëÿíóòî àëãåáðó öiëèõ ñèìåòðè÷íèõ ôóí-
êöié Hn

s (`p), 1 ≤ p < ∞, òà ïîáóäîâàíî êëàñ îïåðàòîðiâ êîìïîçèöi¨, ÿêi ¹
ãiïåðöèêëi÷íèìè íà öié àëãåáði.

[1] G. D. Birkho�, D�emonstration d'un th�eor�eme �el�ementaire sur les fonctions enti�eres, C.
R. Acad. Sci. Paris 189 (1929), 473�475.

[2] Godefroy G. and Shapiro J.H., Operators with dense, invariant, cyclic vector mani-

folds// J.Funct. Anal. V. 98, 1991, 229-269.

Ïîäiëüíi ìiðè òà îðòîãîíàëüíî àäèòèâíi îïåðàòîðè
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Ñåðåä íåëiíiéíèõ îïåðàòîðiâ îñîáëèâå ìiñöå çàéìàþòü îðòîãîíàëüíî
àäèòèâíi îïåðàòîðè, îñêiëüêè äåÿêi ìåòîäè äîñëiäæåííÿ ëiíiéíèõ îïåðàòî-
ðiâ ìîæóòü áóòè çàñòîñîâàíèìè äî òàêèõ îïåðàòîðiâ. Äî òàêèõ íàëåæàòü
ìåòîäè äîñëiäæåííÿ âóçüêèõ îïåðàòîðiâ, ÿê áóëî ïîêàçàíî â [1]. Òóò ìè
ïðîïîíó¹ìî íîâèé ïiäõiä äî äîñëiäæåííÿ îðòîãîíàëüíî àäèòèâíèõ îïåðà-
òîðiâ, ïîâ'ÿçàíèé ç ìiðàìè íà áóëåâèõ àëãåáðàõ.

Íåõàé E � âåêòîðíà  ðàòêà òà X � ëiíiéíèé ïðîñòið. Âiäîáðàæåííÿ
T : E → X íàçèâà¹òüñÿ îðòîãîíàëüíî àäèòèâíèì îïåðàòîðîì, ÿêùî T (x+
y) = T (x) + T (y) äëÿ âñiõ x, y ∈ E òàêèõ, ùî x⊥y. ßêùî, êðiì òîãî, X
¹ âåêòîðíîþ  ðàòêîþ, òî ïîðÿäêîâî îáìåæåíèé îðòîãîíàëüíî àäèòèâíèé
îïåðàòîð íàçèâà¹òüñÿ àáñòðàêòíèì îïåðàòîðîì Óðèñîíà. Íåõàé E � áåçà-
òîìíà âåêòîðíà  ðàòêè òà X � ëiíiéíèé ïðîñòið. Âiäîáðàæåííÿ T : E → X
íàçèâà¹òüñÿ ñòðîãî âóçüêèì, ÿêùî äëÿ äîâiëüíîãî e ∈ E iñíó¹ ðîçáèòòÿ
e = f t g åëåìåíòà e òàêå, ùî T (f) = T (g); âóçüêèì, ÿêùî X � íîðìîâàíèé
ïðîñòið i äëÿ äîâiëüíèõ e ∈ E òà ε > 0 iñíó¹ ðîçáèòòÿ e = f t g åëåìåí-
òà e òàêå, ùî ‖T (f) − T (g)‖ < ε; ïîðÿäêîâî âóçüêèì, ÿêùî X � âåêòîðíà
 ðàòêà i äëÿ êîæíîãî e ∈ E iñíó¹ ñiòêà ðîçáèòòiâ e = fα t gα òàêà, ùî
(T (fα) − T (gα))

o−→ 0 (òîáòî, ñiòêà (T (fα) − T (gα))α ïîðÿäêîâî çáiãà¹òüñÿ
äî íóëÿ). Âiäîáðàæåííÿ T ç âåêòîðíî¨  ðàòêè E ó áàíàõiâ ïðîñòið X íà-
çèâà¹òüñÿ: ëàòåðàëüíî-íîðìîâàíî σ-íåïåðåðâíèì, ÿêùî T ïåðåâîäèòü ëà-
òåðàëüíî çáiæíi ïîñëiäîâíîñòi ç E ó çáiæíi çà íîðìîþ ïîñëiäîâíîñòi â X;
ëàòåðàëüíî-íîðìîâàíî íåïåðåðâíèì, ÿêùî T ïåðåâîäèòü ëàòåðàëüíî çái-
æíi ñiòêè ç E ó çáiæíi ñiòêè ó X.

ÍåõàéA � áóëåâà àëãåáðà,X � ëiíiéíèé ïðîñòið, Y � íîðìîâàíèé ïðîñòið
òà Z � âåêòîðíà  ðàòêà. Ìiðà (ñêií÷åííî àäèòèâíà) µ : A → X íàçèâà¹òüñÿ
ïîäiëüíîþ, ÿêùî äëÿ äîâiëüíîãî x ∈ A iñíó¹ ðîçêëàä x = y t z òàêèé,
ùî µ(y) = µ(z). Ìiðà µ : A → Y íàçèâà¹òüñÿ ìàéæå ïîäiëüíîþ, ÿêùî äëÿ
äîâiëüíèõ x ∈ A òà ε > 0 iñíó¹ ðîçêëàä x = ytz òàêèé, ùî ‖µ(y)−µ(z)‖ < ε.
Ìiðà µ : A → Z íàçèâà¹òüñÿ ïîðÿäêîâî ïîäiëüíîþ, ÿêùî äëÿ äîâiëüíîãî
x ∈ A iñíó¹ ñiòêà ðîçêëàäiâ x = yα t zα òàêà, ùî

(
µ(yα)− µ(zα)

) o−→ 0.

Âèêîðèñòîâóþ÷è ïåâíó òåõíiêó, ÿêà ïîâ'ÿçó¹ ïîíÿòòÿ ïîäiëüíîñòi ìiðè
òà âóçüêèõ îïåðàòîðiâ, à òàêîæ òåîðåìó Ëÿïóíîâà ïðî âåêòîðíi ìiðè òà ¨¨
óçàãàëüíåííÿ, íàìè îòðèìàíî òàêi ðåçóëüòàòè.

