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Ïëåíàðíi ëåêöi¨

Composition of entire functions and bounded L-index in
direction

Bandura A. I.

Ivano-Frankivsk National Technical University of Oil and Gas

andriykopanytsia@gmail.com

All definitions and notations are used from [1].

Our main result is following

Theorem 1 ([1]). Let b ∈ Cn \ {0}, f be entire function in C, Φ be entire
function in Cn satisfying inequality∣∣∣∣∂jΦ(z)

∂bj

∣∣∣∣ ≤ K ∣∣∣∣∂Φ(z)

∂b

∣∣∣∣j , K ≡ const > 0, (1)

for all z ∈ Cn such that |∂Φ(z)
∂b | ≥ 1 and for every j ≤ p, where p = N(f, l) or

p = Nb(F,L) accordingly.

Let l ∈ Q, l(w) ≥ 1, w ∈ C and L ∈ Qnb, where

L(z) =

{∣∣∂Φ(z)
∂b

∣∣l(Φ(z)), |∂Φ(z)
∂b | ≥ 1,

l(Φ(z)), |∂Φ(z)
∂b | < 1

.

The entire function f has bounded l-index if and only if F (z) = f(Φ(z)) has
bounded L-index in the direction b.

References

[1] Bandura A. I. Composition of entire functions and bounded L-index in direction
// Mat. Stud. 47 (2017), no.2, 179–184. doi:10.15330/ms.47.2.179-184
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Ãîìîìîðôiçìè â àëãåáðàõ ñèìåòðè÷íèõ àíàëiòè÷íèõ
ôóíêöié íà áàíàõîâîìó ïðîñòîði

Çàãîðîäíþê À.Â.

ÄÂÍÇ �Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Âàñèëÿ
Ñòåôàíèêà�

andriyzag@yahoo.com

Çìiñò äîïîâiäi áóäå ïîâiäîìëåíî äîäàòêîâî

Îáåðíåíà çàäà÷à äëÿ ñóêóïíî i íàðiçíî íåïåðåðâíèõ
ôóíêöié

Âîëîøèí Ã. À.

×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à
galja.vlshin@gmail.com

Ìàñëþ÷åíêî Â. Ê.

×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à
v.maslyuchenko@gmail.com

Ìåëüíèê Â. Ñ.

×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à
windchange7@gmail.com

Çãiäíî ç îáåðåííîþ òåîðåìîþ Áåðíøòåéíà [1] äëÿ êîæíî¨ ñïàäíî¨ äî íó-
ëÿ ïîñëiäîâíîñòi íåâiä'¹ìíèõ ÷èñåë αn, n = 0, 1, . . . , iñíó¹ òàêà íåïåðåðâíà
ôóíêöiÿ f : [a, b] → R, ó ÿêî¨ äëÿ êîæíîãî n ¨¨ íàéêðàùå ðiâíîìiðíå íà-
áëèæåííÿ En(f) ïîëiíîìàìè ñòåïåíÿ ≤ n äîðiâíþ¹ αn. Öÿ òåîðåìà äiñòàëà
çíà÷íèé ðîçâèòîê ó ïðàöÿõ áàãàòüîõ ìàòåìàòèêiâ (äèâ. [2, 3] i âêàçàíó òàì
ëiòåðàòóðó).

Ó ïðàöi [4] äëÿ íåïåðåðâíî¨ âiäíîñíî äðóãî¨ çìiííî¨ ôóíêöi¨ f : [0, 1]2 →
R áóëè ââåäåíi ôóíêöi¨ αn(x) = En(fx), äå fx(y) = f(x, y), ÿêi íåïåðåðâ-
íi, êîëè f ñóêóïíî íåïåðåðâíà, i íàëåæàòü äî ïåðøîãî êëàñó Áåðà, êîëè f
íàðiçíî íåïåðåðâíà. Òàì áóëè ïîñòàâëåíi ïèòàííÿ ïðî îïèñ ôóíêöiîíàëü-
íèõ ïîñëiäîâíîñòåé αn(x) = En(fx) äëÿ ñóêóïíî ÷è íàðiçíî íåïåðåðâíèõ
ôóíêöié f . Ó ïðàöi [5] áóâ îòðèìàíèé ïåðøèé ðåçóëüòàò íà öþ òåìó.
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Òåîðåìà 1. Íåõàé αk : [0, 1] → [0,+∞) � íåïåðåðâíi ôóíêöi¨ ïðè k =
0, 1, . . . , n i α0(x) ≥ α1(x) ≥ . . . ≥ αn(x) ≥ 0 íà [0, 1]. Òîäi iñíó¹ òàêà
ñóêóïíî íåïåðåðâíà ôóíêöiÿ f : [0, 1]2 → R, ùî E(fx) = αk(x) ïðè k =
0, 1, . . . , n i x ∈ [0, 1].

Âiäïîâiäü íà ïðèðîäíå ïèòàííÿ ÷è äëÿ êîæíî¨ ïîòî÷êîâî ñïàäíî¨ äî
íóëÿ ïîñëiäîâíîñòi íåïåðåðâíèõ ôóíêöié αn : [0, 1] → [0,+∞) iñíó¹ òàêà
ñóêóïíî íåïåðåðâíà ôóíêöiÿ f : [0, 1]2 → R, ùî En(fx) = αn(x) íà [0, 1]
äëÿ êîæíîãî n = 0, 1, . . . äîñi çàëèøà¹òüñÿ íåâiäîìîþ.

Äëÿ íàðiçíî íåïåðåðâíèõ ôóíêöié âèíèêà¹ àíàëîãi÷íå ïèòàííÿ ç çà-
ìiíîþ íåïåðåðâíîñòi ôóíêöié αn íà ¨õ íàëåæíiñòü äî ïåðøîãî êëàñó Áå-
ðà. Òóò íåòðèâiàëüíîþ ¹ âæå íóëüîâà îáåðíåíà çàäà÷à: äëÿ ÿêèõ ôóíêöié
α0 : [0, 1] → [0,+∞) ïåðøîãî êëàñó Áåðà iñíó¹ òàêà íàðiçíî íåïåðåðâíà
ôóíêöiÿ f : [0, 1]2 → R, ùî E0(fx) = α0(x)?

Âèÿâèëîñÿ, ùî öå ïèòàííÿ òiñíî ïîâ'ÿçàíå ç êëàñè÷íîþ òåîðåìîþ Ãà-
íà ïðî ïðîìiæíó ôóíêöiþ [6], ÿêà äiñòàëà çíà÷íèé ðîçâèòîê ó áàãàòüîõ
ïîäàëüøèõ ïðàöÿõ (äèâ. [7] i âêàçàíó òàì ëiòåðàòóðó). Íàãàäà¹ìî, ùî ïà-
ðîþ Ãàíà íà òîïîëîãi÷íîìó ïðîñòîði X íàçèâàþòü òàêó ïàðó (g, h) ç äâîõ
ôóíêöié g, h : X → R, ùî g íàïiâíåïåðåðâíà çâåðõó, h íàïiâíåïåðåðâíà çíè-
çó i g(x) ≤ h(x) íà X. Ôóíêöiÿ f : X → R, äëÿ ÿêî¨ g(x) ≤ f(x) ≤ h(x) íà
X, íàçèâà¹òüñÿ ïðîìiæíîþ äëÿ ïàðè (g, h). Âiäîìî [8, c.105], ùî T1-ïðîñòið
X áóäå íîðìàëüíèì òîäi i òiëüêè òîäi, êîëè êîæíà ïàðà Ãàíà (g, h) íà X
ìà¹ íåïåðåðâíó ïðîìiæíó ôóíêöiþ. Âèÿâëÿ¹òüñÿ, ùî ç êîæíîþ íàðiçíî íå-
ïåðåðâíîþ ôóíêöi¹þ f : [0, 1]2 → R (÷è é f : X × Y → R ó çàãàëüíiøîìó
âèïàäêó) ïðèðîäíî ïîâ'ÿçàíà ïåâíà ïàðà Ãàíà.

Òåîðåìà 2. Íåõàé f : [0, 1]2 → R � íàðiçíî íåïåðåðâíà ôóíêöiÿ i g(x) =
m(fx) = min

0≤y≤1
fx(y), a h(x) = M(fx) = max

0≤y≤1
fx(y). Òîäi (g, h) � ïàðà Ãàíà

íà [0, 1].

Ôóíêöiîíàë E0 ëåãêî âèðàæà¹òüñÿ ÷åðåç ôóíêöiîíàëè M i m âçÿòòÿ
ñóïðåìóìó òà iíôiìóìó, ïðè÷îìó ¨õ ìîæíà ðîçãëÿäàòè íà äîâiëüíié íåïî-
ðîæíié ìíîæèíi X.

Òåîðåìà 3. Íåõàé X � íåïîðîæíÿ ìíîæèíà, f : X → R � îáìåæåíà
ôóíêöiÿ, M(f) = sup

x∈X
f(x) i m(f) = inf

x∈X
f(x). Òîäi

E0(f) =
1

2
(M(f)−m(f)),

ïðè÷îìó ñòàëà ôóíêöiÿ c0 = 1
2 (M(f) +m(f)) ¹ ¹äèíîþ ñåðåä ñòàëèõ ôóí-

êöié c, äëÿ ÿêî¨
E0(f) = inf

c∈R
‖f − c‖ = ‖f − c0‖.
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Òóò ‖ϕ‖ = M(|ϕ|) � ðiâíîìiðíà íîðìà ôóíêöi¨ ϕ : X → R.
Íàñòóïíèé ðåçóëüòàò, ùî äîâîäèòüñÿ ç äîïîìîãîþ îäíi¹¨ òåîðåìè Òîí à

ïðî íàïiâíåïåðåðâíi ôóíêöi¨ [8, c. 106] ìåòîäîì, çàñòîñîâàíèì ó [9] äëÿ
ïîáóäîâè íàðiçíî íåïåðåðâíî¨ ôóíêöi¨ ç äàíîþ äiàãîíàëëþ, ¹ îñíîâíèì ïðè
ðîçâ'ÿçàííi íóëüîâî¨ îáåðíåíî¨ çàäà÷i.

Òåîðåìà 4. Íåõàé h : X → R � íàïiâíåïåðåðâíà çíèçó ôóíêöiÿ, ùî çàäà-
íà íà äîñêîíàëî íîðìàëüíîìó ïðîñòîði X ç íîðìàëüíèì êâàäðàòîì X2,
â ÿêîìó äiàãîíàëü ∆ = {(x, x) : x ∈ X} ¹ Gδ-ìíîæèíîþ, i h0 : X → R
� íåïåðåðâíà ôóíêöiÿ, äëÿ ÿêî¨ h0(x) ≤ h(x) íà X. Òîäi iñíó¹ òàêà íàði-
çíî íåïåðåðâíà ôóíêöiÿ f : X2 → R, ùî h0(x) ≤ f(x, y) ≤ h(x) íà X2 i
M(f(x)) = h(x) íà X.

Çâiäñè ç äîïîìîãîþ òåîðåìè Ãàíà ïðî ïðîìiæíó ôóíêöiþ âèâîäèòüñÿ
òàêèé ðåçóëüòàò.

Òåîðåìà 5. Íåõàé X = [a, b], Y = [c, d], äå a < b, c < d, i (g, h) � äîâiëüíà
ïàðà Ãàíà íà âiäðiçêó X. Òîäi iñíó¹ òàêà íàðiçíî íåïåðåðâíà ôóíêöiÿ f :
X × Y → R, ùî g(x) = m(fx) i h(x) = M(fx) íà X.

Íàñòóïíèé ðåçóëüòàò äà¹ ïîâíå ðîçâ'ÿçàííÿ íóëüîâî¨ îáåðíåíî¨ çàäà÷i ó
âèïàäêó íåâèðîäæåíîãî ïðÿìîêóòíèêà P = X × Y , X = [a, b] i Y = [c, d].

Òåîðåìà 6. Äëÿ ôóíêöi¨ α0 : X → R áóäå iñíóâàòè íàðiçíî íåïåðåðâíà
ôóíêöiÿ f : X × Y → R, ó ÿêî¨ E0(fx) = α0(x) íà X, òîäi i òiëüêè òîäi,
êîëè ôóíêöiÿ α0 íåâiä'¹ìíà i íàïiâíåïåðåðâíà çíèçó.

Çâè÷àéíî, âèíèêà¹ ïðèðîäíå áàæàííÿ ïåðåíåñòè îòðèìàíi ðåçóëüòàòè
íà çàãàëüíiøèé âèïàäîê âiäîáðàæåíü f : X × Y → R, äå X, Y � ïåâíi
òîïîëîãi÷íi ïðîñòîðè, òà öå âæå ñïðàâà ìàéáóòíüîãî.
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êîåôiöi¹íòîì ïåðåíîñó

Àðÿñîâà Î. Â.

Iíñòèòóò ãåîôiçèêè iì. Ñ. I. Ñóááîòiíà ÍÀÍ Óêðà¨íè

oaryasova@gmail.com

Ðîçãëÿíåìî d-âèìiðíå ñòîõàñòè÷íå äèôåðåíöiàëüíå ðiâíÿííÿ

dϕt = (−λϕt + α(ϕt)) dt+

m∑
k=1

σk(ϕt)dwk(t), t ∈ R, (1)

äå λ > 0, (w(t))t≥0 = (w1(t), . . . , wm(t))t≥0 � m-âèìiðíèé âiíåðiâ ïðîöåñ;
α : Rd → Rd i σ = (σ1, . . . , σm) : Rd → Rd × Rm � âèìiðíi òà îáìåæåíi
ôóíêöi¨.

Çà ïðèïóùåíü, ùî êîåôiöi¹íò äèôóçi¨ ¹ íåâèðîäæåíèì i çàäîâîëüíÿ¹
óìîâó Ëiïøèöÿ, à êîåôiöi¹íò ïåðåíîñó ìîæå ìàòè ñòðèáîê íà ôiêñîâàíié ãi-
ïåðïëîùèíi i ¹ ëiïøèöåâèì ó êîæíîìó ç ïiâïðîñòîðiâ, ìè äîâîäèìî, ùî äëÿ
äîñòàòíüî âåëèêèõ λ iñíó¹ ¹äèíèé ñòàöiîíàðíèé ó ñòðîãîìó ñåíñi ðîçâ'ÿçîê
ðiâíÿííÿ (1).
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Ðiâíÿííÿ äëÿ éìîâiðíîñòi âèðîäæåííÿ ãiëëÿñòîãî
ïðîöåñó ç åìiãðàöi¹þ.

Áàçèëåâè÷ I. Á.

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà

I_Bazylevych@yahoo.com

ßêèìèøèí Õ. Ì.

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà

Yakymyshyn_Hrystyna@ukr.net

Ãiëëÿñòèé ïðîöåñ ç åìiãðàöiþ äëÿ âèïàäêó íåïåðåðâíîãî ÷àñó ðîçãëÿ-
äà¹òüñÿ ó [2], à ç ìiãðàöi¹þ ó [1].

Ðîçãëÿíåìî ìàðêiâñüêèé ãiëëÿñòèé ïðîöåñ ç îäíèì òèïîì ÷àñòèíîê òà
ìiãðàöi¹þ µ(t), t ∈ [0,∞). µ(t) ïîçíà÷à¹ êiëüêiñòü ÷àñòèíîê ó ìîìåíò ÷àñó
t ∈ [0,∞). Ââàæà¹ìî, ùî µ(0) = 1.

Ïðîöåñ µ(t), t ∈ [0,∞) ïðè ∆t→ 0 âèçíà÷èìî íàñòóïíèì ÷èíîì

P{µ(t+ ∆t) = j|µ(t) = i} =

=



1 + (q0 + r0)∆t+ o(∆t), i = j = 0;
qk∆t+ o(∆t), i = 0, j = 1, 2, ...;
(p0 + r1)∆t+ o(∆t), i = 1, j = 0;
1 + (q0 + r0 + p1)∆t+ o(∆t), i = 1, j = 1;
(pk + qk−1)∆t+ o(∆t), i = 1, j = 2, ...;
m∑
l=i

rl∆t+ o(∆t) 1 < i ≤ m, j = 0;

ri−j∆t+ o(∆t), i = 2, 3, ..., j < i;
1 + (q0 + r0 + ip1)∆t+ o(∆t), i = 2, 3, ..., i = j;
(ipj−i+1 + qj−i)∆t+ o(∆t), i = 2, 3, ..., i < j;
o(∆t), â iíøèõ âèïàäêàõ,

(1)

äå m − äåÿêå ôiêñîâàíå íàòóðàëüíå ÷èñëî, pk, qk òà rn (k = 0, 1, 2, ...,
n = 0, ...,m) iíòåíñèâíîñòi åâîëþöi¨, iììiãðàöi¨ òà åìiãðàöi¨ âiäïîâiäíî.

Òåîðåìà 1. Òâiðíà ôóíêöiÿ ïðîöåñó µ(t) çàäîâîëüíÿ¹ äèôåðåíöiàëüíîìó
ðiâíÿííþ

∂Fµ(t, s)

∂t
= f(s)

∂F (t, s)

∂s
+ g(s)F (t, s)+
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+

m∑
n=0

P{µ(t) = n}
(
sn

n∑
k=0

rks
−k +

m∑
k=n+1

rk

)
+

∞∑
n=m+1

P{µ(t) = n}snr(s) (2)

ç ïî÷àòêîâîþ óìîâîþ Fµ(0, s) = s.

Äàëi ðîçãëÿíåìî ïðîöåñ òiëüêè ç åìiãðàöi¹þ, òîáòî âñi qk äîðiâíþþòü
íóëþ.

Íåõàé Q(t) = P{µ(t) = 0} − éìîâiðíiñòü òîãî, ùî äî ìîìåíòó ÷àñó
t ∈ (0,∞) ïðîöåñ âèðîäèòüñÿ. Òîäi ìà¹ ìiñöå òâåðäæåííÿ.

Òåîðåìà 2. Éìîâiðíiñòü âèðîäæåííÿ ãiëëÿñòîãî ïðîöåñó ç åìiãðàöi¹þ
çàäîâiëüíÿ¹ íàñòóïíå äèôåðåíöiàëüíå ðiâíÿííÿ

Q′(t) = P{µ(t) = 1}(p0 − r0) +

m∑
k=2

P{µ(t) = k}
m∑
j=k

rj . (3)
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Ïðî éìîâiðíiñòü áàíêðóòñòâà çà óìîâ âåëèêèõ âèïëàò.

Áiëèíñüêèé À. ß.

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà

andrii.bilynskyi@gmail.com

Êiíàø Î. Ì.

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà

Äîñëiäæåíî éìîâiðíiñòü áàíêðóòñòâà çà óìîâ âèïëàò, ùî ìàþòü ñóáåêñ-
ïîíåíöiéíi ðîçïîäiëè [1, ñ. 189]. Îòðèìàíî àñèìïòîòè÷íi ôîðìóëè äëÿ éìî-
âiðíîñòi áàíêðóòñòâà ó âèïàäêó öèõ ðîçïîäiëiâ [2], [3], [4].

Äîñëiäæåíî iìîâiðíiñòü áàíêðóòñòâà çà óìîâ âåëèêèõ âèïëàò òà íàðà-
õóâàííÿ âiäñîòêiâ íà ðåçåðâíèé êàïiòàë.

12



Ëiòåðàòóðà

[1] Çií÷åíêî Í. Ì., Ìàòåìàòè÷íi ìåòîäè â òåîði¨ ðèçèêó: íàâ÷àëüíèé ïîñi-
áíèê / Í. Ì. Çií÷åíêî. - Ê.: ÂÏÖ "Êè¨âñüêèé óíiâåðñèòåò 2008. - 224 ñ.