Òåîðåìà 1 Íåõàé E � áåçàòîìíà âåêòîðíà  ðàòêà ç ïðèíöèïîâîþ ïðîå-
êòèâíîþ âëàñòèâiñòþ, X � ñêií÷åííîâèìiðíèé íîðìîâàíèé ïðîñòið (âiä-
ïîâiäíî, âåêòîðíà  ðàòêà). Òîäi êîæíèé σ-ëàòåðàëüíî-íîðìîâàíî íåïå-
ðåðâíèé (âiäïîâiäíî, σ-ëàòåðàëüíî íåïåðåðâíèé) îðòîãîíàëüíî àäèòèâíèé
îïåðàòîð T : E → X ¹ ñòðîãî âóçüêèì.
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Òåîðåìà 2 Íåõàé E,F � âåêòîðíi  ðàòêè ç ïðèíöèïîâîþ ïðîåêòèâíîþ
âëàñòèâiñòþ, ïðè÷îìó E � áåçàòîìíà, à F � ÷èñòî àòîìíà. Òîäi êîæíèé
ëàòåðàëüíî íåïåðåðâíèé àáñòðàêòíèé îïåðàòîð Óðèñîíà T : E → F ïî-
ðÿäêîâî âóçüêèé.

ßêùî E � âåêòîðíà  ðàòêà i e ∈ E, òî ÷åðåç Fe ìè ïîçíà÷à¹ìî áóëåâó
àëãåáðó âñiõ ôðàãìåíòiâ åëåìåíòà e; ÿêùî A � ìíîæèíà, òî ÷åðåç |A| ìè
ïîçíà÷à¹ìî ¨¨ ïîòóæíiñòü; ÿêùî X � ëiíiéíèé ïðîñòið, òî ÷åðåç H-dimX
ìè ïîçíà÷à¹ìî ïîòóæíiñòü éîãî áàçèñó Ãàìåëÿ.

Òåîðåìà 3 Íåõàé (Ω,Σ, µ) � ïðîñòið çi ñêií÷åííîþ áåçàòîìíîþ ìiðîþ,
E � áåçàòîìíà ïîðÿäêîâî ïîâíà âåêòîðíà ïiä ðàòêà L0(µ), X � äiéñíèé
F-ïðîñòið òàêèé, ùî |Fe| > H-dimX äëÿ âñiõ e ∈ E òàêèõ, ùî e > 0.
Òîäi êîæíèé ëàòåðàëüíî íåïåðåðâíèé îðòîãîíàëüíî àäèòèâíèé îïåðàòîð
T : E → X ñòðîãî âóçüêèé.

Òåîðåìà 3 äà¹, çîêðåìà, âiäïîâiäü íà ïðîáëåìó 2.17 ç [2].

[1] Pliev M., Popov M. Narrow orthogonally additive operators // Positivity (to appear).

[2] Popov M., Randrianantoanina B. Narrow Operators on Function Spaces and Vector
Lattices. � Berlin�Boston: De Gruyter Studies in Mathematics 45, De Gruyter, 2013. �
XIII, 319 p.
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ðiâíÿííÿ â êëàñi ôóíêöié, ÿêi çàäîâîëüíÿþòü ñòðîãî íåîáõiäíi óìîâè äëÿ
iñíóâàííÿ âèðàçiâ, ùî âõîäÿòü ó äàíå ðiâíÿííÿ, áåðóòü ñâié ïî÷àòîê ç êëà-
ñè÷íî¨ ïðàöi Ð.Áåðà [1]. Â íié áóëî ïîêàçàíî, ùî êîæíèé íåïåðåðâíèé çà
ñóêóïíiñòþ çìiííèõ íàðiçíî äèôåðåíöiéîâíèé, òîáòî äèôåðåíöiéîâíèé âiä-
íîñíî êîæíî¨ çìiííî¨ çîêðåìà, ðîçâ'ÿçîê f : R2 → R ðiâíÿííÿ

∂u

∂x
+
∂u

∂y
= 0,

ìà¹ âèãëÿä f(x, y) = ϕ(x− y). Ó çâ'ÿçêó ç öèì Ð.Áåð ïîñòàâèâ ïèòàííÿ ïðî
òå, ÷è çáåðiãà¹òüñÿ âèãëÿä ðîçâ'ÿçêiâ ðiâíÿííÿ (1) ó êëàñi íàðiçíî äèôå-
ðåíöiéîâíèàñèëüîâè÷õ ôóíêöié. Ðåçóëüòàò Ð.Áåðà, ÿê i éîãî ïèòàííÿ, áóëè
ïiçíiøå ïðîäóáëüîâàíi â [4].

Ïîäàëüøi âèâ÷åííÿ ðîçâ'ÿçêiâ äèôåðåíöiàëüíèõ ðiâíÿíü ç ÷àñòèííèìè
ïîõiäíèìè çà ìiíiìàëüíèõ âèìîã áóëè ïðîðîáëåíi â ðîáîòàõ [2,3,5�7]. Çîêðå-
ìà, â [7] áóëî ðîçâèíóòî ìåòîä Ð.Áåðà i âñòàíîâëåíî, ùî éîãî ïèòàííÿ ìà¹
ïîçèòèâíó âiäïîâiäü, à â [2] áóëî ïîêàçàíî, ùî âñi ðîçâ'ÿçêè ðiâíÿííÿ êîëè-
âàííÿ ñòðóíè ó êëàñi íàðiçíî äâi÷i äèôåðåíöiéîâíèõ ôóíêöié òàêîæ ìàþòü
êëàñè÷íèé âèãëÿä.

Ó çâ'ÿçêó ç öèì ïðèðîäíî âèíèêà¹ ïèòàííÿ ïðî ðîçâ'ÿçêè ó êëàñi íà-
ðiçíî äèôåðåíöiéîâíèõ ôóíêöié ëiíiéíèõ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè
ïåðøîãî ïîðÿäêó çi çìiííèìè êîåôiöi¹íòàìè.

Òåîðåìà 1 Íåõàé α : R→ R ôóíêöiÿ, ÿêà çàäîâîëüíÿ¹ íàñòóïíi óìîâè:
1) α−1(0) � çàìêíåíà, íå áiëüø íiæ çëi÷åííà ìíîæèíà;
2) ÿêùî α(x) 6= 0 íà iíòåðâàëi I ⊆ R, òî α çáåðiãà¹ çíàê íà I;
3) α ìà¹ ïåðâiñíó ôóíêöiþ u : R→ R;
i f : R2 → R íàðiçíî äèôåðåíöiéîâíà ôóíêöiÿ, òàêà, ùî

f ′x(x, y) + α(x)f ′y(x, y) = 0 (1)

äëÿ áóäü-ÿêèõ (x, y) ∈ R2. Òîäi iñíó¹ äèôåðåíöiéîâíà ôóíêöiÿ ϕ, òàêà, ùî
f(x, y) = ϕ(u(x)− y).