[2] Áiëèíñüêèé À.ß., Êiíàø Î.Ì., Ïðî îöiíêó éìîâiðíiñòü áàíêðóòñòâà ó âè-
ïàäêó âåëèêèõ âèïëàò//Ìàòåìàòè÷íå òà êîìï'þòåðíå ìîäåëþâàííÿ. Ñå-
ðiÿ : Ôiçèêî-ìàòåìàòè÷íi íàóêè: çá. íàóê. ïð. - Êàì'ÿíåöü-Ïîäië.: Ê-ÏÍÓ
iì. Iâàíà Îãi¹íêà, 2016, çáiðíèê �14. - Ñ.5-10

[3] Áiëèíñüêèé À.ß., Êiíàø Î.Ì., Éìîâiðíiñòü áàíêðóòñòâà äëÿ âèïàäêó
ñóáåêñïîíåíöiéíèõ ðîçïîäiëiâ âèòðàò//Ñáîðíèê íàó÷íûõ òðóäîâ SWorld.
2015ð. Âèïóñê 1(38). Òîì 21. - Ñ. 95-100.

[4] Bilynskyi A., Kinash O. One case of asymptotic behavior of the probabi-
lity of bankruptcy of insurance company in SWorld Journal, Issue �11,
Vol.14. Physics and Mathematics (Scienti�c world, Ivanovo, 2016) - URL:
http://www.sworld.education/e-journal/j1114.pdf (November 2016) - P. 8-11 -
j1114-002.

Õâèëüîâå ðiâíÿííÿ íà ïëîùèíi çi ñòîõàñòè÷íîþ ìiðîþ

Áîäíàð÷óê I. Ì.

Êè¨âñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Òàðàñà Øåâ÷åíêà

ibodnarchuk@univ.kiev.ua

Äîïîâiäü  ðóíòó¹òüñÿ íà ñïiëüíié ðîáîòi ç ïðîôåñîðîì Ðàä÷åíêîì Â. Ì.

Ðîçãëÿäà¹ìî íàñòóïíó çàäà÷ó Êîøi äëÿ õâèëüîâîãî ðiâíÿííÿ
∂2u(t, ~x)

∂t2
= a2∆~xu(t, ~x) + f(t, ~x, u(t, ~x)) + σ(t, ~x) µ̇(t),

u(0, ~x) = u0(~x);
∂u(0, ~x)

∂t
= v0(~x),

(1)

äå (t, ~x) ∈ [0, T ] × R2, T > 0, a > 0, òà µ � ñòîõàñòè÷íà ìiðà, âè-
çíà÷åíà íà áîðåëåâié σ-àëãåáði B([0, T ]), òîáòî, σ-àäèòèâíå âiäîáðàæåííÿ
µ : B([0, T ])→ L0(Ω,F ,P).

Äîâåäåíî, ùî çà ïåâíèõ ïðèïóùåíü iñíó¹ ¹äèíèé ì'ÿêèé ðîçâ'ÿçîê çà-
äà÷i (1), à ñàìå, òàêà âèìiðíà âèïàäêîâà ôóíêöiÿ u(t, ~x) = u(t, ~x, ω) :

13



[0, T ]× R2 × Ω→ R, ùî

u(t, ~x) =
1

2aπ

∫
{~y∈R2:|~x−~y|<at}

v0(~y)√
a2t2 − |~x− ~y|2

d~y

+
∂

∂t

(
1

2aπ

∫
{~y∈R2:|~x−~y|<at}

u0(~y)√
a2t2 − |~x− ~y|2

d~y

)

+
1

2aπ

∫ t

0

ds

∫
{~y∈R2:|~x−~y|<a(t−s)}

f(s, ~y, u(s, ~y))√
a2(t− s)2 − |~x− ~y|2

d~y

+
1

2aπ

∫
(0,t]

dµ(s)

∫
{~y∈R2:|~x−~y|<a(t−s)}

σ(s, ~y)√
a2(t− s)2 − |~x− ~y|2

d~y .

Âñòàíîâëåíî, ùî ì'ÿêèé ðîçâ'ÿçîê çàäà÷i (1) ìà¹ íåïåðåðâíi çà Ãåëüäå-
ðîì òðà¹êòîði¨.

Gamma process subordinated to the Poisson process with
a drift and time-changed Poisson processes

Buchak K. V.

Taras Shevchenko National University of Kyiv

kristina.kobilich@gmail.com

We study Poisson processes with time change, where the role of time is
played by Gamma process subordinated to the Poisson process with a drift.

Let N1(t) be the Poisson process with intensity λ1. We consider the time-
changed process N1(GN+a(t)), where GN+a(t) = G(N(t)+at) is a process with
parameters λ, α, β independent of N1(t). We obtain expressions for probabilities
pk(t) = P (N1(GN+a(t))) and the difference-differential equations for pk(t).

We consider firstly Gamma processes with time change, where the role of
time is played by Poisson process with a drift.

Let N(t) be the Poisson process with the intensity parameter λ. Consider
the process with a drift

N(t) + at, a > 0.

The probability law of the process N(t) + at has the following form :

px(t) = e−λt
∞∑
k=0

(λt)k

k!
δ(x− k − at), x ≥ at, a > 0, t > 0.
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Let G(t) be the Gamma process with parameters (α, β), that is, with the

Laplace exponent f(u) = α log
(

1 + u
β

)
.

For a ≥ 0 consider the process

GN+a(t) = G(at+N(t)), t ≥ 0.

Its Laplace exponent and the corresponding Levy measure are given by the
following formulas:

fGN+a
(u) = aα log

(
1 +

u

β

)
+ λ

(
1−

(
1 +

u

β

)−α)
,

ν(du) = e−βuu−1

(
aα+

λβα

Γ(α)
uα
)
du, λ > 0, α > 0, β > 0,

and process G(at+N(t)) coincides in distribution with the sum of independent
processes G̃N (t)+G̃(at), where G̃N (t) is the compound Poisson-Gamma process
and G̃(t) is the Gamma process.

The probability distribution of the processG(at+N(t)) is expressed in terms
of the Wright function. When the parameter α = 1, the process G(t) becomes
the exponential process E(t), and the distribution of EN+a(t) is expressed in
terms of the modified Bessel function of the first kind.

The time-changed Poisson process N1(GN+a(t)) = N1(G(N(t)+at)) is studied.

Theorem 1. Probability mass function of the process N1(GN+a(t)) is given by

pk(t) = P {N1(GN+a(t)) = k} =

= e−λt
λk1
k!

∞∑
n=0

(λt)n

n!

βα(n+at)

Γ(α(n+ at))

Γ(α(n+ at) + k)

(λ1 + β)
α(n+at)+k

.

The probabilities pk(t) satisfy the following system of difference-differential
equations:

d

dt
pk(t) = −

(
aα log

(
1 +

λ1

β

)
+ λ

(
1−

(
β

λ1 + β

)α))
pk(t)+

+

k∑
m=1

1

m!

(
λ1

λ1 + β

)m(
aαΓ(m) + λ

(
β

λ1 + β

)α
Γ(m+ α)

Γ(α)

)
pk−m(t).

Theorem 2. Probability mass function of the process N1(EN+a(t)) is given by

pEk (t) = P {N1(EN+a(t)) = k}

= e−λt
Γ(k + at)

k!

(
λ1

λ1 + β

)k (
β

λ1 + β

)at
Ek+at

1,at

(
λβt

λ1 + β

)
.

15



The probabilities pEk (t) satisfy the following system of difference-differential
equations:

d

dt
pEk (t) = −

(
a log

(
1 +

λ1

β

)
+

λλ1

λ1 + β

)
pEk (t)

+

k∑
m=1

(
λ1

λ1 + β

)m(
a

m
+

λβ

λ1 + β

)
pEk−m(t).
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Îñíîâíi ìåòîäè àíàëiçó i ïðîãíîçóâàííÿ ÷àñîâèõ ðÿäiâ

Ãîðáà÷ À.À.

Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Âàñèëÿ Ñòåôàíèêà,
Iâàíî-Ôðàíêiâñüê, Óêðà¨íà

andriana.andriivna@gmail.com

Äîñëiäæåííþ ìåòîäiâ àíàëiçó ÷àñîâèõ ðÿäiâ òà ïðîãíîçóâàííþ âiäïî-
âiäíèõ ïîêàçíèêiâ íà ¨õ îñíîâi ïðèñâÿ÷åíî áàãàòî íàóêîâèõ ïðàöü (äèâ.
[1]). Öi ìåòîäè øèðîêî âèêîðèñòîâóþòüñÿ äëÿ àíàëiçó òà ïðîãíîçóâàííÿ
ôiíàíñîâèõ i áþäæåòíèõ ïîêàçíèêiâ [2], ñòàòèñòè÷íèõ äèíàìi÷íèõ äàíèõ
[3] òîùî.

Äî îñíîâíèõ çàâäàíü äîñëiäæåííÿ ÷àñîâèõ ðÿäiâ âiäíîñÿòü: îïèñ õàðà-
êòåðíèõ îñîáëèâîñòåé ðÿäó òà âèçíà÷åííÿ éîãî îñíîâíèõ ïàðàìåòðiâ, ïðî-
ãíîçóâàííÿ ïîêàçíèêiâ ÷àñîâîãî ðÿäó, âèÿâëåííÿ ôàêòîðiâ, ùî âïëèâàþòü
íà ïîâåäiíêó ÷àñîâîãî ðÿäó.

Ìåòîäè àíàëiçó ÷àñîâîãî ðÿäó âèçíà÷àþòüñÿ ÿê çàâäàííÿìè àíàëiçó,
òàê i ïðèðîäîþ ôîðìóâàííÿ çíà÷åíü ðÿäó. Öåé ïðîöåñ ïðèéíÿòî íàçèâàòè
iäåíòèôiêàöi¹þ ìîäåëi. Âií ñêëàäà¹òüñÿ ç òàêèõ ïîñëiäîâíèõ åòàïiâ:

1) êîðèãóâàííÿ ðiçíèõ ðiâíiâ äèíàìi÷íîãî ðÿäó;
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2) âèçíà÷åííÿ ñèñòåìàòè÷íèõ êîìïîíåíò äèíàìi÷íîãî ðÿäó (õàðàêòåðó
òðåíäó, ñåçîííîñòi òîùî);

3) àíàëiç ïîâåäiíêè çàëèøêiâ ðÿäó ÿê âèïàäêîâî¨ êîìïîíåíòè.

Øèðîêèé êëàñ ìîäåëåé àíàëiçó òà ïðîãíîçóâàííÿ ÷àñîâèõ ðÿäiâ âèçíà-
÷à¹òüñÿ ñêëàäîâèìè çàãàëüíîãî òðåíäîâîãî õàðàêòåðó òà ñåçîííîãî õàðà-
êòåðó âèãëÿäó yt = ft + st + εt, äå ft � çàãàëüíèé òðåíä, ùî îïèñó¹ âïëèâ
ñòiéêèõ ôàêòîðiâ, st � ñåçîííà êîìïîíåíòà, ùî âiäîáðàæà¹ âïëèâ öèêëi÷íèõ
ñåçîííèõ ïðîöåñiâ, εt � âèïàäêîâà êîìïîíåíòà.

Ó ðîáîòi ðîçãëÿäàþòüñÿ îñíîâíi ìåòîäè âèçíà÷åííÿ ìîäåëåé àíàëiçó òà
ïðîãíîçóâàííÿ ÷àñîâèõ ðÿäiâ â öiëîìó òà îêðåìèõ ñêëàäîâèõ, ÿêi îïèñóþòü
çàíèé äèíàìi÷íèé ðÿä. Äî íèõ âiäíîñÿòüñÿ àâòîêîðåëÿöiéíi ìåòîäè, ìåòîä
Ôîðñòåðà�Ñòüþàðòà, àíàëiç Ôóð'¹ òîùî.
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Íåõàé âèïàäêîâà âåëè÷èíà X, ç ôóíêöi¹þ ðîçïîäiëó F (x), âiäîáðà-
æà¹ ãðîøîâèé åêâiâàëåíò çáèòêiâ ïîâ'ÿçàíèõ ç ïåâíîþ ñòðàõîâîþ óãîäîþ.
Ñòðàõîâó ïðåìiþ, òîáòî ñóìó, ÿêó êëi¹íò ïðè óêëàäàííi óãîäè ïëàòèòü
îáðàíié ñòðàõîâié êîìïàíi¨ çà çàõèñò âiä ðèçèêó X, ïîçíà÷àòèìåìî π[X].

Íàãàäà¹ìî, ùî ïðåìiÿ ñåðåäíüîãî çíà÷åííÿ äëÿ ðèçèêó X, ÿêó ïîçíà-
÷àòèìåìî πñ.ç.[X], îçíà÷åíà çà äîïîìîãîþ ôóíêöi¨ v(x) ∈ C2(R) òàêî¨, ùî
v′(x) > 0 òà v′′(x) ≥ 0 äëÿ x ∈ R, îçíà÷à¹òüñÿ ÿê ðîçâ'ÿçîê ðiâíÿííÿ
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v(πñ.ç.[X]) = E[v(X)]. Àðãóìåíòàöiÿ äëÿ ïðèöèïó ñåðåäíüîãî çíà÷åííÿ ïðè-
õîâàíà â íåðiâíîñòi �íñåíà v(E[X]) ≤ E[v(X)], òîáòî, îòðèìàíà ïðåìiÿ áóäå
íå ìåíøîþ çà ìàòåìàòè÷íå ñïîäiâàííÿ ðîçìiðó ñòðàõîâî¨ êîìïåíñàöi¨.

Âàæëèâèì ÷àñòêîâèì âèïàäêîì ïðåìi¨ ñåðåäíüîãî çíà÷åííÿ ¹ åêñïîíåí-
öiéíà ïðåìiÿ

πåêñï.(β)[X] :=
1

β
log(E[eβX ]), äëÿ β > 0,

ÿêà îòðèìó¹òüñÿ ç ïðåìi¨ ñåðåäíüîãî çíà÷åííÿ ïðè âèáîði v(x) = αeβx + γ,
äëÿ min[α, β] > 0. Åêñïîíåíöiéíà ïðåìiÿ âèíèêà¹ òàêîæ ÿê ÷àñòêîâèé âè-
ïàäîê ìåòîäèê ñòðàõîâîãî îöiíþâàííÿ îñíîâàíèõ íà âèêîðèñòàííi ãëàäêèõ
ôóíêöié êîðèñíîñòi.

Â ðîáîòi Äðîçäåíêî (2010) êðiì iíøîãî äåìîíñòðóâàëîñÿ, ùî, ÿêùî äëÿ
ðèçèêó X iñíó¹ δ > 0 òàêå, ùî E[|XeδX |] < +∞, òî ìà¹ ìiñöå ãðàíè÷íå ñïiâ-
âiäíîøåííÿ πåêñï.(β)[X] → πíåòòî[X] ïðè β → 0+, ÿêå äåìîíñòðó¹ ïåâíîãî
ðîäó âçà¹ìîçâ'ÿçîê ìiæ åêñïîíåíöiéíîþ òà íåòòî ïðåìiÿìè.

Ðîçãëÿíåìî òåïåð êîíòðàêò íàäëèøêîâîãî ïåðåñòðàõóâàííÿ ç
áàð'¹ðíèì ðiâíåì t. Â äàíîìó âèïàäêó ïåðåñòðàõîâà êîìïàíiÿ âiä-
øêîäîâó¹ ÷àñòèíó ðèçèêó X − t ó âèïàäêó, êîëè X > t, i âåñü ðèçèê (áåç
âèïëàò ç áîêó ïåðåñòðàõîâèêà) âiäøêîäîâó¹òüñÿ ñòðàõîâîþ êîìïàíi¹þ,
ÿêùî X < t.

Çà òàêèõ îáñòàâèí, ïðåìiÿ, ùî íàäõîäèòü äî ïåðåñòðàõîâèêà îáðàõîâàíà
çà åêñïîíåíöiéíèì ïðèíöèïîì ìàòèìå âèãëÿä

πïåðåñòð.
åêñï.(β) [X] =

1

β
log E[eβ(X−t)+ ] =: π[X, t, β], äëÿ β > 0,

à íåòòî ïðåìiÿ

πïåðåñòð.
íåòòî

[X] = E[(X − t)+] =: π[X, t, 0].

Â òåðìiíàõ ôóíêöié ðîçïîäiëó ùîéíî îòðèìàíi ïðåìi¨ ìîæíà ïðåäñòà-
âèòè íàñòóïíèì ÷èíîì

π[X, t, β] =
1

β
log

{
F (t) +

∫ +∞

t

eβ(x−t)dF (x)

}
=

1

β
log

{
1 + β

∫ +∞

t

eβ(x−t)[1− F (x)]dx

}
, äëÿ β > 0, (1)

à òàêîæ

π[X, t, 0] =

∫ +∞

t

(x− t)dF (x) =

∫ +∞

t

[1− F (x)]dx. (2)

18



Ïðåäñòàâëåííÿ (1) òà (2) ìîæíà îáåðíóòè. Ïîçíà÷èâøè π[X, t, β] =: p(t),
äëÿ β ≥ 0, ç (1) òà (2) îòðèìó¹ìî

F (x) = eβp(x)p′(x) + 1, äëÿ −∞ < x < +∞ (3)

Äëÿ β ≥ 0, ìîæíà ââåñòè îäíîñòîðîííþ âïîðÿäêîâàíiñòü âèïàäêîâèõ
âåëè÷èí. Ââàæàòèìåìî, ùî X <β Y , ÿêùî π[X, t, β] ≤ π[Y, t, β] äëÿ t ∈ R.

Ç ïðåäñòàâëåíü (1) òà (2) ç óðàõóâàííÿì òîãî, ùî e0(x−t) = 1 ñëiäó¹, ùî,
äëÿ β ≥ 0, óìîâà X <β Y ¹ åêâiâàëåíòíîþ óìîâi∫ +∞

t

eβ(x−t)[F (x)−G(x)]dx ≥ 0, äëÿ t ∈ R.

Áiëüø òîãî, ìåòðèêà, äëÿ β ≥ 0, ââîäèòüñÿ çà äîïîìîãîþ çàäàííÿ íà-
ñòóïíîãî ñïiââiäíîøåííÿ âiäñòàíi

dβ(X,Y ) := sup
t∈R

∣∣∣∣∫ +∞

t

eβ(x−t)[F (x)−G(x)]dx

∣∣∣∣ . (4)

Íàñòóïíà òåîðåìà äåìîíñòðó¹ ïðîñòi, ïðîòå äîñèòü êîðèñíi äîñòàòíi
óìîâè ñòîõàñòè÷íî¨ âïîðÿäêîâàíîñòi.

Òåîðåìà 1. ßêùî äëÿ ðèçèêó X ç ôóíêöi¹þ ðîçïîäiëó F (x) òà ðèçèêó Y
ç ôóíêöi¹þ ðîçïîäiëó G(x), à òàêîæ äåÿêîãî β ≥ 0, âèêîíóþòüñÿ óìîâè:

A1 :
∫ +∞
−∞ eβx[F (x)−G(x)]dx ≥ 0

A2 : iñíó¹ ∆ ∈ [−∞,+∞) òàêå, ùî
F (x) ≤ G(x) äëÿ x < ∆ òà F (x) ≥ G(x) äëÿ x ≥ ∆

òî ìà¹ ìiñöå ñòîõàñòè÷íà âïîðÿäêîâàíiñòü X <β Y .

Íàñòóïíà òåîðåìà äåìîíñòðó¹ ìîíîòîííiñòü ñòîõàñòè÷íî¨ âïîðÿäêîâà-
íîñòi ÿê ôóíêöi¨ ïàðàìåòðà β.

Òåîðåìà 2. ßêùî äëÿ ðèçèêiâ X òà Y , à òàêîæ äåÿêîãî β ≥ 0, ìà¹ ìiñöå
íåðiâíiñòü X <β Y , òî äëÿ áóäü-ÿêîãî r > β ìàòèìåìî X <r Y .

Íàñòóïíà òåîðåìà äåìîíñòðó¹ iíâàðiàíòíiñòü âïîðÿäêîâàíîñòi âiäíîñòíî
ñêií÷åííîãî òà çëi÷åííîãî çìiøóâàíü, à òàêîæ ñêií÷åííîãî çãîðòàííÿ.