Òåîðåìà 2 Íåõàé α : R → R � íåïåðåðâíà ôóíêöiÿ, u : R → R � ïåðâiñíà
äëÿ ôóíêöi¨ α i f : R2 → R íàðiçíî äèôåðåíöiéîâíèé ðîçâ'ÿçîê ðiâíÿííÿ
(1). Òîäi iñíó¹ äèôåðåíöiéîâíà ôóíêöiÿ ϕ, òàêà, ùî f(x, y) = ϕ(u(x)− y).

Ïèòàííÿ. Íåõàé α : R → R � ôóíêöiÿ, ÿêà ìà¹ ïåðâiñíó u : R → R.
×è îáîâ'ÿçêîâî íàðiçíî äèôåðåíöiéîâíèé ðîçâ'ÿçîê f : R2 → R ðiâíÿííÿ
(1) ìà¹ âèãëÿä f(x, y) = ϕ(u(x)− y)?
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Äîáðå âiäîìîþ ¹ õàðàêòåðèçàöiÿ íåïåðåâíîñòi âiäîáðàæåííÿ â òåðìiíàõ
éîãî çàìèêàííÿ: âiäîáðàæåííÿ f ìiæ òîïîëîãi÷íèìè ïðîñòîðàìè X òà Y
¹ íåïåðåðâíèì òîäi i òiëüêè òîäi, êîëè f(A) ⊆ f(A) äëÿ äîâiëüíî¨ ïiäìíî-
æèíè A ïðîñòîðó X. Ê.Êåëëóì ó [1] óâiâ ïîíÿòòÿ ôóíêöi¨ �iáñîíà, à ñàìå,
âiäîáðàæåííÿ f : X → Y íàçèâà¹òüñÿ ôóíêöi¹þ �iáñîíà, ÿêùî f(U) ⊆ f(U)
äëÿ âñiõ âiäêðèòèõ ìíîæèí U â X. Â [2] Î.Êàðëîâà òà Â.Ìèõàéëþê âñòàíî-
âèëè, ùî ïîíÿòòÿ ìàéæå íåïåðåðâíîñòi òà ïîíÿòòÿ ôóíêöi¨ �iáñîíà îçíà÷à-
þòü îäíå i òåæ. Ï.Ñ.Êåëëåð â [3] óâiâ âëàñòèâiñòü ùiëüíîñòi âiäîáðàæåííÿ
(�dense mapping property�, êîðîòêî DMP). Âiäîáðàæåííÿ f : X → Y ìà¹
âëàñòèâiñòü DMP, ÿêùî f(D) ⊆ f(D) äëÿ äîâiëüíî¨ ïiäìíîæèíè D ïðî-
ñòîðó X, òàêî¨, ùî D ¹ çâ'ÿçíîþ ìíîæèíîþ. Ð.Ìiìíà â [4] âñòàíîâèâ, ùî
ôóíêöiÿ f : R → R ¹ äâîñòîðîííüî êâàçiíåïåðåðâíîþ òîäi i òiëüêè òî-
äi, êîëè âîíà ìà¹ âëàñòèâiñòü DMP. Â [5] ß.Áîðñiêîì áóëî ïîêàçàíî, ùî
ÿêùî âiäîáðàæåííÿ f : X → Y ìiæ òîïîëîãi÷íèìè ïðîñòîðàìè X òà Y ìà¹
âëàñòèâiñòü DMP, òî f ¹ B-êâàçiíåïåðåðâíèì, à òàêîæ íàâåäåíî ïðèêëàä
ôóíêöi¨ f : R2 → R, ÿêà ¹ B-êâàçiíåïåðåðâíîþ, àëå íå ìà¹ âëàñòèâîñòi
DMP. Òàêîæ â [4] Ð.Ìiìíà ïîêàçàâ, ùî ôóíêöiÿ f : R→ R íåïåðåðâíà òîäi
i òiëüêè òîäi, êîëè f(N) ⊆ f(N) äëÿ äîâiëüíî¨ íiäå íå ùiëüíî¨ ìíîæèíè N .

79



Êðiì ìàéæå íåïåðåðâíîñòi òà äâîñòîðîííüî¨ êâàçiíåïåðåðâíîñòi iñíó¹
âåëèêà êiëüêiñòü iíøèõ îñëàáëåíü íåïåðåðâíîñòi. Âèíèêà¹ ïðèðîäíèé ií-
òåðåñ äîñëiäèòè ÷è äîïóñêàþòü iíøi îñëàáëåííÿ íåïåðåðâíîñòi ïîäiáíó õà-
ðàêòåðèçàöiþ ç äîïîìîãîþ âêëþ÷åííÿ f(A) ⊆ f(A), ùî âèêîíó¹òüñÿ äëÿ
ìíîæèíè A ç ïåâíî¨ ñèñòåìè A. Â öüîìó ïîâiäîìëåíi ïîäàíî òàêi õàðàêòå-
ðèçiöi¨ äëÿ ìàéæå íåïåðåðâíîñòi, B-êâàçiíåïåðåðâíîñòi, α-íåïåðåðâíîñòi,
ëåäü íåïåðåðâíîñòi òà ìàéæå ëåäü íåïåðåðâíîñòi.

Íåõàé X i Y � òîïîëîãi÷íi ïðîñòîðè, A � äåÿêà ñèñòåìà ïiäìíîæèí
ïðîñòîðó X i f : X → Y � âiäîáðàæåííÿ. Ìè êàæåìî, ùî âiäîáðàæåííÿ f
¹ A-íåïåðåðâíèì, ÿêùî f(A) ⊆ f(A) äëÿ äîâiëüíî¨ ìíîæèíè A ∈ A.

Ïiäìíîæèíà A ïðîñòîðó X íàçèâà¹òüñÿ íàïiââiäêðèòîþ (ïåðåäâiäêðè-
òîþ ÷è α-âiäêðèòîþ), ÿêùî A ⊆ intA (A ⊆ intA ÷è A ⊆ int(intA)).

Âiäîáðàæåííÿ f : X → Y íàçèâà¹òüñÿ:

� ìàéæå íåïåðåðâíèì, ÿêùî äëÿ äîâiëüíîãî x ∈ X i êîæíîãî îêîëó
V òî÷êè y = f(x) â Y iñíó¹ ìíîæèíà A â X, òàêà, ùî x ∈ intA i
f(A) ⊆ V ;

� B-êâàçiíåïåðåðâíèì, ÿêùî äëÿ äîâiëüíîãî x ∈ X, äîâiëüíîãî îêîëó
V òî÷êè y = f(x) â Y i äîâiëüíî¨ îáëàñòi O â X, òàêî¨, ùî x ∈ O iñíó¹
âiäêðèòà íåïîðîæíÿ ìíîæèíà G â X, òàêà, ùî G ⊆ O i f(U) ⊆ V ;

� α-íåïåðåðâíèì, ÿêùî äëÿ äîâiëüíîãî x ∈ X i äëÿ êîæíîãî îêîëó V
òî÷êè f(x) â Y iñíó¹ α-âiäêðèòà ìíîæèíà A â X, òàêà, ùî x ∈ A i
f(A) ⊆ V ;

� ëåäü íåïåðåðâíèì, ÿêùî äëÿ äîâiëüíîãî x ∈ X i äëÿ êîæíîãî îêîëó
V òî÷êè y = f(x) â Y iñíó¹ âiäêðèòà íåïîðîæíÿ ìíîæèíà G, òàêà,
ùî f(G) ⊆ V ;

� ìàéæå ëåäü íåïåðåðâíèì, ÿêùî äëÿ äîâiëüíîãî x ∈ X i äëÿ êîæíîãî
îêîëó V òî÷êè y = f(x) â Y iñíó¹ ìíîæèíà A â X, òàêà, ùî intA 6= ∅
i f(A) ⊆ V .

Òåîðåìà. Íåõàé X òà Y � òîïîëîãi÷íi ïðîñòîðè i f : X → Y . Òîäi:

(1) f � ìàéæå íåïåðåðâíå ⇔ f � Gs-íåïåðåðâíå, äå Gs � ñèñòåìà íàïiâ-
âiäêðèòèõ ìíîæèí â X;

(2) f � B-êâàçiíåïåðåðâíå ⇔ f � Op-íåïåðåðâíå, äå Op = {A ∈ 2X :
A− ïåðåäâiäêðèòà ìíîæèíà i intA− îáëàñòü};

(3) f � α-íåïåðåðâíå ⇔ f � Gp-íåïåðåðâíå, äå Gp � ñèñòåìà âñiõ ïåðå-
äâiäêðèòèõ ìíîæèí â X;

(4) f � ëåäü íåïåðåðâíå ⇔ f � D-íåïåðåðâíå, äå D = {A ∈ 2X : A = X};
(5) f � ìàéæå ëåäü íåïåðåðâíå ⇔ f � Dn-íåïåðåðâíå, äå Dn = {X \N :

N − íiäå íå ùiëüíà ìíîæèíà â X}.
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Ïðîñòîðè ãðàíè÷íèõ çíà÷åíü òà ñàìîñïðÿæåíi
ðîçøèðåííÿ äåÿêèõ åðìiòîâèõ îïåðàòîðiâ

Îëiÿð Þðié Iãîðîâè÷

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. I. Ôðàíêà

aruy@ukr.net

Ñòîðîæ Îëåã Ãåîðãiéîâè÷

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. I.Ôðàíêà

storog@ukr.net

Îïèñ ñàìîñïðÿæåíèõ ðîçøèðåíü (íåùiëüíî âèçíà÷åíîãî) åðìiòîâîãî îïå-
ðàòîðà íàâåäåíî â [1], ó òåðìiíàõ äåôåêòíèõ ïðîñòîðiâ. Íèæ÷å âñòàíîâëå-
íî êðèòåðié ñàìîñïðÿæåíîñòi çãàäàíèõ ðîçøèðåíü (ùîïðàâäà, ïðè äåÿêèõ
îáìåæåííÿõ) ó òåðìiíàõ ïðîñòîðiâ ãðàíè÷íèõ çíà÷åíü, òîáòî ó âèãëÿäi,
ÿêèé ó âèïàäêó äèôåðåíöiàëüíèõ îïåðàòîðiâ ïðèâîäèòü áåçïîñåðåäíüî äî
êðàéîâèõ óìîâ.

D(T ), kerT - âiäïîâiäíî îáëàñòü âèçíà÷åííÿ òà ìíîãîâèä íóëiâ ëiíéíîãî
îïåðàòîðà T ;

T ∗ - îïåðàòîð, ñïðÿæåíèé ç îïåðàòîðîì T ;

(· | ·),⊕,⊥ - ñèìâîëè ñêàëÿðíîãî äîáóòêó, îðòîãîíàëüíî¨ ñóìè òà îðòî-
ãîíàëüíîãî äîïîâíåííÿ, âiäïîâiäíî; ÿêùî X,Y - ãiëüáåðòîâi ïðîñòîðè, òî
ïiä C(X),B(X,Y ) ðîçóìi¹ìî êëàñè ëiíiéíèõ çàìêíåíèõ ùiëüíî âèçíà÷åíèõ
îïåðàòîðiâ ó ïðîñòîði X òà ëiíiéíèõ íåïåðåðâíèõ îïåðàòîðiâ A : X → Y
òàêèõ, ùî D(A) = X, âiäïîâiäíî.
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Íåõàé H - êîìïëåêñíèé ãiëüáåðòiâ ïðîñòið, à H2 def
= H⊕H . Íàãàäà¹ìî,

ùî (çàìêíåíèì) ëiíiéíèì âiäíîøåííÿì ó ïðîñòîði H íàçèâàþòü äîâiëüíèé
(çàìêíåíèé) ëiíiéíèé ìíîãîâèä T ⊂ H2, à îáëàñòü âèçíà÷åííÿ òà ñïðÿæåíå
âiäíîøåííÿ âèçíà÷àþòü òàêèì ÷èíîì:

D(T ) = {y ∈ H : (∃z ∈ H)(y, z) ∈ T},

T ∗ = {(y2, z2) ∈ H2 : ∀(y1, z1) ∈ T (z1 | y2)− (y1 | z2) = 0}

Âiäíîøåííÿ T íàçèâàþòü ñàìîñïðÿæåíèì, ÿêùî T = T ∗.

Äàëi, íåõàé L0 ∈ C(H) - ñèìåòðè÷íèé îïåðàòîð (òàê ùî L0 ⊂ L∗0
def
= L),

(G+, G−, δ+, δ−) - àíòèñèìåòðè÷íèé ïðîñòið ãðàíè÷íèõ çíà÷åíü îïåðàòîðà
L0 (äèâ. [2]), H0 - ñêií÷åííîâèìiðíèé ïiäïðîñòið ïðîñòîðó H, à P0 - îðòî-
ïðîåêòîð H → H0 . Âèçíà÷èìî îïåðàòîð S0 çà äîïîìîãîþ ñïiââiäíîøåíü
D(S0) = D(L0) ∩H⊥0 , S0 ⊂ L0.