Òåîðåìà 3. Íåõàé Fi(x) òà Gi(x), äëÿ i = 1, 2, · · · , ñêií÷åííi ÷è çëi÷åííi
ïîñëiäîâíîñòi ôóíêöié ðîçïîäiëó òàêi, ùî Fi(x) <β Gi(x) äëÿ äåÿêîãî β ≥ 0
òà âñiõ i. Íåõàé òàêîæ p1, p2, · · · � ñêií÷åííà ÷è çëi÷åííà ïîñëiäîâíiñòü
éìîâiðíîñíèõ ìàñ. Òîäi
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(i)
∑
i piFi(x) <β

∑
i piGi(x);

(ii) F1 ∗ . . . ∗ Fn(x) <β G1 ∗ . . . ∗Gn(x) äëÿ âñiõ äîïóñòèìèõ n.

Íàñòóïíà òåîðåìà äåìîíñòðó¹ âïëèâ íà ìåòðèêó (4) îïåðàöié çìiøóâà-
ííÿ òà çãîðòàííÿ.

Òåîðåìà 4. Íåõàé F (x), G(x), H(x) � ôóíêöi¨ ðîçïîäiëó òà Fi(x), Gi(x),
äëÿ i = 1, 2, · · · , � ñêií÷åííi ÷è çëi÷åííi ïîñëiäîâíîñòi ôóíêöié ðîçïîäiëó.
Íåõàé òàêîæ p1, p2, · · · � ñêií÷åííà ÷è çëi÷åííà ïîñëiäîâíiñòü éìîâið-
íîñíèõ ìàñ. Òîäi, äëÿ áóäü-ÿêîãî β ≥ 0:

(i) dβ(
∑
i piFi(x),

∑
i piGi(x)) ≤

∑
i pidβ(Fi(x), Gi(x));

(ii) dβ(F ∗H(x), G ∗H(x)) ≤ dβ(F (x), G(x));

(iii) dβ(F ∗n(x), G∗n(x)) ≤ n · dβ(F (x), G(x)).
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Ïðî äâîïàðàìåòðè÷íó íàïiâãðóïó Ôåëëåðà äëÿ
îäíîâèìiðíîãî ïðîöåñó äèôóçi¨ â îáìåæåíié îáëàñòi ç

ðóõîìîþ ìåìáðàíîþ
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Äîïîâiäü ïðèñâÿ÷åíà ïðîáëåìi ïîáóäîâè äâîïàðàìåòðè÷íî¨ íàïiâãðóïè
Ôåëëåðà Ts,t, 0 ≤ s < t ≤ T , ÿêié âiäïîâiäà¹ íåîäíîðiäíèé ìàðêîâñüêèé
ïðîöåñ (íå îáîâ'ÿçêîâî íåïåðåðâíèé) íà âiäðiçêó [X1(s), X2(s)], ðîçäiëåíîìó
íà äâi ÷àñòèíè äåÿêîþ òî÷êîþ X(s) (X(s), Xi(s), i = 1, 2, � çàäàíi ôóíê-
öi¨, X1(s) < X(s) < X2(s), s ∈ [0, T ]), òàêèé, ùî â iíòåðâàëàõ (X1(s), X(s))
òà (X(s), X2(s)) âií çáiãà¹òüñÿ iç çàäàíèìè òàì äèôóçiéíèìè ïðîöåñàìè, à
éîãî ïîâåäiíêà íà êiíöÿõ âiäðiçêà Xi(s), i = 1, 2, i â òî÷öi X(s) îïèñó¹òü-
ñÿ çàäàíèìè êðàéîâèìè óìîâàìè i óìîâîþ ñïðÿæåííÿ Ôåëëåðà-Âåíòöåëÿ
âiäïîâiäíî [1]. Ùå îäíà óìîâà ñïðÿæåííÿ, ÿêà çàäà¹òüñÿ â òî÷öi X(s), ¹
âiäîáðàæåííÿì âëàñòèâîñòi ôåëëåðîâîñòi øóêàíîãî ïðîöåñó. Îïèñàíó çà-
äà÷ó ùå íàçèâàþòü çàäà÷åþ ïðî ñêëåþâàííÿ äâîõ äèôóçiéíèõ ïðîöåñiâ [2].

Äëÿ ðîçâ'ÿçàííÿ öi¹¨ çàäà÷i çàñòîñîâàíî àíàëiòè÷íèé ìåòîä. Çà òàêî-
ãî ïiäõîäó ïðîáëåìà ïîáóäîâè ïîòðiáíî¨ íàïiâãðóïè ïðàêòè÷íî çâîäèòüñÿ
äî äîñëiäæåííÿ âiäïîâiäíî¨ çàäà÷i ñïðÿæåííÿ äëÿ ëiíiéíîãî ïàðàáîëi÷íîãî
ðiâíÿííÿ äðóãîãî ïîðÿäêó ç ðîçðèâíèìè êîåôiöi¹íòàìè. Êëàñè÷íó ðîçâ'ÿç-
íiñòü îñòàííüî¨ çàäà÷i âñòàíîâëåíî íàìè ìåòîäîì ãðàíè÷íèõ iíòåãðàëüíèõ
ðiâíÿíü ç âèêîðèñòàííÿì çâè÷àéíèõ ïàðàáîëi÷íèõ ïîòåíöiàëiâ ïðîñòîãî
øàðó.
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Äèíàìi÷íi ïðîöåñè â ãðàíóëüîâàíèõ ñåðåäîâèùàõ ìàþòü ñòîõàñòè÷íèé
õàðàêòåð íàâiòü ïðè äi¨ íåïåðåðâíèõ ãëàäêèõ íàâàíòàæåíü. ßñêðàâèì ïðè-
êëàäîì ¹ ïðîöåñ çñóâíîãî äåôîðìóâàííÿ ãðàíóëüîâàíîãî ìàñèâó ïðè ïî-
ñòiéíîìó íàâàíòàæåíi. Ðîçãëÿäà¹òüñÿ çñóâíå äåôîðìóâàííÿ ãðàíóëüîâàíî¨
ñèñòåìè, óòâîðåíî¨ ãðàíóëàìè ó âèãëÿäi êóáiâ. Öåé ìàñèâ êóáiâ ìiñòèòüñÿ ó
áîêñi, ÿêèé ñêëàäà¹òüñÿ ç íèæíüî¨ íåðóõîìî¨ ÷àñòèíè òà âåðõíüî¨, äî ÿêî¨
ïðèêëàäà¹òüñÿ ïîñòiéíà ñèëà ó ãîðèçîíòàëüíîìó íàïðÿìi. Äàíèé äèíàìi-
÷íèé ïðîöåñ ðîçðàõîâó¹òüñÿ ÷èñåëüíî çà äîïîìîãîþ ìåòîäó äèñêðåòíèõ
åëåìåíòiâ. Ó ðîçðàõóíêàõ îòðèìàíî, ùî âiäãóê òàêî¨ ñèñòåìè íà äiþ ïîñòié-
íî¨ ñèëè ¹ ñòîõàñòè÷íèì, çîêðåìà òàêèìè ¹ øâèäêîñòi ðóõó âåðõíüî¨ ÷àñòè-
íè áîêñó, ñóìàðíi êiíåòè÷íà, îáåðòàëüíà åíåðãiÿ ãðàíóë òà åíåðãiÿ ïðóæíî¨
âçà¹ìîäi¨ ãðàíóë. Òàêîæ ñòîõàñòè÷íîþ âåëè÷èíîþ ¹ ñóìàðíà ñèëà, ùî äi¹
íà íèæíþ ñòiíêó áîêñà. Çà äîïîìîãîþ ìåòîäó äåòðåíäîâîãî ôëóêòóàöiéíî-
ãî àíàëiçó [1] îòðèìàíî, ùî â öüîìó ÷àñîâîìó ðÿäi ìàþòü ìiñöå äîâãîäiþ÷i
÷àñîâi êîðåëÿöi¨. Äëÿ äîñëiäæåííÿ ìiêðîõàðàêòåðèñòèê òàêî¨ ñêëàäíî¨ ñè-
ñòåìè â ïðîöåñi äåôîðìóâàííÿ ïîáóäîâàíî ðîçïîäiëè ñèë âçà¹ìîäi¨ ìiæ
ñòðóêòóðíèìè åëåìåíòàìè ó ðiçíi ìîìåíòè ÷àñó. Âèÿâëåíî, ùî äàíi ðîç-
ïîäiëè ¹ ñòåïåíåâèìè ôóíêöiÿìè âïðîäîâæ âñüîãî òåðìiíó äåôîðìóâàííÿ.
Ñòåïåíåâi ðîçïîäiëè ñâiä÷àòü ïðî íàÿâíiñòü äàëåêîäiþ÷èõ ïðîñòîðîâèõ êî-
ðåëÿöié. Ïîáóäîâàíi êîðåëÿöiéíi ôóíêöi¨ ïiäòâåðäæóþòü íàÿâíiñòü ñàìå
òàêèõ êîðåëÿöié.
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Äëÿ ðîòàöiéíî iíâàðiàíòíîãî α-ñòiéêîãî ïðîöåñó ç α ∈ (1, 2) â åâêëiäî-
âîìó ïðîñòîði áóäó¹òüñÿ ìåìáðàíà çîñåðåäæåíà íà ôiêñîâàíié îáìåæåíié
çàìêíåíié ïîâåðõíi S êëàñó Hγ+1 ç äåÿêèì γ ∈ (0, 1) òàêà, ùî òî÷êè ïî-
âåðõíi âîëîäiþòü âëàñòèâiñòþ çàòðèìêè ïðîöåñó ç äåÿêèì çàäàíèì êîåôi-
öi¹íòîì (p(x))x∈S . Iíøèìè ñëîâàìè, òi òî÷êè S, äå p(x) > 0, ¹ ëèïêèìè
äëÿ ïîáóäîâàíîãî ïðîöåñó. Ìè ïîêàçó¹ìî, ùî öåé ïðîöåñ ïîâ'ÿçàíèé ç äå-
ÿêîþ ïî÷àòêîâî êðàéîâîþ çàäà÷àþ äëÿ ïñåâäîäèôåðåíöiàëüíîãî ðiâíÿííÿ
âiäïîâiäíîãî äàíîìó α-ñòiéêîìó ïðîöåñó.

Íåõàé (x(t),Mt,Px) ñòàíäàðòíèé ïðîöåñ Ìàðêîâà â d-âèìiðíîìó åâêëi-
äîâîìó ïðîñòîði Rd, ÷èÿ ùiëüíiñòü éìîâiðíîñòi ïåðåõîäó g0 (âiäíîñíî ëå-
áåãîâî¨ ìiðè â Rd) çàäà¹òüñÿ ðiâíiñòþ

g0(t, x, y) = (2π)−d
∫
Rd

exp{i(x− y, ξ)− ct|ξ|α} dξ, t > 0, x ∈ Rd, y ∈ Rd,

äå c > 0 òà α ∈ (1, 2) ôiêñîâàíi ïàðàìåòðè. Ãåíåðàòîð öüîãî ïðîöå-
ñó (ïîçíà÷àòèìåìî éîãî A) ¹ ïñåâäîäèôåðåíöiàëüíèì îïåðàòîðîì ç ñèì-
âîëîì (−c|ξ|α)ξ∈Rd . Äëÿ äåÿêîãî îäèíè÷íîãî âåêòîðà l ∈ Rd ïîçíà÷è-
ìî ÷åðåç Bl ïñåâäîäèôåðåíöiàëüíèé îïåðàòîð, ùî âèçíà÷à¹òüñÿ ñèìâîëîì
(2ic|ξ|α−2(ξ, l))ξ∈Rd .
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Íåõàé (p(x))x∈S çàäàíà íåïåðåðâíà ôóíêöiÿ ç íåâiä'¹ìíèìè çíà÷åííÿ-
ìè. Ìè ïîêàçó¹ìî, ùî iñíó¹ W-ôóíêöiîíàë (ηt(p))t≥0 âiä ïðîöåñó (x(t))t≥0

òàêèé, ùî éîãî õàðàêòåðèñòèêà çàäà¹òüñÿ ðiâíiñòþ

Exηt(p) =

∫ t

0

dτ

∫
S

g0(τ, x, y)p(y) dσy, t ≥ 0, x ∈ Rd.

Äëÿ t ≥ 0 ïîêëàäåìî ζt = inf{s ≥ 0 : s + ηs(p) ≥ t} i ðîçãëÿíåìî
ñòàíäàðòíèé ïðîöåñ Ìàðêîâà (x̂(t),M̂t,Px), äå x̂(t) = x(ζt), M̂t =Mζt .

Â äîïîâiäi áóäå ïîêàçàíî, ùî äëÿ êîæíî¨ ôóíêöi¨ ϕ ∈ Cb(Rd) ôóíêöiÿ

û(t, x, ϕ) = Exϕ(x̂(t)), t ≥ 0, x ∈ Rd,

¹ ðîç'ÿçêîì (â ïåâíîìó ðîçóìiííi) íàñòóïíî¨ çàäà÷i

(i) ∂u
∂t (t, x) = Au(t, ·)(x) â îáëàñòi t > 0, x ∈ Rd \ S;

(ii) u(0+, x) = ϕ(x) äëÿ âñiõ x ∈ Rd;

(iii) p(x)∂u∂t (t, x) = 1
2Bν(x)u(t, ·)(x+) − 1

2Bν(x)u(t, ·)(x−) ïðè âñiõ t > 0 òà
x ∈ S (òóò ν(x) îðò çîâíiøíüî¨ íîðìàëi äî ïîâåðõíi S â òî÷öi x ∈ S).

Simulation of linear stochastic system input process
taking into account the output process

Rozora I.

National Taras Shevchenko university of Kyiv
irozora@bigmir.net

Lyzhechko M.

National Taras Shevchenko university of Kyiv
marialy@ukr.net

Gaussian stochastic processes with discrete spectrum are investigated.
These processes are considered as input processes to a time-invariant linear
system with real-valued square integrable impulse response function. More
information about linear system with impulse response function and about
estimators of impulse function can be found in [3, 2, 4]. The response on the
system is supposed to be an output process. The model which approximates
the process with given accuracy and reliability in Banach space C([0, 1]). is
constructed taking into account the response of the system. For these purposes
the methods and properties of Square-Gaussian processes are used.

Let (Ω, F, P ) be some probabilistic space.
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De�nition 0.1. A stationary stochastic process is called a process with di-
screte spectrum if it has representation as correlation function can be given
as

X(t) =

∞∑
k=0

bk(ξk cosλkt+ ηk sinλkt), (1)

where ξk, ηkare independent zero-mean random variables, Eξk = Eηk =
Eξkηl = 0 and Eξkξl = Eηkηl = δlk, k ≥ 0, l ≥ 0.

Consider a time-invariant linear system with a real-valued square integrable
impulse response function H(τ) which is de�ned on a �nite domain τ ∈ [0, T ].
This means that the response of the system to an input signal X(t) which is
observed on [−T, T ] has the following form

Y (t) =

∫ T

0

H(τ)X(t− τ)dτ, t ∈ [0, T ] (2)

and H ∈ L2([0, T ]).

Suppose that the impulse response function is known. We also suggest that
the input signal in system (2) is a stationary stochastic process with discrete
spectrum. It follows from (1) and (2) that the response of the system Y (t) can
be presented as

Y (t) =

∞∑
k=0

(ξk · ck(t) + ηk · sk(t)), (3)

where the functions ck(t), sk(t) are equal to

ck(t) = bk

∫ T

0

H(τ) cos(λk(t− τ))dτ,

sk(t) = bk

∫ T

0

H(τ) sin(λk(t− τ))dτ, t ∈ [0, T ]. (4)

By the model of a stochastic process X(t) we will understand a truncated
series from (1).

De�nition 0.2. A random process XN (t) is called a model of the process X(t)
if

XN (t) =

N∑
k=0

bk(ξk cosλkt+ ηk sinλkt).

If the model XN (t) is considered as an input signal of linear system then

the output process is given as YN (t) =
N∑
k=0

(ξk · ck(t) + ηk · sk(t)).

Consider such conditions:
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• Condition A: There exists a constant c > 0 that dominates the impulse
response function H(τ) on the domain [0, T ] |H(τ)| ≤ c.

• Condition B: The integral is convergent IH =
∫ T

0
H2(τ)dτ <∞.

• Condition C: The series
∞∑

k=N+1

b2kλ
2α
k <∞, α ∈ (0, 1].

Let's denote

(δ0(N))2 = (8 + 2T 2 · I2
H)

( ∞∑
k=N+1

b2k

)2

+ (64c2 + 2 · I2
H)

( ∞∑
k=N+1

b2k
λk

)2

+ 4T · I2
H

( ∞∑
k=N+1

b2k

)( ∞∑
k=N+1

b2k
λk

)
; (5)

K(N) = 23−α

 ∞∑
k=N+1

b2kλ
2α
k ·

∞∑
k=N+1

b2k +

( ∞∑
k=N+1

b2kλ
α
k

)2

+

+ 8c2(

∞∑
k=N+1

b2kλ
2α−1
k ·

∞∑
k=N+1

b2kλ
−1
k +

( ∞∑
k=N+1

b2kλ
α−1
k

)2

) +

+ 16c4(

∞∑
k=N+1

b2kλ
2α−2
k ·

∞∑
k=N+1

b2kλ
−2
k +

( ∞∑
k=N+1

b2kλ
α−2
k

)2

)

1/2

(6)

Theorem 1. Assume that the conditions A, B, C are met. The model XN (t)
approximates a Gaussian stochastic process with discrete spectrum X(t) taking
into account the response of the system (1) with given reliability 1−ν, ν ∈ (0, 1),
and accuracy δ > 0 in the space C([0, T ]) if for N the inequalities

max{δ0(N),K(N) · (T/2)α} < αδ

2
√

2
, α ∈ (0, 1],

4e
3
α exp

{
− δ

2
√

2δ0(N)

}
×
(

δα

2
√

2δ0(N)

)2/α(
1 +

2δ√
2δ0(N)

)1/2

< ν,

hold true, where the values K(N), δ0(N) are from (5) and (6).
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Âëàñòèâîñòi ñòîõàñòè÷íèõ õâèëüîâèõ ðîçâ'ÿçêiâ
ìîäåëåé ñòðóêòóðîâàíèõ ñåðåäîâèù

Ñêóðàòiâñüêèé Ñ. I.

Iíñòèòóò ãåîôiçèêè iì.Ñ.I.Ñóááîòiíà ÍÀÍ Óêðà¨íè

skurserg@gmail.com

Ñêóðàòiâñüêà I. À.

Iíñòèòóò ãåîôiçèêè iì.Ñ.I.Ñóááîòiíà ÍÀÍ Óêðà¨íè

inna.skurativska@gmail.com

Äîñëiäæåííÿ äèíàìi÷íèõ ïðîöåñiâ ó íåîäíîðiäíèõ ñåðåäîâèùàõ (ãðóí-
òè, ãðàíóëüîâàíi ìàòåðiàëè), ÿêi ïåðåáóâàþòü â óìîâàõ iíòåíñèâíèõ íàâàí-
òàæåíü, âêàçóþòü íà ¨õ çäàòíiñòü äî óòâîðåííÿ äèñèïàòèâíèõ ñòðóêòóð,
çîêðåìà õâèëüîâèõ [1]. Äæåðåëîì òàêî¨ ïîâåäiíêè ¹ âïëèâ âíóòðiøíüî¨ áó-
äîâè ñåðåäîâèùà íà ôîðìóâàííÿ éîãî ðåàêöi¨ íà çáóðåííÿ.