Òåîðåìà 1 Ëiíiéíå âiäíîøåííÿ S ⊃ S0 ¹ ñàìîñïðÿæåíèì òîäi i òiëüêè
òîäi, êîëè iñíóþòü îïåðàòîðè A± ∈ B(G±, G−) òàêi, ùî

A+(A+)∗ = A−(A−)∗, kerA± = {0},

a S ñêëàäà¹òüñÿ ç òèõ åëåìåíòiâ {(y, Ly+φ) ⊂ S∗0} ÿêi çàäîâîëüíÿþòü
óìîâó

A+

(
δ+y,

1√
2

(φ+ iP0y)

)
+A−

(
δ−y,

1√
2

(φ− iP0y)

)
= 0.

[1] Êðàñíîñåëüñêèé Ì. À. Î ñàìîñîïðÿæåííûõ ðàñøèðåíèÿõ ýðìèòîâûõ îïåðàòîðîâ //
Óêð. ìàò. æóðí. - 1949. - N 1. - C. 21 - 38.

[2] Ñòîðîæ Î. Ã.ðàñøèðåíèÿõ ñèììåòðè÷åñêèõ îïåðàòîðîâ ñ íåðàâíûìè äåôåêòíûìè
÷èñëàìè // Ìàò. çàìåòêè. - 1984. - 36, N 5. - Ñ. 791-796.
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Ïåðåòâîðåííÿ Ëàïëàñà â ïðîñòîði ëàïëàñîâèõ
ãiïåðôóíêöié òèïó ω

Ïàòðà Ìàðiÿ Iãîðiâíà

Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Âàñèëÿ Ñòåôàíèêà

patra-m@mail.ru

Ïðîñòið ëàïëàñîâèõ ãiïåðôóíêöié òèïó ω ∈ R íà äîäàòíié ïiâîñi R+ :=
[0;∞) ââîäÿòü ÿê ôàêòîð-ïðîñòið B(ω)(R+) = L(ω)(W \ R+)/L(ω)(W ) ó ðî-
áîòi [1], äå

L(ω)(W ) ={F ∈ O(W ) : sup
z∈W̃
|eδzF (z)| <∞∀δ ∈ R, δ < ω

i êîæíî¨ çàìêíåíî¨ (â C) öèëiíäðè÷íî¨ ïiäìíîæèíèW̃ ⊂W},

O(W ) � ïðîñòið ãîëîìîðôíèõ ôóíêöié.

Ôóíêöiÿ F ∈ L(ω)(W \ R+) âèçíà÷à¹ ëàïëàñîâó ãiïåðôóíêöiþ f = F +
L(ω)(W ). Âæèâàþòü ïîçíà÷åííÿ f = [F ].

Ïåðåòâîðåííÿ Ëàïëàñà ðîçãëÿäàëîñÿ ó ïðîñòîðàõ äåùî iíøèõ ãiïåðôóí-
êöié (äèâ. [2, 3]). Âèêîðèñòîâóþ÷è ñõîæó ìåòîäèêó, ââåäåìî ïåðåòâîðåííÿ
Ëàïëàñà äëÿ ãiïåðôóíêöi¨ f(t) = [F (z)] ∈ B(ω)(R+) íàñòóïíèì ÷èíîì:

f̂(s) = −
∫

Γ

e−szF (z)dz,

äå Γ � êîíòóð, ÿêèé ïî÷èíà¹òüñÿ â ∞+ i0, ïðîõîäèòü íàä R+, ÷åðåç òî÷êó
−a < 0, ïiä R+ i äî ∞− i0.

Òåîðåìà 1 Ôóíêöiÿ f̂(s) ¹ ãîëîìîðôíîþ â ïiâïëîùèíi Res > inf(−δ).

[1] Graf U. Introduction to Hyperfunctions and Their Integral Transforms: An Applied and
Computational Approach. � Springer, 2010.

[2] Stanković B. Laplace Transform of Laplace Hyperfunctions and its Aplications // Novi
Sad J. Math. � 2001. � 31, � 1. � P. 9-17.

[3] Szmydt Z., Ziemian B. Laplace Distributions and Hyperfunctions on R̄n+ // J. Math.
Sci. Univ. Tokyo. � 1998. � 5. � P. 41-74.
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Ïðîäîâæåííÿ Àðîíà-Áåðíåðà äëÿ ôóíêöiîíàëüíîãî
÷èñëåííÿ â àëãåáði àíàëiòè÷íèõ ôóíêöié îáìåæåíîãî

òèïó

Ïåòðiâ Ãàëèíà Ìèêîëà¨âíà

ÄÂÍÇ "Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Âàñèëÿ
Ñòåôàíèêà"

galja_petriv@mail.ru

Íåõàé A � êîìóòàòèâíà áàíàõîâà àëãåáðà, X � áàíàõiâ ïðîñòið íàä ïî-
ëåì êîìïëåêñíèõ ÷èñåë C. Êðiì òîãî âèìàãà¹ìî ùîá A áóëà ðåãóëÿðíîþ
çà Àðåíñîì. Ðîçãëÿíåìî òåíçîðíèé äîáóòîê A ⊗ X, êîæåí åëåìåíò ÿêî-
ãî a ∈ A ⊗ X ìîæíà ïîäàòè ó âèãëÿäi ôîðìàëüíî¨ ñóìè

∑
k ak ⊗ xk, äå

ak ∈ A, xk ∈ X. Ïðîåêòèâíîþ íîðìîþ íà òåíçîðíîìó äîáóòêó íàçèâà-
þòü íîðìó ||a||π = inf

∑
k ||ak||||xk||, äå inf áåðóòü ïî âñiõ çîáðàæåííÿõ

a =
∑
k ak ⊗ xk. Ïîçíà÷èìî A⊗π X � ïîïîâíåííÿ A⊗X çà íîðìîþ || · ||π.

Íàãàäà¹ìî, ùî X ¹ ëiâèì A-ìîäóëåì (X ¹ ëiâèì ìîäóëåì íàä A), ÿêùî
iñíó¹ áiëiíiéíå âiäîáðàæåííÿ A×X → X, (a, x) 7→ a ·x òàêå, ùî (a1 ·a2) ·x =
a1 · (a2 · x), äå a1, a2 ∈ A, x ∈ X. Àíàëîãi÷íî, A ⊗π X ¹ ëiâèì A-ìîäóëåì,
ÿêùî iñíó¹ áiëiíiéíå âiäîáðàæåííÿ A× (A⊗π X)→ (A⊗π X), (a, u) 7→ a · u
òàêå, ùî (a1 · a2) · u = a1 · (a2 · u), äå a1, a2 ∈ A, u ∈ (A⊗π X).

Íà îñíîâi Òåîðåìè 2 ( [1], ñò.297) äîâåäåíî íàñòóïíó òåîðåìó.

Òåîðåìà 1 Íåõàé (A ⊗π X) ¹ ëiâèì A-ìîäóëåì. Òîäi (A ⊗π X)′′ ¹ ëiâèì
A′′-ìîäóëåì.