Âðàõóâàííÿ ïåâíîþ ìiðîþ îñîáëèâîñòåé âíóòðiøíüî¨ ñòðóêòóðè ìîæëè-
âå â ðàìêàõ òåîði¨ ñóöiëüíîãî ñåðåäîâèùà ç ìîäèôiêîâàíèì ðiâíÿííÿì ñòà-
íó, ÿêå ìiñòèòü îïèñ ðåëàêñàöiéíèõ òà ïðîñòîðîâî íåëîêàëüíèõ åôåêòiâ,
çóìîâëåíèõ âçà¹ìîäi¹þ ñòðóêòóðíèõ åëåìåíòiâ. Òàêèé ïiäõiä ïðèâîäèòü äî
ñëàáêî íåëîêàëüíèõ ìàòåìàòè÷íèõ ìîäåëåé ñòðóêòóðîâàíèõ ñåðåäîâèù, ÿêi
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ó ãiäðîäèíàìi÷íîìó íàáëèæåííi ìàþòü íàñòóïíèé âèãëÿä [1, 2]

dρ

dt
+ ρux =0, ρ

du

dt
+ px = γρ,

τ

(
dp

dt
− χdρ

dt

)
=κρ− p+ θ

[
pxx +

1

ρ
pxρx − χ

(
ρxx −

1

ρ
(ρx)

2

)]
−

− h

(
d2p

dt2
+ η

(
2

ρ

{
dρ

dt

}2

− d2ρ

dt2

))
,

(1)

äå ρ � ãóñòèíà, p � òèñê, u � øâèäêiñòü, ÷àñ ðåëàêñàöi¨ τ ãðà¹ ðîëü ïàðà-
ìåòðà ÷àñîâî¨ íåëîêàëüíîñòi, κ òà χ ïðîïîðöiéíi êâàäðàòàì ðiâíîâàæíî¨
òà çàìîðîæåíî¨ øâèäêîñòåé çâóêó ó ñåðåäîâèùi, θ � ïàðàìåòð ïðîñòîðîâî¨
íåëîêàëüíîñòi, ïàðàìåòðè h òà η õàðàêòåðèçóþòü åôåêòè ÷àñîâî¨ íåëîêàëü-
íîñòi âèùèõ ïîðÿäêiâ, γρ � ìàñîâà ñèëà, d(·)

dt = ∂(·)
∂t + u∂(·)

∂x .

Îäíàê äëÿ îïèñó ïðîöåñiâ ñàìîîðãàíiçàöi¨ ó âiäêðèòèõ ñèñòåìàõ âàæëè-
âèì ïèòàííÿì ¹ ïîâåäiíêà ñòîõàñòè÷íèõ çáóðåíü (ôëóêòóàöié) â òàêèõ ñè-
ñòåìàõ. ×åðåç ñêëàäíiñòü òàêî¨ çàäà÷i äëÿ ìîäåëi (1), îáìåæèìîñü âèâ÷å-
ííÿì ðîçâ'ÿçêiâ ñèñòåìè, êîëè îäèí iç ¨¨ ïàðàìåòðiâ çàçíà¹ ôëóêòóàöié. Ó
òàêîìó âèïàäêó ïîñòà¹ çàäà÷à ïðî ñòðóêòóðó ðîçâ'ÿçêiâ ñòîõàñòè÷íî¨ ñè-
ñòåìè, ÿêi âèíèêàþòü â îêîëi äåòåðìiíîâàíî¨ òðà¹êòîði¨.

Âëàñíå, äåòåðìiíîâàíà ìîäåëü (1), çãiäíî ç ðåçóëüòàòàìè ïîïåðåäíiõ äî-
ñëiäæåíü [1, 3], ìà¹ õâèëüîâi ðîçâ'ÿçêè âèäó

u = U(s) +D, ρ = ρ0 exp(ξt+ S(s)), p = ρZ(s), s = x−Dt, (2)

äåD � ñòàëà øâèäêiñòü õâèëüîâîãî ôðîíòó, ξ � ïàðàìåòð [1, 6]. Öi ðîçâ'ÿçêè
çàäîâîëüíÿþòü êâàäðàòóðó

dS

ds
= −W + ξ

U

òà àâòîíîìíó íåëiíiéíó äèíàìi÷íó ñèñòåìó

U
dU

ds
= UW, U

dZ

ds
= γU + ξZ +W

(
Z − U2

)
,

U
dW

ds
= (2γξσU − κU2 + γhξU3 + γτU3 + ηξσW + 2γσUW

−2ξσU2W + χτU2W − hξU4W − τU4W + ησW 2+

ηh(UW )2 − σ(UW )2 − hU4W 2 + U2Z + hξ2U2Z+

ξτU2Z)/(ησ − ηhU2 − σU2 + hU4).

(3)

Cèñòåìà (3) ìà¹ ñòàöiîíàðíó òî÷êó ç êîîðäèíàòàìè

U0 = −D, Z0 =
κD2

D2 − 2θξ2
, W0 = 0, γ =

ξZ0

D
, (4)
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â îêîëi ÿêî¨ ó ôàçîâîìó ïðîñòîði ñèñòåìè (3) âèÿâëåíi ïåðiîäè÷íi, ìóëüòè-
ïåðiîäè÷íi, êâàçiïåðiîäè÷íi òà ãîìîêëiíi÷íi òðà¹êòîði¨.

Êîëè ïàðàìåòð γ çáóðèòè øóìîì ó ôîðìi γ + εḢ, H âiíåðiâ ïðîöåñ ç
iíòåíñèòâíiñòþ ε, òî ñèñòåìà (3) íàáóâà¹ âèäó ẋ = f(x) + εσ(x)Ḣ òà ñòà¹
íåàâòîíîìíîþ, à â îêîëi çàìêíóòèõ îðáiò (ãðàíè÷íèõ öèêëiâ) ñèñòåìè âè-
íèêàþòü ñòîõàñòè÷íi òðà¹êòîði¨, íà âëàñòèâîñòi ÿêèõ çâåðòà¹òüñÿ îñîáëèâà
óâàãà ó öüîìó ïîâiäîìëåííi.

Ó âèïàäêó ñëàáêîãî øóìó àâòîêîëèâàííÿ ôîðìóþòü ñòîõàñòè÷íèé
àòðàêòîð çi ñòàöiîíàðíîþ ôóíêöi¹þ ùiëüíîñòi ψ(x, ε), ÿêà, ÿê ïîêàçàíî ó
ðîáîòàõ [4, 5], çàäîâîëüíÿ¹ ðiâíÿííÿ Êîëìîãîðîâà-Ôîêêåðà-Ïëàíêà ó ãàó-
ñîâîìó íàáëèæåííi

ψ ≈ K exp
(
−q(x)/ε2

)
, q(x) ≈ (x− Γ, V (s)(x− Γ)) /2,

äå ε2V ¹ êîâàðiàíòíîþ ìàòðèöåþ, ùî õàðàêòåðèçó¹ äèñïåðñiþ òî÷îê ïåðåòè-
íó ñòîõàñòè÷íèõ òðà¹êòîðié ç ïëîùèíîþ Π, îðòîãîíàëüíîþ äî ïåðiîäè÷íî¨
îðáiòè (ãðàíè÷íîãî öèêëó) Γ.

Íà îñíîâi ìàòðè÷íî¨ ôóíêöi¨ V (ôóíêöi¨ ÷óòëèâîñòi) áóëà ðîçðîáëå-
íà òåõíiêà [4, 5] ïîáóäîâè äîâið÷èõ iíòåðâàëiâ äëÿ ñòîõàñòè÷íèõ òðà¹êòî-
ðié ñèñòåì iç øóìîì â îêîëi ñòiéêèõ ñòàöiîíàðíèõ òà ïåðiîäè÷íèõ ðåæèìiâ
âiäïîâiäíèõ äåòåðìiíîâàíèõ äèíàìi÷íèõ ñèñòåì. Âàæëèâîþ ïåðåâàãîþ öi-
¹¨ òåõíiêè ¹ ìîæëèâiñòü ïîçáóòèñü íåîáõiäíîñòi ðîçâ'ÿçóâàòè ñòîõàñòè÷íi
ðiâíÿííÿ íàïðÿìó, íàòîìiñòü, ìîæíà ïåðåéòè äî ðîçøèðåíî¨ ñèñòåìè äå-
òåðìiíîâàíèõ ðiâíÿíü, ÿêi îïèñóþòü ìàòðè÷íó ôóíêöiþ V .

�¨ çàñòîñóâàííÿ äî ìîäåëi (1), êîëè θ = h = 0 [6, 7] òà äåòåðìiíîâàíà
ñèñòåìà, ùî âèçíà÷à¹ ãðàíè÷íèé öèêë, ¹ äâîâèìiðíîþ

d

ds

(
x1

x2

)
=

(
f1

f2

)
, (5)

ïðèâîäèòü äî íàéïðîñòiøîãî âèïàäêó ôóíêöi¨ ÷óòëèâîñòi V (s) = µ(s)P (s),
äå P ìàòðèöÿ îðòîãîíàëüíîãî ïðîåêòóâàííÿ íà ïëîùèíó Π, µ(s) çàäîâîëü-
íÿ¹ ðiâíÿííÿ

dµ

ds
= a (s)µ+ b (s) ≡ f3(x1, x2, µ), (6)

äå

a (s) = pT
(
FT + F

)
p, Fij = ∂fi/∂xj , b (s) = pTS p,

S = σσT =

(
σ2

1 σ1σ2

σ1σ2 σ2
2

)
, p =

(
−f2

f1

)
/
√
f2

1 + f2
2 , s ∈ [0;T ] ,

òà p ¹ îðòîì, îðòîãîíàëüíèì äî f(Γ).
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Îñêiëüêè ðiâíÿííÿ (5)�(6) ñòàíîâëÿòü ñèñòåìó iç ïåðiîäè÷íèìè êîåôi-
öi¹íòàìè, òî ¨¨ çðó÷íî ðîçâ'ÿçóâàòè ìåòîäîì ñòðiëüáè. Ðåçóëüòàòîì çàñòî-
ñóâàííÿ ìåòîäó ¹ êîìïîíåíòè ðîçâ'ÿçêó äåòåðìiíîâàíî¨ ñèñòåìè, ôóíêöiÿ
÷óòëèâîñòi µ(s) òà ìóëüòèïëiêàòîðè öèêëà (ïîêàçíèêè Ôëîêå), ÿêi õàðà-
êòåðèçóþòü ñòiéêiñòü ãðàíè÷íîãî öèêëó.

Çíàþ÷è ôóíêöiþ µ(s), ìîæíà îá÷èñëèòè ìåæi x̄1,2 äîâið÷èõ ñìóã x̄1,2 =

Γ(s)± kε
√

2µ(s)p(s), k = erf−1(β), β � äîâið÷à éìîâiðíiñòü. Òàêîæ áóëî ïî-
êàçàíî, ùî íàéáiëüøîãî ðîçñiÿííÿ ñòîõàñòè÷íi òðà¹êòîði¨ çàçíàþòü â îêîëi
ñiäëîâî¨ ñòàöiîíàðíî¨ òî÷êè ñèñòåìè (5).

Çàñòîñóâàííÿ òåõíiêè ôóíêöi¨ ÷óòëèâîñòi äî äèíàìi÷íèõ ñèñòåì ç 3D
ôàçîâèì ïðîñòîðîì [8], òàêèõ ÿê (3), âèìàãà¹ ðîçâ'ÿçàííÿ ñèñòåìè ç øåñòè
ÇÄÐ, à ñàìå ñèñòåìè (3) òà äîäàòêîâèõ ðiâíÿíü

λ̇1 = λ1v
>
1

(
F + F>

)
v1 + v>1 Ŝv1, λ̇2 = λ2v

>
2

(
F + F>

)
v2 + v>2 Ŝv2,

(λ1 − λ2) ϕ̇ = λ2v
>
1 Fv2 + λ1v

>
1 F
>v2 + v>1 Ŝv2 − (λ1 − λ2) u̇>1 u2.

Òóò âåëè÷èíè λ1,2 âèçíà÷àþòü ïiâîñi äîâið÷èõ åëiïñiâ ó ïëîùèíi Ïóàíêàðå
Π, òîäi ÿê êóò ϕ õàðàêòåðèçó¹ ïîâîðîò ïiâîñåé âçäîâæ ïåðiîäè÷íî¨ îðáiòè.
Òîäi ìàòðè÷íà ôóíêöiÿ ÷óòëèâîñòi V = λ1P1+λ2P2, äå Pi = viv

>
i � ïðîåêòî-

ðè íà íàïðÿìè âëàñíèõ âåêòîðiâ vi, ÿêi âiäïîâiäàþòü âëàñíèì çíà÷åííÿì
λi ëiíåàðèçîâàíî¨ ñèñòåìè.

Íà îñíîâi àíàëiçó ðîçâ'ÿçêiâ ðîçøèðåíî¨ ñèñòåìè, îá÷èñëåíèõ ìåòîäîì
ñòðiëüáè, áóëà äîñëiäæåíà ñòðóêòóðà äîâið÷èõ òîðiâ äëÿ ñòîõàñòè÷íèõ òðà-
¹êòîðié, ÿêi ðîçâèâàþòüñÿ â îêîëi ãðàíè÷íèõ öèêëiâ ðiçíèõ òèïiâ. Çîêðåìà,
îñîáëèâà óâàãà çâåðòàëàñü íà ãðàíè÷íi öèêëè, ÿêi âõîäÿòü äî êàñêàäó Ôåé-
ãåíáàóìà, ïðèõîâàíi ïåðiîäè÷íi îðáiòè, òðà¹êòîði¨ ïîáëèçó ãîìîêëiíi÷íèõ
òðà¹êòîðié òèïó Øèëüíiêîâà, çàìêíóòèõ îðáiò íà òîðîâèõ ïîâåðõíÿõ.

Ó ðåçóëüòàòi âèâ÷åííÿ õàðàêòåðèñòèê äîâið÷èõ òîðiâ áóëè âñòàíîâëåíi
îñîáëèâîñòi áóäîâè ôàçîâèõ ïðîñòîðiâ ïîáëèçó ïåðiîäè÷íèõ òðà¹êòîðié â
çàëåæíîñòi âiä ¨õ òèïó òà ïîêàçàíî, ùî âðàõóâàííÿ ôëóêòóàöié ñïðè÷èíÿ¹
óòâîðåííÿ äîäàòêîâèõ íàïðÿìiâ äèñïåðñi¨ òðà¹êòîðié â îêîëi äåòåðìiíîâà-
íèõ ðåæèìiâ.
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Ìîäåëþâàííÿ ãàóññîâîãî âèïàäêîâîãî ïðîöåñó òà
ïåðåâiðêà ãiïîòåçè ïðî âèãëÿä éîãî êîâàðiàöiéíî¨

ôóíêöi¨
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Îñêiëüêè ÷àñòî äîñëiäæóâàòè âåñü ïðîöåñ ¹ àáî íåìîæëèâèì, àáî äîñèòü
åêîíîìi÷íî íå âèãiäíèì, òîìó íà ïðàêòèöi, çàçâè÷àé, çíà÷åííÿ âèïàäêîâèõ
ïðîöåñiâ ñïîñòåðiãàþòüñÿ òiëüêè â ïåâíi ìîìåíòè ÷àñó. I íà îñíîâi îòðèìà-
íèõ äàíèõ ïîòðiáíî ðîáèòè ïåâíi âèñíîâêè ïðî ñàì ïðîöåñ. Îäíàê âèíèêà¹
ïèòàííÿ: ñêiëüêè ïîòðiáíî ñïîñòåðåæóâàíèõ äàíèõ äëÿ òîãî, ùîá ìè çìîãëè
iç íåîáõiäíîþ òî÷íiñòþ íàáëèçèòè öåé ïðîöåñ ïåâòîþ ìîäåëëþ.

Â äàíié äîïîâiäi, ñïî÷àòêó çà äîïîìîãîþ ìîäèôiêîâàíîãî ìåòîäó ðîç-
áèòòÿ òà ðàíäîìiçàöi¨ ñïåêòðó ïîáóäîâàíî ìîäåëü, ÿêà iç çàäàíîþ òî÷íiñòþ
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òà íàäiéíiñòþ íàáëèæà¹ âèïàäêîâèé ïðîöåñ. Äàëi, çà äîïîìîãîþ çàïðîïî-
íîâàíîãî íîâîãî êðèòåðiþ, ïåðåâiðåíî ãiïîòåçó ïðî âèãëÿä êîâàðiàöiéíî¨
ôóíêöi¨.

Äàíà ðîáîòà ¹ ïðîäîâæåííÿì ðîáiò [1], [2], [3].

Ïîäÿêà: Äîñëiäæåííÿ ïåðøîãî àâòîðà ïðîâîäèëèñü â ðàìêàõ Visegrad
Fund Scholarship No. 51701464.
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Ïðî íàïiâãðóïó Ôåëëåðà äëÿ ïðîöåñó äèôóçi¨ ç
âiäáèòòÿì â ñåðåäîâèùi ç íàïiâïðîçîðîþ ìåìáðàíîþ

Öàïîâñüêà Æ.ß.
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Â åâêëiäîâîìó ïðîñòîði Rd, d ≥ 2, çàäàíà îáëàñòü âèãëÿäó

D = {x ∈ Rd|F1(x′) < xd < F2(x′)}

ç ìåæåþ ∂D = S1 ∪ S2, äå

Sm = {x ∈ Rd|xd = Fm(x′)}, m ∈ {1, 2},
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à åëåìåíòàðíà ïîâåðõíÿ

S0 = {x ∈ Rd|xd = F0(x′)}

ðîçäiëÿ¹ îáëàñòü D íà äâi îáëàñòi

D1 = {x ∈ Rd|F1(x′) < xd < F0(x′)}

i
D2 = {x ∈ Rd|F0(x′) < xd < F2(x′)}

òàê, ùî ∂Dm = Sm ∪ S0, Sm ∩ S0 = ∅ i ρ(Sm, S0) ≥ d0m > 0, m ∈ {1, 2}.
Áóäåìî ïðèïóñêàòè, ùî åëåìåíòàðíi ïîâåðõíi Sm, m ∈ {0, 1, 2}, íàëåæàòü
äî êëàñó Ãåëüäåðà H2+λ, λ ∈ (0, 1).

Íåõàé â îáëàñòÿõ D1 i D2 çàäàíèé äèôóçiéíèé ïðîöåñ, ùî îïèñó¹òüñÿ
äèôåðåíöiàëüíèì îïåðàòîðîì äðóãîãî ïîðÿäêó âèãëÿäó

Lu =
1

2

d∑
i,j=1

bij(x)DiDju+

d∑
i=1

ai(x)Diu,

äå bij(x) òà ai(x) � äiéñíi îáìåæåíi íåïåðåðâíi ôóíêöi¨ íà Rd i ìàòðèöÿ
b(x) = (bij(x)) � ñèìåòðè÷íà òà íåâiä'¹ìíî âèçíà÷åíà.

Ñòàâèòüñÿ ïèòàííÿ ïðî iñíóâàííÿ îäíîïàðàìåòðè÷íî¨ íàïiâãðóïè Ôåë-
ëåðà, ÿêié âiäïîâiäà¹ òàêèé íåïåðåðâíèé îäíîðiäíèé ìàðêîâñüêèé ïðîöåñ â
îáëàñòi D, ùî éîãî ÷àñòèíè â ïiäîáëàñòÿõ D1 i D2, çáiãàþòüñÿ iç çàäàíèì
â íèõ äèôóçiéíèì ïðîöåñîì, ùî êåðîâàíèé îïåðàòîðîì L, à éîãî ïîâåäií-
êà íà ìåæàõ öèõ îáëàñòåé âèçíà÷à¹òüñÿ çàäàíèìè òàì ðiçíèìè âàðiàíòàìè
çàãàëüíî¨ êðàéîâî¨ óìîâè òèïó Âåíòöåëÿ [1]. Çîêðåìà, öi óìîâè ïåðåäáà÷à-
þòü, ùî íà çîâíiøíiõ ÷àñòèíàõ ìåæ ïiäîáëàñòåé øóêàíèé ïðîöåñ âîëîäi¹
âëàñòèâiñòþ ïîâíîãî âiäáèòòÿ, à éîãî ïðîäîâæåííÿ ïiñëÿ ïîòðàïëÿííÿ äè-
ôóíäóþ÷î¨ ÷àñòèíêè íà ïîâåðõíþ S0 õàðàêòåðèçó¹òüñÿ âëàñòèâiñòþ ÷àñ-
òêîâîãî âiäáèòòÿ ó êîìáiíàöi¨ ç äèôóçi¹þ âçäîâæ öi¹¨ ìåæi.

Äëÿ ðîçâ'ÿçàííÿ äàíî¨ ïðîáëåìè íàìè çàñòîñîâóþòüñÿ àíàëiòè÷íi ìåòî-
äè. Çà òàêîãî ïiäõîäó ïèòàííÿ ïðî iñíóâàííÿ øóêàíî¨ íàïiâãðóïè ïðàêòè-
÷íî çâîäèòüñÿ äî äîñëiäæåííÿ âiäïîâiäíî¨ çàäà÷i ñïðÿæåííÿ äëÿ ëiíiéíî-
ãî ïàðàáîëi÷íîãî ðiâíÿííÿ äðóãîãî ïîðÿäêó ç ðîçðèâíèìè êîåôiöi¹íòàìè.
Êëàñè÷íó ðîçâ'ÿçíiñòü öi¹¨ çàäà÷i ïðè äåÿêèõ óìîâàõ íà âèõiäíi äàíi âñòà-
íîâëåíî ìåòîäîì ãðàíè÷íèõ iíòåãðàëüíèõ ðiâíÿíü ç âèêîðèñòàííÿì çâè-
÷àéíîãî ôóíäàìåíòàëüíîãî ðîçâ'ÿçêó ðiâíîìiðíî-ïàðàáîëi÷íîãî îïåðàòîðà.
Âèâ÷åíî òàêîæ äåÿêi âëàñòèâîñòi, ïîáóäîâàíîãî â îïèñàíèé ñïîñiá ìàðêîâ-
ñüêîãî ïðîöåñó. Çîêðåìà, ïîêàçàíî, ùî ïîðîäæåíèé çíàéäåíîþ íàïiâãðó-
ïîþ ôåëëåðiâñüêèé ïðîöåñ ìîæíà òðàêòóâàòè ÿê óçàãàëüíåíó äèôóçiþ â
ðîçóìiííi Ì.I. Ïîðòåíêà [2].
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Introduction. The boundary value problems for linear di�erential-operator
equations are used in the simulation of boundary value problems for di�erenti-
al equations with partial derivatives, in particular, in the study of nonlocal
problems.

During recent years amount of publications, in which authors introduce and
investigate an involution operator in various �elds of the ordinary di�erential
equations theory, partial di�erential equations theory, linear operators theory,
T-invariant on some group of homeomorphisms theory, di�erential equations
with operator coe�cients theory, PT-symmetric operators theory, increased
signi�cantly.

Statement of problem. Let us make some notations and de�nitions. Let
H is a separable Hilbert space; A : D(A) ⊂ H → H is the closed unbounded
linear operator with the discrete spectrum σ(A); V (A) is the system of the
eigenfunctions which forms the Riesz basis in the space H; H(As) = {h ∈ H :
Ash ∈ H}, s ≥ 0; W1 = L2((0, 1), H); Dx : W1 → W1 is a strong derivative in
the space W1; W2 = {u ∈W1 : D2n

x u ∈W1, A
2nu ∈W1}.
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We consider the following boundary problem.

Lw = (− 1)n D2n
x w(x) + A2nw(x)

+

n∑
j=1

aj
(
D2j−1
x w(x)−D2j−1

x w(1− x)
)

= f(x), x ∈ (0, 1),
(1)

`jw = Dmj
x w(0) + (−1)

mj Dmj
x w(1) = ϕj , (2)

`n+jw = Dmn+j
x w(0)− (−1)

mn+j Dmn+j
x w(1) + l1jw = ϕn+j , (3)

`1jw =

mn+j∑
r=0

(bj,r,0D
r
xw(0) + bj,r,1D

r
xw(1)), j = 1, 2, . . . , n. (4)

By solution of the problem (1)�(4) we mean a function that satis�es equalities

‖Lw − f ;W1‖ = 0, ‖lqw − ϕq;H
(
Aβj

)
‖ = 0, βq = 2n−mq −

1

2
,

q = 1, 2, ..., 2n, aj , bj,r,s ∈ R, bj,r,1 = (−1)rbj,r,0, r = 0, 1, . . . , mn+j ,

s = 0, 1, j = 1, 2, . . . , n, 0 ≤ mn < mn−1 < . . . < m1 < 2n,

0 ≤ m2n < m2n−1 < . . . < mn+1 < 2n.

The main theorem. Assumption. If `1j = 0, j = 1, 2, . . . , n, then the condi-
tions (2), (3) are self-adjoint and strongly regular according to Birkho� .

Theorem 1. Let us suppose that the assumption holds. Then for any f ∈
W1, hq ∈ H(Aβq ), q = 1, 2, . . . , 2n, there exists a unique solution of the problem
(1)�(4).
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Ðîçãëÿíåìî ãiëëÿñòèé ëàíöþãîâèé äðiá (ÃËÄ) ñïåöiàëüíîãî âèãëÿäó

b0 +

∞

D
k=1

ik−1∑
ik=1

1

bi(k)
, (1)

äå b0, bi(k) ∈ C, i(k) ∈ I, I = {i1i2 . . . ik : 1 ≤ ik ≤ ik−1 ≤ ... ≤ i0; k ≥ 1; i0 = N} ,
N − ôiêñîâàíå íàòóðàëüíå ÷èñëî.

Òåîðåìà 1. Íåõàé åëåìåíòè ÃËÄ (1) çàäîâîëüíÿþòü óìîâè:

<(bi(k)) > 0,
∣∣arg bi(k)

∣∣ < θ, θ <
π

2
, i(k) ∈ I,

µk > N

(
1

cos θ
− 1

)
, k ≥ k0 ≥ 2

i
∞∑
k=1

((
1 +

µk
N

)
cos θ − 1

)
=∞,

äå
µk = min (<(bi(k))<(bi(k−1))), k = 2, 3, . . .
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Òîäi ÃËÄ (1) çáiãà¹òüñÿ i ñïðàâäæó¹òüñÿ îöiíêà øâèäêîñòi çáiæíîñòi

|fn − fm| ≤
2N

min<bi1
i1

(
1

cos θ

)2s 2s∏
k=1

1

1 +
µk+1

N

,

äå n > m, s =
[
m
2

]
.

Äâîñòîðîííi iíòåãðàëüíi íåðiâíîñòi ç ÷àñòêîâîþ
ëiïøèöi¹âiñòþ

Áîãîñëàâåöü À. ß.

Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Âàñèëÿ Ñòåôàíèêà
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Â òåîðåìàõ ïðî iíòåãðàëüíi íåðiâíîñòi, ùî ñòîñóþòüñÿ ðîçâ'ÿçêiâ ðiâíÿ-
ííÿ

x(t) = f(t) +

∫ t

t0

k(t, s, x(s))ds (1)

íàé÷àñòiøå âèñòóïàëà âèìîãà ìîíîòîííîñòi ôóíêöi¨ k(t, s, x) ùîäî x. Ì.Â.
Àçáåë¹âèì [1] óìîâà ìîíîòîííîñòi áóëà çàìiíåíà äåùî ñëàáøîþ óìîâîþ,
ÿêà ââiéøëà â ëiòåðàòóðó ÿê L1(L2)-óìîâà Àçáåë¹âà. Íà äåùî iíøîìó ïiä-
õîäi áàçóâàëîñü îáãðóíòóâàííÿ òåîðåì ïðî äâîñòîðîííi îöiíêè ðîçâ'ÿçêiâ
ðiâíÿííÿ (1) â ðîáîòàõ Ì.Ñ. Êóðïåëÿ òà Á.À. Øóâàðà (äèâ., íàïð., [2]).

Ñëiäóþ÷è iäåÿì iç [2] ðiâíÿííÿ (1) ðîçãëÿäà¹ìî â ïðèïóùåííi, ùî
k(t, s, x) = K(t, s, x(s), x(s)), äå K(t, s, u, v) íå ñïàäà¹ ïî u i íå çðîñòà¹
ïî v. Êëàñè îïåðàòîðiâ K(t, s, u, v) iç çàçíà÷åíîþ âëàñòèâiñòþ îïèñàíi â
[3]. Çîêðåìà, ìîæíà âçÿòè, ùî k(t, s, x(s)) = p(t, s, x(s)) − q(t, s, x(s)), äå
p(t, s, x(s)), q(t, s, x(s)) íåñïàäíi ùîäî x.

Â ïðîïîíîâàíié äîïîâiäi óìîâó içîòîííîñòi p(t, s, x(s)), q(t, s, x(s)) çà
çìiííîþ x çàìiíåíî ïðèïóùåííÿì ïðî iñíóâàííÿ íåïåðåðâíèõ íåâiä'¹ìíèõ
ïðè t, s ∈ [t0, T ] ôóíêöié p1(t, s) òà q1(t, s), äëÿ ÿêèõ ïðè y ≤ z, y, z ∈ E
(E− áàíàõiâ ïðîñòið), t, s ∈ [t0, T ] âèêîíóþòüñÿ ñïiââiäíîøåííÿ

−p(t, s)(z − y) ≤ p(t, s, z)− p(t, s, y),

−q(t, s)(z − y) ≤ q(t, s, z)− q(t, s, y),

ÿêi íàçâåìî ÷àñòêîâîþ ëiïøèöi¹âiñòþ. Âñòàíîâëåíi òåîðåìè ïðî ñòðîãi òà
íåñòðîãi äâîñòîðîííi îöiíêè äëÿ áóäü-ÿêîãî ðîçâ'ÿçêó ðiâíÿííÿ (1).
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Branched continued fractions (BCF) with positive elements

1 +
∞
D
k=1

N∑
ik=1

1

bi(k)
(1)

is divergent if series
∞∑
k=1

min bi(k) is convergent. This result is not tolerated on

the BCF (1) with complex elements. An example of a convergent BCF (1) is

constructed, for which the series
∞∑
k=1

min |bi(k)| is convergent. T.M. Antonova

has established the necessary condition for the convergence of the BCF when
belonging to some angular regions that contain the ray (0;∞) and are charged
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to this ray. V. Semashko, O.M. Sus established the necessary conditions of
convergence of two-dimensional continued fractions, under certain additional
restrictions. T.M. Antonov and O.M. Sus established the necessary conditions
of the �gural and the usual convergence of such fractions, too, under certain
constraints.

For a 1-periodic BCF of the special form with real elements, a necessary
condition of convergence is proved. It's almost su�cient.

Òåîðåìà 1. If 1-periodic BCF with real elements

1 +
∞
D
k=1

ik∑
ik=1

cik
1

convergent then it's element satisfy following conditions: cq ≥ −X2
q−1/4, where

Xq = 1
2

√
X2
q−1 + 4cq, X0 = 1, q = 1, N .

Ìåòðèêà íà ñïåêòði àëãåáðè öiëèõ ñèìåòðè÷íèõ
ôóíêöié îáìåæåíîãî òèïó íà êîìïëåêñíîìó ïðîñòîði

L∞

Âàñèëèøèí Ò. Â.

Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Âàñèëÿ Ñòåôàíèêà

taras.v.vasylyshyn@gmail.com

Íåõàé L∞ � öå êîìïëåêñíèé áàíàõiâ ïðîñòið óñiõ âèìiðíèõ çà Ëåáå-
ãîì ñóòò¹âî îáìåæåíèõ êîìïëåêñíîçíà÷íèõ ôóíêöié x íà [0, 1] iç íîðìîþ
‖x‖∞ = ess supt∈[0,1]|x(t)|. Íåõàé Ξ � öå ìíîæèíà óñiõ âèìiðíèõ àâòîìîð-
ôiçìiâ âiäðiçêà [0, 1]. Ôóíêöiþ f : L∞ → C íàçèâàþòü ñèìåòðè÷íîþ, ÿêùî
äëÿ êîæíèõ x ∈ L∞ i σ ∈ Ξ

f(x ◦ σ) = f(x).

Ïîçíà÷èìî Hbs(L∞) àëãåáðó Ôðåøå óñiõ öiëèõ ñèìåòðè÷íèõ ôóíêöié f :
L∞ → C, ÿêi ¹ îáìåæåíèìè íà îáìåæåíèõ ìíîæèíàõ, îñíàùåíó òîïîëîãi¹þ
ðiâíîìiðíî¨ çáiæíîñòi íà îáìåæåíèõ ìíîæèíàõ.

Òåîðåìà 1. Ïîëiíîìè Rn : L∞ → C, Rn(x) =
∫

[0,1]
(x(t))n dt ïðè n ∈

N, óòâîðþþòü àëãåáðà¨÷íèé áàçèñ àëãåáðè óñiõ íåïåðåðâíèõ ñèìåòðè÷íèõ
ïîëiíîìiâ íà L∞.
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Îñêiëüêè êîæíà ôóíêöiÿ f ∈ Hbs(L∞) ìîæå áóòè ïîäàíà ó âèãëÿäi ðÿäó
Òåéëîðà iç íåïåðåðâíèõ ñèìåòðè÷íèõ îäíîðiäíèõ ïîëiíîìiâ, òî f ìîæíà
¹äèíèì ÷èíîì ïîäàòè ó âèãëÿäi

f(x) = f(0) +

∞∑
n=1

∑
k1+2k2+...+nkn=n

αk1,...,knR
k1
1 (x) · · ·Rknn (x).

ßê íàñëiäîê, äëÿ êîæíîãî íåòðèâiàëüíîãî íåïåðåðâíîãî ãîìîìîðôiçìà ϕ :
Hbs → C, âðàõîâóþ÷è, ùî ϕ(1) = 1, îòðèìó¹ìî

ϕ(f) = f(0) +

∞∑
n=1

∑
k1+2k2+...+nkn=n

αk1,...,knϕ(R1)k1 · · ·ϕ(Rn)kn .

Îòæå, ϕ öiëêîì âèçíà÷à¹òüñÿ ïîñëiäîâíiñòþ ñâî¨õ çíà÷åíü íà ïîëiíîìàõ
Rn : (ϕ(R1), ϕ(R2), . . .). Çà íåïåðåðâíiñòþ ϕ, ïîñëiäîâíiñòü { n

√
|ϕ(Rn)|}∞n=1

¹ îáìåæåíîþ. Ç iíøîãî áîêó,

Òåîðåìà 2. Äëÿ êîæíî¨ ïîñëiäîâíîñòi ξ = {ξn}∞n=1 ⊂ C òàêî¨, ùî
supn∈N

n
√
|ξn| < +∞, iñíó¹ xξ ∈ L∞ òàêà, ùî Rn(xξ) = ξn äëÿ êîæíîãî

n ∈ N.

Îòæå, äëÿ êîæíî¨ ïîñëiäîâíîñòi ξ = {ξn}∞n=1 òàêî¨, ùî supn∈N
n
√
|ξn| <

+∞, iñíó¹ ôóíêöiîíàë îá÷èñëåííÿ çíà÷åííÿ â òî÷öi ϕ = δxξ òàêèé, ùî
ϕ(Rn) = ξn äëÿ êîæíîãî n ∈ N. Îñêiëüêè êîæåí òàêèé ôóíêöiîíàë ¹ íå-
ïåðåðâíèì ãîìîìîðôiçìîì, òî ñïåêòð (ìíîæèíà âñiõ íåïåðåðâíèõ êîìïëå-
êñíîçíà÷íèõ ãîìîìîðôiçìiâ) àëãåáðè Hbs(L∞), ÿêèé ïîçíà÷èìî Mbs, ìî-
æíà îòîòîæíèòè iç ìíîæèíîþ âñiõ ïîñëiäîâíîñòåé ξ = {ξn}∞n=1 ⊂ C òàêèõ,
ùî { n

√
|ξn|}∞n=1 ¹ îáìåæåíîþ.

Âèçíà÷èìî ν : L∞ → Mbs ðiâíiñòþ ν(x) = (R1(x), R2(x), . . .). Íåõàé τ∞
� öå òîïîëîãiÿ íà L∞, ïîðîäæåíà íîðìîþ ‖ · ‖∞. Âèçíà÷èìî âiäíîøåííÿ
åêâiâàëåíòíîñòi íà L∞ ÿê x ∼ y ⇔ ν(x) = ν(y). Íåõàé τ � öå ôàêòîð-
òîïîëîãiÿ íà Mbs : τ = {ν(V ) : V ∈ τ∞}.

Òåîðåìà 3. (Mbs,+, τ) ¹ àáåëåâîþ òîïîëîãi÷íîþ ãðóïîþ, äå �+� � öå îïå-
ðàöiÿ ïîòî÷êîâîãî äîäàâàííÿ ïîñëiäîâíîñòåé.

Òåîðåìà 4. Òîïîëîãiÿ τ íàMbs ¹ ìåòðèçîâíîþ i ¹ ïîðîäæåíîþ ìåòðèêîþ
d(a, b) = supn∈N

n
√
|an − bn|, äå a = (a1, a2, . . .), b = (b1, b2, . . .) ∈Mbs.
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Inequalities for the inner radii of symmetric
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Let N, R be a set of natural and real numbers, respectively, C be a complex
plane, C = C

⋃
{∞} be an expanded complex plain or a sphere of Riemann.

Let r(B, a) be the inner radius of the domain B ⊂ C with respect to the point
a ∈ B (see, f.e. [1�3]). The inner radius of the domain B is associated with the
generalized Green function gB(z, a) of the domain B by the relations

gB(z, a) = − ln |z − a|+ ln r(B, a) + o(1), z → a,

gB(z,∞) = ln |z|+ ln r(B,∞) + o(1), z →∞.

Let U1 be a unit circle |w| ≤ 1.

The system of non-overlapping domains is called a �nite set of arbitrary
domains {Bk}nk=0, n ∈ N, n ≥ 2 such that Bk ⊂ C, Bk ∩ Bm = ∅, k 6= m,
k,m = 0, n.

The set of a points An :=
{
ak ∈ C : k = 1, n

}
is called n-ray system if

|ak| ∈ R+, k = 1, n, and

0 = arg a1 < arg a2 < . . . < arg an < 2π.

Denote by Pk = Pk(An) := {w : arg ak < argw < arg ak+1}, an+1 := a1,

αk :=
1

π
arg

ak+1

ak
, αn+1 := α1, k = 1, n,

n∑
k=1

αk = 2.

The paper deals with the following problem stated in [1] by V.N. Dubinin.
Let a0 = 0, |a1| = . . . = |an| = 1, ak ∈ Bk ⊂ C, where B0, . . . , Bn are non-
overlapping domains, and B1, . . . , Bn are symmetric domains about the unit

circle. Find the exact upper bound for rγ(B0, 0)
n∏
k=1

r(Bk, ak), where r(Bk, ak)

is the inner radius of Bk with respect to ak. For γ = 1 and n ≥ 2 this problem
was solved by L.V. Kovalev [2, 3]. For γ > 1 the problem was solved in the
work [4]. In the present paper it is solved for γn = 0, 25n2 and n ≥ 5 under
the additional assumption that the angles between neighboring line segments
[0, ak] do not exceed 2π/

√
2γ.

42



Theorem 1. Let n ∈ N, n ≥ 2, γ ∈ (0, γn], γ2 = 1, 49, γ3 = 3, 01, γn =
0, 25n2. Then for any di�erent points of a unit circle |w| = 1 such that 0 <
αk < 2/

√
2γ, k = 1, n and for any di�erent system of non-overlapping domains

Bk, a0 = 0 ∈ B0 ⊂ C, ak ∈ Bk ⊂ C, k = 1, n, where the domains Bk, k = 1, n,
have symmetry with respect to the unit circle |w| = 1, the following inequality
holds

rγ (B0, 0)

n∏
k=1

r (Bk, ak) ≤
(

4

n

)n (
2γ
n2

) γ
n∣∣1− 2γ

n2

∣∣n2 + γ
n

∣∣∣∣n−√2γ

n+
√

2γ

∣∣∣∣
√

2γ

. (1)

Equality in this inequality is achieved when ak and Bk, k = 0, n, are, respecti-
vely, poles and circular domains of the quadratic di�erential

Q(w)dw2 = −γw
2n + 2(n2 − γ)wn + γ

w2(wn − 1)2
dw2. (2)
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Íåõàé X � áàíàõiâ ïðîñòið. Ïîçíà÷èìî P = {P1, P2, . . . , Pn, . . .} � ïîñëi-
äîâíiñòü àëãåáðà¨÷íî íåçàëåæíèõ ïîëiíîìiâ, òàêèõ ùî äëÿ êîæíîãî n ∈ N
ïîëiíîì Pn ¹ íåïåðåðâíèì n-îäíîðiäíèì ïîëiíîìîì. Íåõàé PP(X) � öå àëãå-
áðà óñiõ ïîëiíîìiâ, ÿêi ¹ àëãåáðà¨÷íèìè êîìáiíàöiÿìè åëåìåíòiâ ìíîæèíè
P. Ïîçíà÷èìî HP(X) çàìèêàííÿ àëãåáðè PP(X) âiäíîñíî ìåòðèêè, ïîðî-
äæåíî¨ ñèñòåìîþ íîðì

‖f‖r = sup{|f(x)| : x ∈ X, ‖x‖ ≤ r},

äå r ïðîáiãà¹ ìíîæèíó âñiõ äîäàòíèõ ðàöiîíàëüíèõ ÷èñåë.