Ïîçíà÷èìî Hb(X) àëãåáðó öiëèõ ôóíêöié îáìåæåíîãî òèïó. Äëÿ êî-
æíîãî a ∈ A ⊗π X, f ∈ Hb(X) âèçíà÷èìî f(a) â ñåíñi ôóíêöiîíàëüíîãî

÷èñëåííÿ äëÿ àíàëiòè÷íèõ ôóíêöié íà áàíàõîâîìó ïðîñòîði( [2]). Òîäi f̃�
ïðîäîâæåííÿ Àðîíà-Áåðíåðà äëÿ f . Íàñòóïíå òâåðäæåííÿ ¹ óçàãàëüíåííÿì
ðåçóëüòàòiâ îòðèìàíèõ ó ðîáîòi [3].

Òâåðäæåííÿ 2 Íåõàé A � ðåãóëÿðíà çà Àðåíñîì áàíàõîâà àëãåáðà. Äëÿ

êîæíî¨ ôóíêöi¨ f ∈ Hb(X) iñíó¹ òàêà ôóíêöiÿ f̃ ∈ Hb((A⊗π X)′′, A′′), ùî

f̃(e ⊗ x) = ef(x), x ∈ X i âiäîáðàæåííÿ f 7→ f̃ ¹ ãîìîìîðôiçìîì àëãåáð
Hb(X) i Hb((A⊗π X)′′, A′′).

[1] Cabello Sanchez F., Garcia R., and Villanueva I. Extension of multilinear operators
on Banach spaces // Extracta mathematicae � 2000 �Vol. 15, no 2 � p. 291-334.
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[2] Dineen S., Hart R. E., and Taylor C. Spectra of tensor product elements III :
holomorphic properties // Proceedings of the Royal Irish Academy � 2003 �103A (1)�
p. 61-92.

[3] Çàãîðîäíþê À. Â. , Ïåòðiâ Ã. Ì. Ãîìîìîðôiçìè àëãåáðè öiëèõ ôóíêöié îáìåæåíîãî
òèïó íà áàíàõîâîìó ïðîñòîði // Ïðèêë. ïðîáëåìè ìåõ. i ìàò. � 2013 � Âèï. 11 �
Ñ. 7�11.

Ïðî îäíó âëàñòèâiñòü äîäàòíî âèçíà÷åíîãî ãiëëÿñòîãî
ëàíöþãîâîãî äðîáó ñïåöiàëüíîãî âèãëÿäó

Äìèòðèøèí Ðîìàí Iâàíîâè÷

Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Âàñèëÿ Ñòåôàíèêà

dmytryshynr@hotmail.com

Â äîïîâiäi ðîçãëÿäà¹òüñÿ äîäàòíî âèçíà÷åíèé ãiëëÿñòèé ëàíöþãîâèé äðiá
ñïåöiàëüíîãî âèãëÿäó

Φ0 +
1

b01 + z01 − Φ1 −
a2

02

b02 + z02 − Φ2 −
a2

03

b03 + z03 − Φ3 −
. . . , (1)

äå ars, r, s ≥ 0, r 6= 1, r + s ≥ 2, brs, r, s ≥ 0, r + s ≥ 1, � êîìïëåêñíi ñòàëi,
zrs, r, s ≥ 0, r + s ≥ 1, � êîìïëåêñíi çìiííi,

Φk =
1

b1k + z1k −
a2

2k

b2k + z2k −
a2

3k

b3k + z3k −
. . . , k ≥ 0.

Òåîðåìà 1 ßêùî äëÿ äðîáó (1) âèêîíóþòüñÿ óìîâè

β01g01 + y01 > 0, β1sg1s + y1s > 0, βrs ≥ 0, yrs ≥ 0, r, s ≥ 0, r + s ≥ 1,

Im a2
rs ≤ βrsβr+δr0−1,s−δr0(1− gr+δr0−1,s−δr0)grs, r, s ≥ 0, r 6= 1, r + s ≥ 2,

äå βrs = Im brs, yrs = Im zrs, 0 ≤ grs ≤ 1, δpq � ñèìâîë Êðîíåêêåðà, òî éîãî
n-i ïiäõiäíi äðîáè fn(z) çàäîâîëüíÿþòü ñïiââiäíîøåííÿ

Im fn(z) ≤ 0, |fn(z)| ≤ β10g10 + y10 + β01g01 + y01

(β10g10 + y10)(β01g01 + y01)
, n ≥ 1.
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Ìåòðè÷íi îöiíêè ôóíêöi¨ Áåññåëÿ

Ñèìîòþê Ìèõàéëî Ìèõàéëîâè÷

IÏÏÌÌ iì. ß.Ñ. Ïiäñòðèãà÷à ÍÀÍ Óêðà¨íè, ì. Ëüâiâ,

quaternion@ukr.net

Òèìêiâ Iâàí Ðîìàíîâè÷

Iâàíî�Ôðàíêiâñüêèé íàöiîíàëüíèé òåõíi÷íèé óíiâåðñèòåò íàôòè i ãàçó

tymkiv_if@ukr.net

Íåõàé Γ(α) (α ∈ R) � ãàììà-ôóíêöiÿ Åéëåðà, Jα(t) (α ∈ R) � ôóíêöiÿ
Áåññåëÿ ïåðøîãî ðîäó ïîðÿäêó α:

Jα(t) =

∞∑
m=0

(−1)m

Γ(m+ 1)Γ(m+ α+ 1)

(
t

2

)2m+α

.

Ïðè äîñëiäæåííi êðàéîâèõ çàäà÷ äëÿ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè
â êðóãîâèõ îáëàñòÿõ [1] âèíèêà¹ ïîòðåáà çíàéòè òàêi ïîñëiäîâíîñòi äîäà-
òíèõ ÷èñåë {gj(k) : k ∈ N}, j = 1, 2, 3, äëÿ ÿêèõ íåðiâíîñòi äëÿ ôóíêöié
Áåññåëÿ ïiâöiëîãî iíäåêñà ∣∣Jk+1/2(kt)

∣∣ ≥ g1(k), (1)∣∣Jn+1/2(kt)
∣∣ ≥ g2(k), (2)∣∣Jk+1/2(t)
∣∣ ≥ g3(k) (3)

âèêîíóþòüñÿ äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà íà ïðÿìié) ÷èñåë t ∈
[T0, T1] (T0 > 0) äëÿ âñiõ (êðiì ñêií÷åííî¨ êiëüêîñòi) íàòóðàëüíèõ k.

Äîïîâiäü ïðèñâÿ÷åíà âèêëàäó òàêîãî ðåçóëüòàòó.

Òåîðåìà. Äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â R) ÷èñåë t ∈ [T0, T ]
íåðiâíîñòi (1)�(3) âèêîíóþòüñÿ äëÿ âñiõ (êðiì ñêií÷åííî¨ êiëüêîñòi) çíà-
÷åíü k ∈ N, ÿêùî

g1(k) =

(
e

T0

)k
k−3k−1−ε1 , g2(k) = k−n−3/2−ε2 , g3(k) =

(
e

T0

)k
k−3k+1/2−ε3 ,

äå ε1, ε2, ε3 > 0.
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Äëÿ äîâåäåííÿ òåîðåìè âèêîðèñòàíî âiäîìó âëàñòèâiñòü ôóíêöi¨ Áåññå-
ëÿ ïiâöiëîãî iíäåêñà [2](

1

t

d

dt

)q (
tq+1/2Jq+1/2(λt)

)
=

√
2

π
λq−1/2 sin(λt), t > 0, q ∈ N,

àñèìïòîòè÷íó ôîðìóëó Ñòiðëiíãà [3]

k! =
√

2πk

(
k

e

)k (
1 +O

(
1

k

))
, k →∞,

à òàêîæ òàêå äîïîìiæíå òâåðäæåííÿ, ÿêå óçàãàëüíþ¹ ëåìó 2.2 ó [4].

Ëåìà. Íåõàé f(t) ∈ Cq(a, b) ¹ òàêîþ, ùî äëÿ âñiõ t ∈ (a, b)∣∣∣∣(1

t

d

dt

)q
f(t)

∣∣∣∣ ≥ δ > 0,

òî äëÿ äîâiëüíîãî ε > 0

mes{t ∈ (a, b) : |f(t)| < ε} ≤ 2q

a

(
q! ε

δ

)1/q

,

äå ñèìâîë mes ïîçíà÷à¹ ìiðó Ëåáåãà íà ïðÿìié.

[1] Áóðñêèé Â.Ï. Ìåòîäû èññëåäîâàíèÿ ãðàíè÷íûõ çàäà÷ äëÿ îáùèõ äèôôåðåíöèàëü-
íûõ óðàâíåíèé.� Ê.: Íàóê. äóìêà, 2002.� 316 ñ.

[2] Âàòñîí Ã.Í. Òåîðèÿ áåññåëåâûõ ôóíêöèé. ×. I.: Èçä. èíîñòð. ëèòåð.�1949.� 787 ñ.

[3] Ôèõòåíãîëüö Ã.Ì. Êóðñ äèôôåðåíöèàëüíîîãî è èíòåãðàëüíîãî èñ÷åñëåíèÿ. Ò. 2.
Ì.: Íàóêà. �1964. � 800 ñ.

[4] Ïòàøíèê Á.È. Íåêîððåêòíûå ãðàíè÷íûå çàäà÷è äëÿ äèôôåðåíöèàëüíûõ óðàâíå-
íèé ñ ÷àñòíûìè ïðîèçâîäíûìè. � Ê.: Íàóê. äóìêà, 1984. � 264 ñ.
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äëÿ íàâàíòàæåíîãî ãiïåðáîëi÷íîãî ðiâíÿííÿ

Ñèìîòþê Ìèõàéëî Ìèõàéëîâè÷

IÏÏÌÌ iì. ß. Ñ. Ïiäñòðèãà÷à ÍÀÍ Óêðà¨íè
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Õîìÿê Äìèòðî Âîëîäèìèðîâè÷

IÏÏÌÌ iì. ß. Ñ. Ïiäñòðèãà÷à ÍÀÍ Óêðà¨íè

khomiak.dmytro@gmail.com

Íåõàé Pn,p (âiäïîâiäíî, Phomn,p ) � ìíîæèíà óñiõ (âiäïîâiäíî, óñiõ îäíî-
ðiäíèõ) ìíîãî÷ëåíiâ ñòåïåíÿ n âiä p çìiííèõ ç äiéñíèìè êîåôiöi¹íòàìè;
Aj ∈ Phomj,p , j = 1, . . . , n, Bj ∈ Pm,p, m < n, k = (k1, . . . , kp) ∈ Zp,
|k| = |k1|+. . .+|kp|, L(λ, k) ≡ λn+A1(k)λn−1+. . .+An(k). Ïðèïóñêà¹ìî, ùî
ìíîãî÷ëåíè Aj , j = 1, . . . , n, ¹ òàêèìè, ùî λ-êîðåíi λj(k), j = 1, . . . , n, ìíî-
ãî÷ëåíà L(λ, k) äëÿ êîæíîãî k ∈ Zp\{~0} ¹ ïîïàðíî ðiçíèìè, ñóòî óÿâíèìè
÷èñëàìè. Äëÿ êîæíîãî k ∈ Zp\{~0} ðîçãëÿíåìî òàêi ôóíêöi¨:

∆(k, t1, . . . , tn) = det ‖exp(λq(k)tj)‖nj,q=1 , t1, . . . , tn ∈ [0, T ], (1)

Γ(k, τ1, . . . , τm) = 1−
m∑
j=1

Bj(ik)Ik(τq), τ1, . . . , τm ∈ [0, T ], (2)

äå Ik(t) ≡
∫ T

0
Gk(t, τ)dτ , à Gk(t, τ), k ∈ Zp\{~0}, � ôóíêöiÿ �ðiíà òàêî¨

áàãàòîòî÷êîâî¨ çàäà÷i äëÿ äèôåðåíöiàëüíîãî ðiâíÿííÿ:

L

(
d

dt
, ik

)
f(t) = 0, f(tj) = 0, j = 1, . . . , n.

Âiäîìî [1], ùî ôóíêöiÿ Gk(t, τ), k ∈ Zp\{~0}, êîðåêòíî âèçíà÷åíà òîäi i
òiëüêè òîäi, êîëè ïàðàìåòðè t1, . . . , tn ¹ òàêèìè, ùî

∆(k, t1, . . . , tn) 6= 0, k ∈ Zp\{~0}. (3)

Òîìó ôîðìóëà (2) ìà¹ çìiñò, ÿêùî ñïðàâäæó¹òüñÿ óìîâà (3).

Ïðè äîñëiäæåííi óìîâ êîðåêòíî¨ ðîçâ'ÿçíîñòi (ó øêàëi ïðîñòîðiâ Ñîáî-
ë¹âà) çàäà÷ ç áàãàòîòî÷êîâèìè óìîâàìè äëÿ íàâàíòàæåíèõ ãiïåðáîëi÷íèõ
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ðiâíÿíü âèíèêà¹ ïîòðåáà ç'ÿñóâàòè, êîëè äëÿ ôóíêöié (1), (2) âèêîíóþòüñÿ
îöiíêè

|∆(k, t1, . . . , tn)| ≥ (1 + |k|)−ω1 , ω1 ∈ R, (4)

|Γ(k, τ1, . . . , τm)| ≥ (1 + |k|)−ω2 , ω2 ∈ R. (5)

Íà ïiäñòàâi ìåòðè÷íîãî ïiäõîäó [2] íàìè âñòàíîâëåíî òàêi ðåçóëüòàòè.