Îçíà÷åííÿ 0.1. Äëÿ ϕ ∈ (HP(X))∗ íàçâåìî ðàäióñ-ôóíêöi¹þ R(ϕ) iíôi-
ìóì óñiõ r > 0, òàêèõ ùî ϕ ¹ íåïåðåðâíèì âiäíîñíî ‖ · ‖r.

Òåîðåìà 1. Ðàäióñ-ôóíêöiþ R íà (HP(X))∗ ìîæíà îá÷èñëèòè çà íàñòó-
ïíîþ ôîðìóëîþ:

R(ϕ) = lim sup
n→∞

‖ϕn‖
1
n ,

äå ϕn � çâóæåííÿ ôóíêöiîíàëa ϕ íà ïðîñòið PP(nX), äå PP(nX) � ïðîñòið
óñiõ n-îäíîðiäíèõ ïîëiíîìiâ, ÿêi ¹ àëãåáðà¨÷íèìè êîìáiíàöiÿìè åëåìåíòiâ
ìíîæèíè P.
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Àïðîêñèìàòèâíi âëàñòèâîñòi ñóì Ïóàññîíà íà êëàñi W 1
∞

Ãåìáàðñüêèé Ì.Â.

Ñõiäíî¹âðîïåéñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Ëåñi Óêðà¨íêè

Ãðàáîâà Ó. Ç.

Ñõiäíî¹âðîïåéñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Ëåñi Óêðà¨íêè

Êàëü÷óê I. Â.

Ñõiäíî¹âðîïåéñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Ëåñi Óêðà¨íêè

kalchuk_i@ukr.net

Íåõàé C � ïðîñòið 2π-ïåðiîäè÷íèõ íåïåðåðâíèõ ôóíêöié, ó ÿêîìó íîð-
ìà çàäà¹òüñÿ çà äîïîìîãîþ ðiâíîñòi ‖f‖C = max

t
|f(t)|; L∞ � ïðîñòið

2π-ïåðiîäè÷íèõ âèìiðíèõ ñóòò¹âî îáìåæåíèõ ôóíêöié ç íîðìîþ ‖f‖∞ =
ess sup

t
|f(t)|; L � ïðîñòið 2π-ïåðiîäè÷íèõ ñóìîâíèõ íà ïåðiîäi ôóíêöié, â

ÿêîìó íîðìà çàäà¹òüñÿ ðiâíiñòþ ‖f‖L = ‖f‖1 =
π∫
−π
|f(t)|dt.

×åðåç W r
∞, r ∈ N, ïîçíà÷èìî ìíîæèíó 2π-ïåðiîäè÷íèõ ôóíêöié, ÿêi

ìàþòü àáñîëþòíî íåïåðåðâíi ïîõiäíi äî (r − 1)-ãî ïîðÿäêó âêëþ÷íî i
‖f (r) (t) ‖∞ ≤ 1.

Íåõàé ôóíêöiÿ f ∈ L i S[f ] = a0

2 +
∑∞
k=1(ak cos kx + bk sin kx) � ¨¨ ðÿä

Ôóð'¹. Ðîçãëÿíåìî òðèãîíîìåòðè÷íi ïîëiíîìè âèäó

Pn−1(f ;x) =
a0

2
+

n−1∑
k=1

e−
k
δ (ak cos kx+ bk sin kx),

ÿêi íàçèâàþòü ñóìàìè Ïóàññîíà ôóíêöi¨ f ïîðÿäêó (n− 1).

Ðîáîòà ïðèñâÿ÷åíà âèâ÷åííþ àñèìïòîòè÷íî¨ ïîâåäiíêè ïðè n → ∞ âå-
ëè÷èíè

E
(
W 1
∞;Pn−1

)
C

= sup
f∈W 1

∞

∥∥f(·)− Pn−1(f ; ·)
∥∥
C
. (1)

Çàäà÷ó ïðî âiäøóêàííÿ àñèìïòîòè÷íî¨ ðiâíîñòi äëÿ âåëè÷èíè (1), çãiäíî
ç Î.I. Ñòåïàíöåì [1, ñ. 198], íàçèâàþòü çàäà÷åþ Êîëìîãîðîâà�Íiêîëüñüêîãî
äëÿ êëàñó W 1

∞ i ìåòîäó Pn−1 â ðiâíîìiðíié ìåòðèöi.
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Òåîðåìà 1. Ïðè n→∞ ìà¹ ìiñöå àñèìïòîòè÷íà ðiâíiñòü

E
(
W 1
∞;Pn−1

)
C

=
2

π

lnn

n
+O

(
1

n

)
.
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[1] Ñòåïàíåö À.È. Ìåòîäû òåîðèè ïðèáëèæåíèé: Â 2 ÷. / Àëåêñàíäð Èâàíîâè÷
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On stability in the Borg�Hochstadt theorem for periodic
Jacobi matrices

Golinskii L. B.

B. Verkin Institute for Low Temperature Physics and Engineering, 47 Science
ave., Kharkiv 61103, Ukraine

golinskii@ilt.kharkov.ua

The main object under consideration is a double in�nite, p-periodic Jacobi
matrix

J =



. . .
. . .

. . .
a−1 b0 a0

a0 b1 a1

a1 b2 a2

. . .
. . .

. . .

 , bj ∈ R, aj > 0,

aj+p = aj , bj+p = bj , j ∈ Z. It generates in an obvious way a bounded,
self-adjoint, linear operator J on the Hilbert space `2(Z). Its spectrum σ(J)
is known to have a banded structure, i.e., it is composed of p spectral bands
(closed intervals)

σ(J) =

p−1⋃
j=0

[αj , βj+1], α0 < β1 ≤ α1 < . . . < βp−1 ≤ αp−1 ≤ βp,

interspersed with (interior) gaps γj := (βj , αj), j = 1, 2, . . . , p− 1 of the length
|γj | = αj − βj , and αj = βj means that the gap is closed (the adjacent bands
merge).
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The well-known result of Borg�Hochstadt [2] states that all gaps in the
spectrum of a p-periodic Jacobi matrix J are closed if and only if aj = a0,
bj = b0 for all j ∈ Z. The problem we address here is stability (or a quantitative
version) of this result. We show that for such matrices with the �small� variation
of parameters a's and b's, the gaps in their spectra are �small�, and vice versa.
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Hilbertian structures on spectra of algebras of symmetric
analytic functions on `1

Holubchak O. M.

Ivano-Frankivsk College of Lviv Agrarian University

oleggol@ukr.net

Zagorodnyuk A. V.

Vasyl Stefanyk Precarpathian National University

andriyzag@yahoo.com

A function f on complex `1 is said to be symmetric if for every permutation
σ on positive integers N, f(σ(x)) = f(xσ(1), . . . , xσ(n), . . .) = f(x), x ∈ `1.

In the talk we will discuss algebraic and topological structures on spectra of
algebras of symmetric analytic functions on `1. In particular, we consider the
completion of the algebra of symmetric polynomials with respect to a Hilbert
norm and related structures on its spectrum.
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Óçàãàëüíåííÿ òåîðåìè Þíãà i éîãî çàñòîñóâàííÿ â
òåîði¨ óíiâåðñàëüíèõ êiíåìàòèê

Ãðóøêà ß.I.

Iíñòèòóò Ìàòåìàòèêè ÍÀÍ Óêðà¨íè

grushka@imath.kiev.ua

Â 1910 ðîöi Â.Ã. Þíãîì â ðîáîòi [1] áóëà äîâåäåíà òàêà òåîðåìà:

Òåîðåìà À. ßêùî ôóíêöiÿ f : R2 7→ R ¹ íàðiçíî íåïåðåðâíîþ i äëÿ
êîæíîãî ôiêñîâàíîãî y ∈ R ôóíêöiÿ f(·, y) ¹ ìîíîòîííîþ, òî ôóíêöiÿ f ¹
íåïåðåðâíîþ çà ñóêóïíiñòþ çìiííèõ.

Â 1969 ðîöi â ðîáîòi [2] öþ òåîðåìó áóëî óçàãàëüíåíî äëÿ âèïàäêó íà-
ðiçíî íåïåðåðâíî¨ ôóíêöi¨ f : Rd 7→ R:

Òåîðåìà Á. Íåõàé ôóíêöiÿ f : Rd+1 7→ R (d ∈ N) ¹ íåïåðåðâíà çà êî-
æíîþ çìiííîþ íàðiçíî. ßêùî f (t1, · · · , td, τ) ¹ íàðiçíî ìîíîòîííîþ âiä-
íîñíî êîæíî¨ çìiííî¨ ti (1 ≤ i ≤ d), òî ôóíêöiÿ f ¹ íåïåðåðâíîþ íà Rd+1.

Âèÿâëÿ¹òüñÿ, ùî çàçíà÷åíi âèùå ðåçóëüòàòè ìîæíà óçàãàëüíèòè íà àá-
ñòðàêòíi òîïîëîãi÷íi ïðîñòîðè.

Íåõàé X i Y � òîïîëîãi÷íi ïðîñòîðè. ×åðåç C(X ,Y ) áóäåìî ïîçíà÷à-
òè ìíîæèíó âñiõ íåïåðåðâíèõ ôóíêöié ç X â Y . Íåõàé, (T1,≤1) i (T2,≤2)
� ëiíiéíî óïîðÿäêîâàíi ìíîæèíè. Íàäàëi áóäåìî ââàæàòè, ùî T1 i T2 ¹ òî-
ïîëîãi÷íèìè ïðîñòîðàìè âiäíîñíî ïîðÿäêîâî¨ òîïîëîãi¨, ïîðîäæåíî¨ âiäíî-
øåííÿìè ïîðÿäêó ≤1 i ≤2 âiäïîâiäíî (íàãàäà¹ìî, ùî îçíà÷åííÿ ïîðÿäêîâî¨
òîïîëîãi¨ ìîæíà çíàéòè â [3, ñòîð. 314]). Òàêîæ áóäåìî ââàæàòè, ùî ìíî-
æèíà T1 ×X ¹ òîïîëîãi÷íèì ïðîñòîðîì âiäíîñíî òèõîíîâñüêî¨ òîïîëîãi¨
íà äåêàðòîâîìó äîáóòêó òîïîëîãi÷íèõ ïðîñòîðiâ.

Äëÿ äîâiëüíîãî âiäîáðàæåííÿ f : T1 × X 7→ T2 i äîâiëüíî¨ òî÷êè
(t, x) ∈ T1 ×X áóäåìî âèêîðèñòîâóâàòè ïîçíà÷åííÿ, f (t)(x) := f (x)(t) :=
f(t, x). Âiäîáðàæåííÿ f áóäåìî íàçèâàòè íàðiçíî íåïåðåðâíèì ÿêùî
f (t) ∈ C(X ,T2) i f (x) ∈ C(T1,T2) äëÿ äîâiëüíî¨ òî÷êè (t, x) ∈ T1 ×X .
Ìíîæèíó âñiõ íàðiçíî íåïåðåðâíèõ âiäîáðàæåíü f : T1 × X 7→ T2 áó-
äåìî ïîçíà÷àòè ÷åðåç CC (T1 ×X ,T2). Áóäåìî ãîâîðèòè, ùî ôóíêöiÿ
f : T1 7→ T2 ¹ íåñïàäíîþ (íåçðîñòàþ÷îþ) íà T1 ÿêùî äëÿ äîâiëüíèõ
t, τ ∈ T1 ç íåðiâíîñòi t ≤1 τ âèïëèâà¹ íåðiâíiñòü f(t) ≤2 f(τ) (f(τ) ≤2 f(t))
âiäïîâiäíî. Ôóíêöiþ f : T1 7→ T2, ÿêà ¹ íåñïàäíîþ àáî íåçðîñòàþ÷îþ íà
T1 áóäåìî íàçèâàòè ìîíîòîííîþ.
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Òåîðåìà 1. ßêùî f ∈ CC (T1 ×X ,T2) i ôóíêöiÿ f (x)(t) = f(t, x) ¹ ìî-
íîòîííîþ äëÿ äîâiëüíîãî ôiêñîâàíîãî x ∈X , òî ôóíêöiÿ f ¹ íåïåðåðâíèì
âiäîáðàæåííÿì ç òîïîëîãi÷íîãî ïðîñòîðó T1 ×X â T2.

Ìîæíà äîâåñòè, ùî òåîðåìè À i Á ¹ íàñëiäêàìè òåîðåìè 1.

Òàêîæ â äîïîâiäi ïëàíó¹òüñÿ îáãîâîðèòè äåÿêi çàñòîñóâàííÿ òåîðåìè 1
äî îäíîñòàéíî-ïîñòóïàëüíèõ ïåðåòâîðåíü êîîðäèíàò, ââåäåíèõ â ðîáîòàõ
[4, 5].
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Ìîíîãåííi ôóíêöi¨ òà îäíîâèìiðíiñòü ñèñòåìè
iíòåãðàëüíèõ ðiâíÿíü ó êðàéîâié áiãàðìîíi÷íié çàäà÷i

Ãðèùóê Ñ.B.

Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, ì. Êè¨â

serhii.gryshchuk@gmail.com, gryshchuk@imath.kiev.ua

Ðîçãëÿíåìî àëãåáðó B := {e1c1 + e2c2 : ck ∈ C, k + 1, 2}, e2
1 = e1,

e1e2 = e2e1 = e2, e2
2 = e1 + 2ie2 (i � óÿâíà êîìïëåêñíà îäèíèöÿ) íàä

ïîëåì êîìïëåêñíèõ ÷èñåë C. Íåõàé D � îáëàñòü â äåêàðòîâié ïëîùèíi
xOy, Dζ := {xe1 + ye2 : (x, y) ∈ D} ⊂ B. Êàæåìî, ùî B-çíà÷íà ôóíêöiÿ
Φ: Dζ −→ B,Φ(ζ) = U1(x, y) e1 + U2(x, y) ie1 + U3(x, y) e2 + U4(x, y) ie2,
ζ = xe1 + ye2 ∈ Dζ , Uk : D −→ R, k = 1, 4, ¹ ìîíîãåííîþ â Dζ , òîäi i
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òiëüêè òîäi, êîëè Φ ìà¹ êëàñè÷íó ïîõiäíó â êîæíié òî÷öi Dζ . Êîæíà Uk,
k = 1, 4, ¹ áiãàðìîíi÷íîþ ôóíêöi¹þ â D.

Òîäi êðàéîâà áiãàðìîíi÷íà çàäà÷à çi çíàõîäæåííÿ áiãàðìîíi÷íî¨ ôóíêöi¨
u : D −→ C çà çàäàíèìè ãðàíè÷íèìè çíà÷åííÿìè ïîõiäíèõ ∂u

∂x |∂D,
∂u
∂y |∂D

çâîäèòüñÿ äî çíàõîäæåííÿ ìîíîãåííî¨ ôóíêöi¨ Φ, ùî âèçíà÷à¹òüñÿ ç iíòå-
ãðàëüíèõ ðiâíÿíü Ôðåäãîëüìà (äèâ. [1]), ïðè öüîìó ìåæà ∂D çàäîâîëüíÿ¹
ïåâíi, äîñòàòíüî øèðîêi, óìîâè ãëàäêîñòi.

Çíàéäåíî äîñòàòíi óìîâè ó òåðìiíàõ êîìïîíåíò Uk, k = 1, 4, (äèâ. [2]),
çà ÿêèõ çàçíà÷åíà ñèñòåìà ðiâíÿíü Ôðåäãîëüìà ç íóëüîâèìè êðàéîâèìè
çíà÷åííÿìè ìà¹ ðîçìiðíiñòü ðîçâ'ÿçêiâ ðiâíó îäèíèöi.

Ðîáîòà ÷àñòêîâî ïiäòðèìàíà ãðàíòîì Ìiíiñòåðñòâà îñâiòè i íàóêè Óêðà-
¨íè (ïðîåêò � 0116U001528).
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Iíòåðïîëÿöiÿ ôóíêöié áàãàòüîõ çìiííèõ äðîáîì òèïó
Òiëå

Äåìêiâ I. I

Íàöiîíàëüíèé óíiâåðñèòåò "Ëüâiâñüêà ïîëiòåõíiêà"

ihor.demkiv@gmail.com

Êîïà÷ Ì. I.

Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. Â. Ñòåôàíèêà

kopachm2009@gmail.com

Óçàãàëüíåííÿì äðîáiâ Òiëå íà âèïàäîê ôóíêöié áàãàòüîõ çìiííèõ, ïå-
ðåâàæíî äâîõ, çàéìàëèñÿ áàãàòî àâòîðiâ. Ïðîòå, âñi äðîáîâi iíòåðïîëÿíòè,
çàïðîïîíîâàíi ó ðîáîòàõ, íà âiäìiíó âiä êëàñè÷íîãî äðîáó Òiëå, ìàþòü ñóò-
ò¹âèé íåäîëiê: ïðè çàìiíi îñòàííüîãî iíòåðïîëÿöiéíîãî âóçëà íà äîâiëüíèé
åëåìåíò ç âiäïîâiäíî¨ ìíîæèíè âèçíà÷åííÿ iíòåðïîëÿíò íå ïåðåòâîðþ¹òüñÿ
ó çâè÷àéíó ôóíêöiþ, ùî iíòåðïîëþ¹òüñÿ.

Ó ðîáîòi [1] îäåðæàíî óçàãàëüíåííÿ äðîáiâ Òiëå íà âèïàäîê iíòåð-
ïîëþâàííÿ íåëiíiéíèõ ôóíêöiîíàëiâ, âèçíà÷åíèõ íà ëiíiéíîìó òîïîëîãi-
÷íîìó ïðîñòîði X, ÿêi çàäîâîëüíÿþòü iíòåðïîëÿöiéíèì óìîâàì íà êàð-
êàñi xi(x), i = 0, 1, . . . , n, i ëèøå îäíà óìîâà âèêîíóâàëàñü íà êîíòèíó-
àëüíîìó âóçëi xn(z, ξ) = xn−1(z) + H(z − ξ) (xn(z)− xn−1(z)), ξ ∈ [0, 1],
H(z)−ôóíêöiÿ Õåâiñàéäà.

Ðîçãëÿíåìî âèïàäîê êîëè X = Rn, òîáòî iíòåðïîëÿöiþ ôóíêöié áà-
ãàòüîõ çìiííèõ äðîáîì òèïó Òiëå. Òîäi ôóíêöiîíàë F (x) = f(~x) =
f(x1, x2, ..., xn) ¹ çàäàíèì ñâî¨ìè çíà÷åííÿìè f(~xi) ó âóçëàõ ~xi =(
x1

(i), x2
(i), ..., xn

(i)
)
, i = 0, 1, ..., n,. Iíòåðïîëÿöiéíèé äðiá òèïó Òiëå áóäå

ìàòè òàêèé âèãëÿä

Tn (x) = F (x0) +
n

D
i=1

1∫
0

Fi
′ (xi−1 + τi (xi − xi−1)) dτi (x− xi−1)

1
,

li (x) =

1∫
0

Fi
′ (xi−1 + τi (xi − xi−1)) dτi (x− xi−1) =
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=

1∫
0

(∇fi (~xi−1 + τi (~xi − ~xi−1)) , (~x− ~xi−1)) dτi = li (~x) ,

Fi(x) =
i

D
p=1

li−p (x)

−1
=

i

D
p=1

li−p (~x)

−1
= fi (~x) ,

l0 (x) = F (x0)− F (x)− 1 = f (~x0)− f (~x)− 1 = l0 (~x) .

Òóò ∇ � ãðàäi¹íò, (·, ·) � ñêàëÿðíèé äîáóòîê ó Rn.

Ëiòåðàòóðà

[1] Â.Ë. Ìàêàðîâ, I.I. Äåìêiâ Óçàãàëüíåííÿ äðîáó Òiëå, Äîïîâiäi ÍÀÍ Óêðà¨íè,
(2) (2016), 17�24.