Òåîðåìà 1 Äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â Rn) âåêòîðiâ ~t ∈
[0, T ]n íåðiâíiñòü (4) âèêîíó¹òüñÿ äëÿ âñiõ (êðiì, ìîæëèâî, ñêií÷åííî¨
êiëüêîñòi) âåêòîðiâ k ∈ Zp, ÿêùî ω1 > pn(n− 1)/2.

Òåîðåìà 2 ßêùî äëÿ âñiõ (êðiì, ìîæëèâî, ñêií÷åííî¨ êiëüêîñòi) âåêòî-
ðiâ k ∈ Zp\{~0} ñïðàâäæó¹òüñÿ íåðiâíiñòü |An(ik)| 6= 0 i óìîâà (3), òî
äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â Rm) âåêòîðiâ ~τ = (τ1, . . . , τm) ∈
[0, T ]m íåðiâíiñòü (5) âèêîíó¹òüñÿ äëÿ âñiõ (êðiì, ìîæëèâî, ñêií÷åííî¨
êiëüêîñòi) âåêòîðiâ k ∈ Zp, ÿêùî ω2 > pmn.

Äîñëiäæåííÿ ÷àñòêîâî ïiäòðèìàíi ÄÔÔÄ Óêðà¨íè (ïðîåêò � 54.1/027).

[1] Ïòàøíèê Á.È. Íåêîððåêòíûå ãðàíè÷íûå çàäà÷è äëÿ äèôôåðåíöèàëüíûõ óðàâíå-
íèé ñ ÷àñòíûìè ïðîèçâîäíûìè. � Ê.: Íàóê. äóìêà, 1984. � 264 ñ.
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1977. � 144 ñ.
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Íåõàé A ∈ L(E) � äîâiëüíèé ëiíiéíèé íåïåðåðâíèé îïåðàòîð íà ëî-
êàëüíî îïóêëîìó ïðîñòîði E. Íåõàé ⊗ns,pE � n-òèé ñèìåòðè÷íèé òåíçîð-
íèé ñòåïiíü ïðîñòîðó E, ïîïîâíåíèé â ïðîåêòèâíié òåíçîðíié òîïîëîãi¨ p.
Çà îçíà÷åííÿì ïðèéìåìî ⊗0

s,pE := C òà ⊗1
s,pE := E.

Âèçíà÷èìî îïåðàòîð A{⊗} ∈ L
(
×n∈Z+ ⊗ns,pE

)
íàñòóïíèì ÷èíîì

A{⊗} := ×n∈Z+
A{⊗}n : q = ×n∈Z+

qn 7−→ A{⊗}q := ×n∈Z+
A{⊗}nqn,

äå A{⊗}0q0 := 0, i äëÿ êîæíîãî n ∈ N îïåðàòîð A{⊗}n ∈ L
(
⊗ns,pE

)
âèçíà÷å-

íèé ÿê ëiíiéíå i íåïåðåðâíå ðîçøèðåííÿ âiäîáðàæåííÿ

x⊗ . . .⊗ x 7−→
n∑
i=1

x⊗ . . .⊗ x⊗Ax︸ ︷︷ ︸
i

⊗x⊗ . . .⊗ x, x ∈ E.

Íåõàé S+ � ïðîñòið Øâàðöà øâèäêî ñïàäíèõ íåñêií÷åííî äèôåðåíöi-
éîâíèõ ôóíêöié íà Rd+. Ó âèïàäêó E = S+ ìè ïîêàæåìî çâ'ÿçîê ìiæ îïåðà-
òîðàìè íàðîäæåííÿ òà çíèùåííÿ, ïîõiäíîþ �ðîññà (äèâ. [2]) òà îïåðàòîðîì
óçàãàëüíåíîãî äèôåðåíöiþâàííÿD{⊗} íà ïðîñòîði ïîëiíîìiàëüíèõ óçàãàëü-
íåíèõ ôóíêöié (äèâ. [1]), äå D � (çâè÷àéíèé) îïåðàòîð äèôåðåíöiþâàííÿ
íà S+.

[1] Lopushansky O.V., Sharyn S.V. Polynomial ultradistributions on cone Rd+// Topology. �
2009. � V.48, No.2�4. � P. 80�90.

[2] Ji U.C., Obata N. Generalized white noise operator �elds and quantum white noise
derivatives // S�eminaires & Congr�es. �2007. � V.16. � P. 17�33.

The value distribution of multiplicatively periodic
meromorphic functions in the upper halfplane

Sokulska Natalia Bogdanivna

Ivan Franko National University of Lviv

natalya.sokulska@gmail.com

Let H = {z : Im z > 0} and let H∗ = H\{0}. The set H∗ is invariant with
respect to multiplicative group R+.
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De�nition A meromorphic in H∗ function f is said to be multiplicatively
periodic of multiplicator q, 0 < q < 1, if it satis�es the following condition

∀z ∈ H∗ f(qz) = f(z).

The set of such functions is denoted by Mq. It is clear that Mq forms a
�eld.

The value distribution of functions fromMq describes the following theorem.

Theorem Let f ∈Mq, f 6= const and f(z) 6= 0,∞ on R\{0}. Then

1) the sum of the arg f increments along the segments [qt, t] and [−t,−qt]
doesn't depend on t and equals to 2π

(
n0(f)−n∞(f)

)
, where n0(f), n∞(f)

are the numbers of zeros and poles of the function f in the horseshoe
A1 = {z ∈ H : q < |z| ≤ 1} respectively;

2) Let zn = rne
iαn be a−points of f , a ∈ C, and wn = ρne

iβn be the poles
of f in H∗. Then∫ r

qr

∑
qt<rn≤t

(
q

rn
− rn
t2

)
sinαndt =

∫ r

qr

∑
qt<ρn≤t

(
q

ρn
− ρn
t2

)
sinβndt

for any positive r.

Corollary Let f be a holomorphic and multiplicatively periodic function
of multiplicator q, 0 < q < 1, in H∗, f 6= const and f(z) 6= 0,∞ on R\{0}. Let
zn = rne

iαn be a−points of f , a ∈ C. Then∫ r

qr

∑
qt<rn≤t

(
q

rn
− rn
t2

)
sinαndt = 0

for any positive r.
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