Ïðî çáiæíiñòü ðåãóëÿðíèõ áàãàòîâèìiðíèõ Ñ -äðîáiâ ç
íåðiâíîçíà÷íèìè çìiííèìè

Äìèòðèøèí Ð. I.

ÄÂÍÇ �Ïðèêàðïàòñüêèé íàöiîíàëüíèé
óíiâåðñèòåò iìåíi Âàñèëÿ Ñòåôàíèêà�

dmytryshynr@hotmail.com

Íåõàé N � ôiêñîâàíå íàòóðàëüíå ÷èñëî,

Ik =
{
i(k) : i(k) = (i1, i2, . . . , ik), 1 ≤ ip ≤ ip−1, 1 ≤ p ≤ k, i0 = N

}
, k ≥ 1,

� ìíîæèíè ìóëüòèiíäåêñiâ. Äîñëiäæó¹òüñÿ çáiæíiñòü ðåãóëÿðíîãî áàãàòî-
âèìiðíîãî C-äðîáó ç íåðiâíîçíà÷íèìè çìiííèìè

1 +

N∑
i1=1

ai(1)zi1
1 +

i1∑
i2=1

ai(2)zi2
1 +

i2∑
i3=1

ai(3)zi3
1 +

. . . , (1)

äå ai(k) ∈ C \ {0}, i(k) ∈ Ik, k ≥ 1, z = (z1, z2, . . . , zN ) ∈ CN , i îáåðíåíîãî äî
íüîãî

1

1 +

N∑
i1=1

ai(1)zi1
1 +

i1∑
i2=1

ai(2)zi2
1 +

i2∑
i3=1

ai(3)zi3
1 +

. . . . (2)

Ïðàâèëüíèìè ¹ òàêi òåîðåìè:
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Òåîðåìà 1. Ðåãóëÿðíèé áàãàòîâèìiðíèé C-äðiá ç íåðiâíîçíà÷íèìè çìií-
íèìè (1), äå

ik∑
ik+1=1

lik+1
|ai(k+1)|

(1− gi(k+1))(1 + cos(arg(ai(k+1))))
≤ gi(k), i(k) ∈ Ik, k ≥ 1,

arg(ai(k)) = ϕ, −π < ϕ < π, i(k) ∈ Ik, k ≥ 2, (3)

lk > 0, 1 ≤ k ≤ N, 0 < gi(k) < 1, i(k) ∈ Ik, k ≥ 1, (4)

çáiãà¹òüñÿ äî ãîëîìîðôíî¨ ôóíêöi¨ â îáëàñòi

Dl1,l2,...,lN ,M =
{
z ∈ CN : |zk| − Re(zk) < lk, |zk| < M, 1 ≤ k ≤ N

}
äëÿ êîæíî¨ ñòàëî¨ M > 0, ïðè÷îìó çáiæíiñòü áóäå ðiâíîìiðíîþ íà êîì-
ïàêòàõ öi¹¨ îáëàñòi.

Òåîðåìà 2. Ðåãóëÿðíèé áàãàòîâèìiðíèé C-äðiá ç íåðiâíîçíà÷íèìè çìií-
íèìè (1), äå ai(k), i(k) ∈ Ik, k ≥ 2, çàäîâîëüíÿþòü óìîâè

|ai(k)| ≤ gi(k−1)(1− gi(k))(1 + cos(arg(ai(k))))/lik , i(k) ∈ Ik, k ≥ 2,

i óìîâè (3) òà (4), çáiãà¹òüñÿ äî ãîëîìîðôíî¨ ôóíêöi¨ â îáëàñòi

Ol1,l2,...,lN ,M =

{
z ∈ CN :

N∑
k=1

|zk| − Re(zk)

lk
< 1, |zk| < M, 1 ≤ k ≤ N

}

äëÿ êîæíî¨ ñòàëî¨ M > 0, ïðè÷îìó çáiæíiñòü áóäå ðiâíîìiðíîþ íà êîì-
ïàêòàõ öi¹¨ îáëàñòi.

Òåîðåìà 3. Ðåãóëÿðíèé áàãàòîâèìiðíèé C-äðiá ç íåðiâíîçíà÷íèìè çìií-
íèìè (2), äå ai(k), i(k) ∈ Ik, k ≥ 2, çàäîâîëüíÿþòü óìîâè

ik−1∑
ik=1

lik |ai(k)|
(1− gi(k))(1 + cos(arg(ai(k))))

≤ gi(k−1), i(k) ∈ Ik, k ≥ 1,

arg(ai(k)) = ϕ, −π < ϕ < π, i(k) ∈ Ik, k ≥ 1, (5)

lk > 0, 1 ≤ k ≤ N, 0 < gi(k−1) < 1, i(k) ∈ Ik, k ≥ 1, (6)

çáiãà¹òüñÿ äî ãîëîìîðôíî¨ ôóíêöi¨ â îáëàñòi

Dl1,l2,...,lN =
{
z ∈ CN : |zk| − Re(zk) < lk, 1 ≤ k ≤ N

}
,

ïðè÷îìó çáiæíiñòü áóäå ðiâíîìiðíîþ íà êîìïàêòàõ öi¹¨ îáëàñòi.
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Òåîðåìà 4. Ðåãóëÿðíèé áàãàòîâèìiðíèé C-äðiá ç íåðiâíîçíà÷íèìè çìií-
íèìè (2), äå ai(k), i(k) ∈ Ik, k ≥ 2, çàäîâîëüíÿþòü óìîâè

|ai(k)| ≤ gi(k−1)(1− gi(k))(1 + cos(arg(ai(k))))/lik , i(k) ∈ Ik, k ≥ 1,

i óìîâè (5) òà (6), çáiãà¹òüñÿ äî ãîëîìîðôíî¨ ôóíêöi¨ â îáëàñòi

Ol1,l2,...,lN =

{
z ∈ CN :

N∑
k=1

|zk| − Re(zk)

lk
< 1, 1 ≤ k ≤ N

}
,

ïðè÷îìó çáiæíiñòü áóäå ðiâíîìiðíîþ íà êîìïàêòàõ öi¹¨ îáëàñòi.

Ïîâiëüíî çðîñòàþ÷i ðîçïîäiëè ç äèñêðåòíèì íîñi¹ì

Ôàâîðîâ Ñ.Þ.

Õàðêiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. Â.Í.Êàðàçiíà

Ðàíiøå íàìè áóëè ç'ÿñîâàíi äåÿêi óìîâè, çà ÿêèìè íîñié äèñêðåòíî¨ ìiðè
ó ñêií÷åííîâèìiðíîìó ïðîñòîði ¹ ÷èñòèì êðèøòàëåì, òîáòî ¹ ñêií÷åííèì
îá'¹äíàííÿì çñóâiâ ðåøiòêè ìàêñèìàëüíîãî ðàíãó. Ó ðîáîòi ìè ðîçïîâñþ-
äæó¹ìî öi ðåçóëüòàòè íà ðîçïîäiëè ïîâiëüíîãî çðîñòàííÿ ç äèñêðåòíèì íî-
ñi¹ì.
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Îöiíêè îðòîïðîåêöiéíèõ ïîïåðå÷íèêiâ êëàñiâ
ïåðiîäè÷íèõ ôóíêöié áàãàòüîõ çìiííèõ iç çàäàíîþ
ìàæîðàíòîþ ìiøàíèõ ìîäóëiâ íåïåðåðâíîñòi ó

ïðîñòîði L∞

Ôåäóíèê-ßðåì÷óê Î. Â.

Ñõiäíî¹âðîïåéñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Ëåñi Óêðà¨íêè,
Ëóöüê

fedunyk@ukr.net

Ñîëi÷ Ê. Â.

Ñõiäíî¹âðîïåéñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Ëåñi Óêðà¨íêè,
Ëóöüê

solichkatia@gmail.com

Äîñëiäæóþòüñÿ êëàñè BΩ
p,θ ïåðiîäè÷íèõ ôóíêöié áàãàòüîõ çìiííèõ [1],

ÿêi ¹ àíàëîãàìè âiäîìèõ êëàñiâ Á¹ñîâà. Íåõàé Ω(t) � ôóíêöiÿ òèïó ìiøàíîãî
ìîäóëÿ íåïåðåðâíîñòi ïîðÿäêó l äåÿêîãî ñïåöiàëüíîãî âèäó

Ω(t) = Ω(t1, ..., td) =


d∏
j=1

trj(
log 1

tj

)bj
+

, ÿêùî tj > 0, j = 1, d,

0, ÿêùî
d∏
j=1

tj = 0,

(1)

äå ðîçãëÿäàþòüñÿ ëîãàðèôìè çà îñíîâîþ 2 i
(

log 1
tj

)
+

= max
{

1, log 1
tj

}
.

Ââàæà¹ìî òàêîæ, ùî 0 < r < l. Öå îçíà÷à¹, ùî äëÿ ôóíêöi¨ âèäó (1)
âèêîíóþòüñÿ óìîâè Áàði-Ñò¹÷êiíà [2].

Íåõàé L∞(πd) � ïðîñòið 2π-ïåðiîäè÷íèõ ïî êîæíié çìiííié ñóòò¹âî
îáìåæåíèõ ôóíêöié f(x) = f(x1, ..., xd) çi ñòàíäàðòíîþ íîðìîþ, {ui}Mi=1 �

îðòîíîðìîâàíà ñèñòåìà ôóíêöié ui ∈ L∞(πd),
M∑
i=1

(f, ui)ui � îðòîãîíàëüíà

ïðîåêöiÿ ôóíêöi¨ f íà ïiäïðîñòið, ïîðîäæåíèé ñèñòåìîþ ôóíêöié {ui}Mi=1.

Îäåðæàíî òî÷íi çà ïîðÿäêîì îöiíêè îðòîïðîåêöiéíèõ ïîïåðå÷íèêiâ êëà-
ñiâ BΩ

p,θ ó ïðîñòîði L∞(πd), ÿêi âèçíà÷àþòüñÿ íàñòóïíèì ÷èíîì

d⊥M (BΩ
p,θ, L∞) = inf

{ui}Mi=1

sup
f∈BΩ

p,θ

∥∥∥f(·)−
M∑
i=1

(f, ui)ui(·)
∥∥∥
∞
. (2)

Ñôîðìóëþ¹ìî îäèí iç îäåðæàíèõ ðåçóëüòàòiâ.

Ðîçãëÿíåìî âèïàäîê b1 ≤ . . . ≤ bν < r < bν+1 ≤ . . . ≤ bd.
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Òåîðåìà 1. Íåõàé 1 ≤ p <∞, 1 ≤ θ <∞, à Ω(t)− ôóíêöiÿ âèäó (1). Òîäi
ïðè 1

p < r < l,
bj
rp > 1, j = ν + 1, . . . , d, ìà¹ ìiñöå ñïiââiäíîøåííÿ

d⊥M (BΩ
p,θ, L∞) �M−r+

1
p
(

logM
)−b1−...−bν+(ν−1)

(
r+1− 1

p−
1
θ

)
.

Öåé ðåçóëüòàò äëÿ êëàñiâ HΩ
∞ îäåðæàíèé Ì.Ì. Ïóñòîâîéòîâèì [3].

Çíàéäåíî òàêîæ òî÷íi çà ïîðÿäêîì îöiíêè âåëè÷èí (2) ïðè äåÿêèõ iíøèõ
ñïiââiäíîøåííÿõ ìiæ ïàðàìåòðàìè p, r, b1, . . . , bd [4].
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p,θ ïåðiîäè÷íèõ ôóíêöié áàãàòüîõ çìiííèõ iç çàäàíîþ ìàæî-
ðàíòîþ ìiøàíèõ ìîäóëiâ íåïåðåðâíîñòi ó ïðîñòîði L∞, Óêð. ìàò. âiñíèê,
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Ïðî çâ'ÿçîê ìiæ ñòîõàñòè÷íèì iíòåãðóâàííÿì òà
âiêiâñüêèì ÷èñëåííÿì â àíàëiçi áiëîãî øóìó Ëåâi

Ôðåé Ì. Ì.

ÄÂÍÇ "Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Âàñèëÿ
Ñòåôàíèêà"

mashadyriv@ukr.net

Êà÷àíîâñüêèé Ì. Î.

Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè

nkachano@gmail.com

Ó çâ'ÿçêó iç ðîçâèòêîì ôiçèêè òà ìàòåìàòèêè iñíó¹ ïîòðåáà ðîçâèâà-
òè òåîðiþ îñíîâíèõ i óçàãàëüíåíèõ ôóíêöié íåñêií÷åíî¨ êiëüêîñòi çìiííèõ.
Îäèí ç íàéáiëüø óñïiøíèõ ïiäõîäiâ äî ïîáóäîâè òàêî¨ òåîði¨ ïîëÿãà¹ ó êîí-
ñòðóþâàííi ïðîñòîðiâ ùîéíî çãàäàíèõ ôóíêöié òàêèì ÷èíîì, ùî ïðèðîäíå
ñïàðþâàííÿ ìiæ îñíîâíèìè òà óçàãàëüíåíèìè ôóíêöiÿìè ïîðîäæó¹òüñÿ ií-
òåãðóâàííÿì âiäíîñíî äåÿêî¨ éìîâiðíiñíî¨ ìiðè íà äóàëüíî-ÿäåðíîìó ïðî-
ñòîði. Ñïî÷àòêó öå áóëà ñòàíäàðòíà ãàóññiâñüêà ìiðà íà ïðîñòîði Øâàðöà
óçàãàëüíåíèõ ôóíêöié, âiäïîâiäíà òåîðiÿ íàçèâà¹òüñÿ ãàóññiâñüêèé àíàëiç
áiëîãî øóìó (äèâ. íàïð., [3, 5]); ç ÷àñîì áóëè ðåàëiçîâàíi ÷èñëåííi óçà-
ãàëüíåííÿ. Çîêðåìà, âàæëèâi äëÿ çàñòîñóâàíü ðåçóëüòàòè ìîæíà îòðèìàòè,
ÿêùî ó ÿêîñòi âèùåçãàäàíî¨ ìiðè âèêîðèñòàòè òàê çâàíó ìiðó áiëîãî øóìó
Ëåâi, âiäïîâiäíà òåîðiÿ íàçèâà¹òüñÿ àíàëiç áiëîãî øóìó Ëåâi (äèâ. íàïð.,
[1]).

Âàæëèâà ðîëü ó ãàóññiâñüêîìó àíàëiçi íàëåæèòü òàê çâàíié âëàñòèâîñòi
õàîòè÷íîãî ðîçêëàäó (ÂÕÐ): ãðóáî êàæó÷è, êîæíó êâàäðàòè÷íî iíòåãðîâ-
íó âiäíîñíî ãàóññiâñüêî¨ ìiðè âèïàäêîâó âåëè÷èíó ìîæíà ðîçêëàñòè ó ðÿä
ñòîõàñòè÷íèõ iíòåãðàëiâ Iòî âiä íåâèïàäêîâèõ ôóíêöié. Ó àíàëiçi Ëåâi íåìà
ÂÕÐ (êðiì ãàóññiâñüêîãî òà ïóàññîíiâñüêîãî ÷àñòèííèõ âèïàäêiâ), àëå iñíó-
þòü ðiçíi óçàãàëüíåííÿ öi¹¨ âëàñòèâîñòi. Âèêîðèñòîâóþ÷è öi óçàãàëüíåííÿ,
ìîæíà áóäóâàòè ðiçíi ïðîñòîðè îñíîâíèõ i óçàãàëüíåíèõ ôóíêöié. I ó êî-
æíîìó âèïàäêó òðåáà óâîäèòè ïðèðîäíèé äîáóòîê (âiêiâñüêèé äîáóòîê) íà
ïðîñòîðàõ óçàãàëüíåíèõ ôóíêöié, òà âèâ÷àòè ïîâ'ÿçàíi ïèòàííÿ.

Ìè ðîçãëÿäà¹ìî óçàãàëüíåííÿ ÂÕÐ, çàïðîïîíîâàíå �. Â. Ëèòâèíîâèì
[6], òà âiäïîâiäíi ïðîñòîðè ðåãóëÿðíèõ óçàãàëüíåíèõ ôóíêöié. Íàøîþ ìå-
òîþ ¹ âèâ÷èòè âçà¹ìîçâ'ÿçîê ìiæ ñòîõàñòè÷íèì iíòåãðóâàííÿì [4] òà âiêiâ-
ñüêèì ÷èñëåííÿì [2] íà öèõ ïðîñòîðàõ. Òî÷íiøå, ìè ðîçãëÿäà¹ìî âiêiâñüêå
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ìíîæåííÿ ïiä çíàêîì ñòîõàñòè÷íîãî iíòåãðàëà, i áóäó¹ìî ôîðìàëüíå ïðåä-
ñòàâëåííÿ ðîçøèðåíîãî ñòîõàñòè÷íîãî iíòåãðàëà ÷åðåç iíòåãðàë Ïåòòiñà,
âèêîðèñòîâóþ÷è âiêiâñüêèé äîáóòîê. ßê ïðèêëàäè ìè ðîçãëÿäà¹ìî äåÿêi
ñòîõàñòè÷íi ðiâíÿííÿ ç íåëiíiéíîñòÿìè âiêiâñüêîãî òèïó.

Äàíi äîñëiäæåííÿ ìîæíà ðîçãëÿäàòè ÿê âíåñîê ó ïîäàëüøèé ðîçâèòîê
àíàëiçó áiëîãî øóìó Ëåâi.
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Ðîçãëÿíåìî ïðîñòið `1 ⊕ `∞, åëåìåíòàìè ÿêîãî ¹ âåêòîðè(
x
y

)
=

((
x1

y1

)
, . . . ,

(
xm
ym

)
, . . .

)
, äå (x1, x2, . . . , xn, . . .) ∈ `1,

(y1, y2, . . . , yn, . . .) ∈ `∞. Íîðìó íà öüîìó ïðîñòîði âèçíà÷èìî íàñòóïíèì
÷èíîì

||(x, y)||`1⊕`∞ =

∞∑
i=1

|xi|+ max
i∈N

xi.

Ïîçíà÷èìî ÷åðåç Pvs(`1 ⊕ `∞) àëãåáðó áëî÷íî-ñèìåòðè÷íèõ ïîëiíîìiâ íà
ïðîñòîði `1 ⊕ `∞.

Ó äîïîâiäi áóäå äîâåäåíî, ùî àëãåáðà¨÷íèé áàçèñ àëãåáðè Pvs(`1 ⊕ `∞)
óòâîðþþòü ïîëiíîìè âèãëÿäó

Hp,0(x, y) =

∞∑
i=1

xpi ,

Hp,q(x, y) =

∞∑
i=1

xpi y
q
i ,

äå p, q ∈ N, p 6= 0.
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Êîìïëåêñíi çìiííi òà ¨õ ôóíêöi¨ ìîæóòü âèêîðèñòîâóâàòèñÿ ó áàãàòüîõ
çàäà÷àõ åêîíîìiêî-ìàòåìàòè÷íîãî ìîäåëþâàííÿ. Öå äîçâîëèòü ïðåäñòàâè-
òè äåÿêi ïàðè åêîíîìi÷íèõ ïîêàçíèêiâ, ÿêi ¹ âiäîáðàæåííÿìè äåÿêèõ åêî-
íîìi÷íèõ ïðîöåñiâ àáî ÿâèù, ó âèãëÿäi êîìïëåêñíèõ çìiííèõ. Ïðè ôîð-
ìóâàííi êîìïëåêñíèõ çìiííèõ ç ïàð åêîíîìi÷íèõ ïîêàçíèêiâ, âîíè áóäóòü
ðîçãëÿäàòèñÿ ÿê îäíà çìiííà. Öÿ çìiííà áóäå ìiñòèòè â ñîái iíôîðìàöiþ
ïðî äâi ¨¨ ñêëàäîâi âåëè÷èíè òà âiäîáðàæàòèìå ôóíêöiîíàëüíèé âïëèâ öèõ
ñêëàäîâèõ íà äåÿêèé ðåçóëüòàò. Äëÿ òîãî, ùîá äâi åêîíîìi÷íi çìiííi ìîãëè
áóòè îá'¹äíàíi â îäíó êîìïëåêñíó, ïîòðiáíî âèêîíàííÿ äâîõ óìîâ:

1) öi äâi åêîíîìi÷íi çìiííi ïîâèííi áóòè ðiçíèìè õðàêòåðèñòèêàìè îäíî-
ãî åêîíîìi÷íîãî ÿâèùà;

2) öi äâi åêîíîìi÷íi çìiííi ïîâèííi áóòè îäíi¹¨ ðîçìiðíîñòi. [1]

Ïðè öüìó ïiäõîäi íåìà¹ ñåíñó øóêàòè åêîíîìi÷íå çíà÷åííÿ óÿâíî¨ ÷à-
ñòèíè, òàê ÿê i îá'¹äíó¹ äâi åêîíîìi÷íi çìiííi, à äi¨ ç íåþ ¹ íîâèì ìàòåìà-
òè÷íèì ïðàâèëîì, ÿêå â åêîíîìiöi ïî÷àëî âèêîðèñòîâóâàòèñÿ íåäàâíî.

Òàêèì ÷èíîì, çàâòîñóâàííÿ ìîäåëåé êîìïëåêñíèõ çìiííèõ ðîçøèðþ¹
iíñòðóìåíòàëüíó áàçó â åêîíîìiöi. Àêòóàëüíiñòü âèêîðèñòàííÿ òåîði¨ êîì-
ïëåêñíèõ ÷èñåë â åêîíîìiöi îáóìîâëåíà âèñîêèì çíà÷åííÿì ïðîáëåìè óäî-
ñêîíàëåííÿ ìàòåìàòè÷íèõ ìåòîäiâ çà ðàõóíîê âèêîðèñòàííÿ òåîði¨ êîìëå-
êñíèõ ÷èñåë, ùî äîçâîëèòü îòðèìàòè íå ëèøå áiëüø êîìïàêòíèé çàïèñ, à
i âêëþ÷èòè â åêîíîìiêî-ìàòåìàòè÷íó ìîäåëü äåòàëüíiøó iíôîðìàöiþ ïðî
îá'¹êò ìîäåëþâàííÿ.
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Ó ïðîïîíîâàíié äîïîâiäi áóäóòü ðîçãëÿäàòèñÿ äåÿêi âëàñòèâîñòi òà çà-
ñòîñóâàííÿ îäíîãî ç òèïiâ iíòåãðàëiâ çàëåæíèõ âiä ïàðàìåòðà, à ñàìå iíòå-
ãðàë Ôðóëëàíi ∫ ∞

0

f(αx)− f(βx)

x
dx.

Äî òàêîãî òèïó iíòåãðàëiâ, ç äîïîìîãîþ åëåìåíòàðíèõ ïåðåòâîðåíü, äèôå-
ðåíöiþâàííÿ òà iíòåãðóâàííÿ ïî ïàðàìåòðó ìîæíà çâåñòè áàãàòî iíøèõ íå-
âëàñíèõ iíòåãðàëiâ. Íàâåäåìî óìîâè òà ôîðìóëè äëÿ îá÷èñëåííÿ iíòåãðàëó
Ôðóëëàíi:

1) ßêùî f(x) ∈ C[0,+∞] òà ∀A > 0∃
∫∞
A

f(x)
x dx, òî âèêîíó¹òüñÿ íàñòó-

ïíà ôîðìóëà:∫ ∞
0

f(αx)− f(βx)

x
dx = f(0) ln

(β
α

)
(α > 0, β > 0).

2) ßêùî f(x) ∈ C[0,+∞] òà ∃ limx→∞ < +∞, òî âèêîíó¹òüñÿ òàêà ðiâ-
íiñòü: ∫ ∞

0

f(αx)− f(βx)

x
dx = (f(0)− f(+∞)) ln

(β
α

)
(α > 0, β > 0).

3) ßêùî f(x) ∈ C[0,+∞] òà ∀A > 0∃
∫ A

0
f(x)
x dx i limx→∞ < +∞, òî

ñïðàâåäëèâå ñïiââiäíîøåííÿ:∫ ∞
0

f(αx)− f(βx)

x
dx = f(+∞) ln

(β
α

)
(α > 0, β > 0).

Iíòåãðàëè Ôðóëëàíi ìàþòü íå òiëüêè òåîðåòè÷íèé õàðàêòåð � äëÿ îá÷è-
ñëåííÿ ïåâíîãî òèïó iíòåãðàëiâ Ðiìàíà, àëå é ïðàêòè÷íå çíà÷åííÿ - âîíè
çàñòîñîâóþòüñÿ â åêîíîìiöi â òåîði¨ ìàðòèíãàëiâ.
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We consider equation

x(t) = f(t) +

N∑
j=1

∫ t2

t1

kj(t, s)x(s)ds+

∫ t2

t1

k0(t, s)x(s)ds (1)
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in the class of square integrated functions on interval (t1, t2) with additional
equation

yj =

N∑
j=1

λijyj +

N∑
j=1

t2∫
t1

ϕi(t)dt

t2∫
t1

βj(t, s)x(s)ds−

−
t2∫
t1

ϕi(t)dt

t2∫
t1

k0(t, s)x(s)ds−
t2∫
t1

ϕj(t)f(t)dt, i = 1, N,

(2)

where yi is real valued variables, λij is real constants and ϕj(t), βj(t, s) is square
integrated functions in respective area chosen in a such way that following
equalities hold:∫ t2

t1

(kj(t, s) + βj(t, s))ϕj(t)dt = λijϕj(s), i, j = 1, N.

We construct and investigate algorithm of approximate solving of equati-
on (1). In particular it is shown that if kj(t, s) = ψj(t)ϕi(s) then if we

chose starting approximation
{
x(0), y

(0)
1 , . . . , y

(0)
N

}
in certain way and inequali-

ty ||A(x)|| ≤ q < 1 holds for the operator H(x)ω which is constructed by
formula

H(x)w =

t2∫
t1

 N∑
j=1

ψj(t)ϕj(s) + k0(t, s)

ω(s)ds

+

N∑
j=1

aj(x)

1− λjj

t2∫
t1

ϕj(t)dt

t2∫
t1

k0(t, s)ω(s)ds+

N∑
j=1

aj(x)

∫ t2

t1

ϕj(s)ω(s)ds,

where aj(x(n)) = aj(t, x
(n)(t)) is square integrated on (t1, t2) functions, investi-

gated iterative process tends to components of solution {x∗, y∗1 , . . . , y∗N} of
system (1), (2) not slowly, then convergence speed of geometrical progressi-
on with denominator q.

Here we essentially use method of space "sinking" introduced by B.A. Shu-
var and expanded by its followers in which the starting equation consider in
wider space (see for example [1]).
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Íåõàé Γ � ñiì'ÿ êðèâèõ γ â êîìïëåêñíié ïëîùèíi C. Áîðåëåâó ôóíêöiþ
% : C→ [0,∞] íàçèâàþòü äîïóñòèìîþ äëÿ Γ, ïèøóòü % ∈ adm Γ, ÿêùî∫

γ

%(z) |dz| > 1

äëÿ âñiõ γ ∈ Γ.

Íåõàé p ∈ (1,∞). Òîäi p�ìîäóëåì ñiì'¨ Γ íàçèâà¹òüñÿ âåëè÷èíà

Mp(Γ) = inf
%∈adm Γ

∫
C

%p(z) dx dy .

Íåõàé D � îáëàñòü â êîìïëåêñíié ïëîùèíi C i Q : D → [0,∞] � âèìiðíà
çà Ëåáåãîì ôóíêöiÿ. Áóäåìî ãîâîðèòè, ùî ãîìåîìîðôiçì f : D → C ¹ Q-
ãîìåîìîðôiçìîì âiäíîñíî p-ìîäóëÿ, ÿêùî ñïiââiäíîøåííÿ

Mp(fΓ) 6
∫
D

Q(z) %p(z) dx dy

âèêîíó¹òüñÿ äëÿ êîæíî¨ ñiì'¨ Γ êðèâèõ â D i êîæíî¨ äîïóñòèìî¨ ôóíêöi¨
% ∈ adm Γ.

Òåîðåìà. Íåõàé D i D′ � îáìåæåíi îáëàñòi â C i f : D → D′ � Q-
ãîìåîìîðôiçì âiäíîñíî p-ìîäóëÿ, p > 2, Q ∈ L1

loc(D \ {z0}). Òîäi äëÿ âñiõ
r ∈ (0, d0), d0 = dist(z0, ∂D) ñïðàâåäëèâà îöiíêà

|fB(z0, r)| > π

(
p− 2

p− 1

) 2(p−1)
p−2

 r∫
0

dt

t
1
p−1 q

1
p−1
z0 (t)


2(p−1)
p−2

,
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äå B(z0, r) = {z ∈ C : |z − z0| 6 r} i qz0(r) = 1
2π r

∫
S(z0,r)

Q(z) |dz| � ñåðåäí¹

iíòåãðàëüíå çíà÷åííÿ ôóíêöi¨ Q ïî êîëó S(z0, r) = {z ∈ C : |z − z0| = r}.

Problem with integral conditions for system of partial
di�erential of equations of second order

Kuduk G.

Faculty of Mathematical of Nature Scientes University of Rzeszow, Poland,
Graduate of University of Rzeszow, Poland

gkuduk@onet.eu

Let H(R+ × R) be a class of certain function, KM be a class of quasi-
polynomials of the form

ϕ(x) =

n∑
i=1

Qi(x) exp[αix], (1)

where Qi(x) are given polynomials, M ⊆ C, αi ∈ M , αk 6= αl, for k 6= l Each
quasi-polynomial (1) de�nes a di�erential operator ϕ

(
∂
∂λ

)
of �nite order on the

class of certain function, in the form

n∑
i=1

Qi

(
∂

∂λ

)
exp

[
αi

∂

∂λ

]
λ=0

.

Let be Tkjp(t, λ) = l̃
(
d
dt , λ

)
W (t, λ), j = 1, ..., n, p = 1, ..., n, k = 1, 2,

satis�es of system of equations

n∑
j=1

lij

(
d

dt
, λ

)
Tj(t, λ) = 0, i = 1, ..., n,

where
(
d
dt , λ

)
= δij

d2

dt2 − aij
d
dt − bij , δij - symbol Kroneckera. Let L(λ, ν) =

‖L(ν, λ)‖ij=1,...,n, ψ(ν, λ) = detL(ν, λ), l̃
(
d
dt , λ

)
- algebraic component element(

d
dt , λ

)
is matrix L(λ, ν).W (t, λ) is a solution of the problem ψ

(
d
dt , λ

)
W (t, λ) =

0, satis�es conditions W j(0, λ) = δj,2n−1, j = 2n − 1, let be η(λ) ba a certain
function. Denote be

P = {λ ∈ C : η(λ) = 0} (2)
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In the strip Ω = {(t, x) ∈ R2 : t ∈ (0, T ), x ∈ R} we consider problem

∂2Ui
∂t2

+

n∑
j=1

{
aij

(
∂

∂x

)
∂

∂x
+ bij

(
∂

∂x

)}
Uj(t, x) = 0, (3)

T∫
0

tkUi(t, x)dt = ϕki(x), k = 0, 1, i = 1, ..., n, (4)

where aij
(
∂
∂x

)
, bij

(
∂
∂x

)
, are di�erential expressions with entirel functions

aij(λ) 6= 0, bij(λ) 6= 0

Theorem. Let ϕki(x) ∈ KL,M , i = 1, ..., n, k = 1, 2, then the class KM\P
exist and unique solution of the problem (3), (4), where P is set (2). Solution
of the problem (3), (4) can be represented in the form

Uj(t, x) =

1∑
k=0

n∑
p=1

ϕkp

(
∂

∂x

){
1

η(λ)
Tkjp(t, λ) exp[λx]

}
λ=0

.

Solution of the problem (3), (4) according to the di�erential-symbol [1, 1, 3]
method exists and uniquess in the class of quasi-polynomials.
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By Ep we denote the class of entire functions f(z) =
∑+∞
‖n‖=0 anz

n such that

for any j ∈ {1, 2, . . . , p} : ∂
∂zj

f(z) 6≡ 0 in Cp. Here ‖n‖ = n1 + . . .+ np (p ≥ 2),

z = (z1, . . . , zp) ∈ Cp. For r = (r1, r2, . . . , rp) ∈ Rp+ and f ∈ Ep we denote
∆r = {t ∈ Rp+ : tj ≥ rj , j ∈ {1, . . . , p}},

µf (r) = max{|an|rn : n ∈ Zp+}, Mf (r) = max{|f(z)| : |zj | ≤ rj , j ∈ {1, . . . , p}}.
Let h be positive non-deceasing in each variables function h : Rp+ → R+

such that there exists r0 ∈ Rp+, ν(∆r0) :=
∫

∆r0
h(r)

∏p
j=1

drj
rj

= +∞. We say

that E ⊂ Rp is a set of asymptotically finite h-logarithmic measure, if there
exists r0 ∈ Rp such that νh(E ∩∆r0) :=

∫
E∩∆r0

h(r)
∏p
j=1

drj
rj

< +∞.

Theorem 1. For every f ∈ Ep and any δ > 0 there exists a set E = E(f, δ) of
asymptotically finite h-logarithmic measure such that for all r 6∈ E

Mf (r) ≤ µf (r)(h(r))(p+1)/2+δ lnp/2+δ(µf (r)h(r))

p∏
j=1

lnp/2+δ rj .

For every f ∈ Ep denote by K(f, Z) class of entire functions of the form
f(z, ω) =

∑+∞
‖n‖=0 anZn(ω)zn, where {Zn(ω)} is a Rademacher sequence, i.e.

a sequence of independent random variables such that P{ω : Zn(ω) = −1} =
P{ω : Zn(ω) = 1} = 0, 5 (n ∈ N).
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Theorem 2. For f ∈ Ep and any δ > 0 almost surely in K(f, Z) there exists
a set E = E(f, δ) of asymptotically finite h-logarithmic measure such that for
all r 6∈ E

Mf (r, ω) ≤ µf (r)(h(r))(p+1)/4+δ lnp/4+δ(µf (r)h(r))

p∏
j=1

lnp/4+δ rj .

Ïîëiíîìiàëüíi Ω-óëüòðàðîçïîäiëè

Ëîçèíñüêà B.ß.

Iíñòèòóò ïðèêëàäíèõ ïðîáëåì ìåõàíiêè i ìàòåìàòèêè
iì.ß.Ñ.Ïiäñòðèãà÷à ÍÀÍ Óêðà¨íè

vlozynska@yahoo.com

Ïðîñòið Ω�óëüòðàðîçïîäiëiâ E ′Ω [3] ¹ ÿäåðíèì ïðîñòîðîì Ôðåøå. Ç ðå-
çóëüòàòiâ ïðàöü [1], [2] ñëiäó¹, ùî ìîæíà ïîáóäóâàòè ìóëüòèïëiêàòèâíó
àëãåáðó P (E ′Ω) íåïåðåðâíèõ ñêàëÿðíèõ ïîëiíîìiâ íà ïðîñòîði E ′Ω, à òà-
êîæ ñèëüíî ñïðÿæåíó äî íå¨ çãîðòêîâó àëãåáðó P ′(E ′Ω) ïîëiíîìiàëüíèõ Ω-
óëüòðàðîçïîäiëiâ. Îïèñàíî òåíçîðíó ñòðóêòóðó òàêèõ ïîëiíîìiàëüíèõ àë-
ãåáð. Êðiì òîãî, îïèñàíî óçàãàëüíåíó îïåðàöiþ äèôåðåíöiþâàííÿ òà ãðóïó
çñóâiâ ó ïðîñòîði ïîëiíîìiàëüíèõ Ω�óëüòðàðîçïîäiëiâ.
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Ðîçðèâè íàðiçíî íåïåðåðâíèõ ôóíêöié
íà êðèâèõ ó ïëîùèíi Çîð åíôðåÿ

Ìàñëþ÷åíêî Â. Ê.

×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

v.maslyuchenko@gmail.com

Ôiëiï÷óê Î. I.

×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

o.�lipchuk@chnu.edu.ua

Â îñòàííié ÷àñ ó çâ'ÿçêó ç àêòèâíèì âèâ÷åííÿì íàðiçíî íåïåðåðâíèõ
âiäîáðàæåíü òà ¨õ àíàëîãiâ çi çíà÷åííÿìè â íåìåòðèçîâíèõ ïðîñòîðàõ (äèâ.
[1] i âêàçàíó òàì ëiòåðàòóðó) âèíèêëî ïèòàííÿ ïðî îïèñ ìíîæèíè D(f)
òî÷îê ðîçðèâó íàðiçíî íåïåðåðâíèõ âiäîáðàæåíü f : L2 → B ïëîùèíè Çîð-
 åíôðåÿ ó ïëîùèíó Áií à (äèâ. [2], ïðîáëåìà 1). Ó [2] áóëà àíîíñîâàíà
òåîðåìà ïðî òå, ùî äëÿ êîæíîãî b ∈ L iñíó¹ íàðiçíî íåïåðåðâíå âiäîáðà-
æåííÿ f : L2 → B, ó ÿêîãî D(f) = L× {b}. Òóò ìè ïîäàìî ðîçâèòîê öüîãî
ðåçóëüòàòó, â ÿêîìó éäåòüñÿ âæå ïðî ñóöiëüíi ðîçðèâè íà êðèâèõ y = g(x) ó
ïëîùèíi Çîð åíôðåÿ L2. Îçíà÷åííÿ ïðÿìî¨ Çîð åíôðåÿ L i ïëîùèíè Áií à
B ìîæíà çíàéòè ó ìîíîãðàôi¨ Ð. Åíãåëüêiíãà [3, ñ. 47; ñ. 518].

Íåõàé P = [a, b) × [c, d) � íåâèðîäæåíèé íàïiââiäêðèòèé ïðÿìîêóòíèê
ó ïëîùèíi L2 i Z � äîâiëüíèé òîïîëîãi÷íèé ïðîñòið. Ðîçãëÿíåìî ïîñëiäîâ-
íiñòü ζ = (zn)∞n=1 òî÷îê zn ïðîñòîðó Z, ÿêà çáiãà¹òüñÿ äî òî÷êè z0 ∈ Z, i
ñòðîãî ñïàäíó äî òî÷êè a ïîñëiäîâíiñòü äiéñíèõ ÷èñåë bn, ÿêà âèçíà÷à¹òüñÿ
ôîðìóëîþ

bn = a+
b− a
n

.

Ââåäåìî ïðÿìîêóòíèêè Pn = [bn+1, bn)× [c, d) ïðè n = 1, 2, ..., i âèðîäæåíèé

ïðÿìîêóòíèê P0 = {a}×[c, d). ßñíî, ùî Pn∩Pm = ∅ ïðèm 6= n i P =
∞⋃
n=0

Pn.

Âèçíà÷èìî ôóíêöiþ ϕ = ϕP,ζ,z0 : L2 → Z, ó ÿêî¨ ϕ(p) = zn, ÿêùî p ∈ Pn, i
ϕ(p) = z0, ÿêùî p ∈ L2 \ P .

Ëåìà 1. Ôóíêöiÿ ϕ = ϕP,ζ,z0 : L2 → Z íåïåðåðâíà.

Ðîçãëÿíåìî ïðîåêöiþ pr1 : L2 → L, pr1(x, y) = x.
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Ëåìà 2. Íåõàé g : L → L � íåïåðåðâíà ôóíêöiÿ i η > 0. Òîäi ìíîæèíà
G = Gg,η = {(x, y) ∈ L2 : g(x) < y < g(x) + η} âiäêðèòà â L2 i pr1(G) = L.

Íà îñíîâi öèõ ðåçóëüòàòiâ äîâîäèòüñÿ

Òåîðåìà 3. Íåõàé g : L → L � íåïåðåðâíà ôóíêöiÿ i Grg = {(x, g(x)) :
x ∈ L}. Òîäi iñíó¹ òàêå íàðiçíî íåïåðåðâíå âiäîáðàæåííÿ f : L2 → B, ùî
D(f) = Grg.

Ïîáóäîâà òàêî¨ ôóíêöi¨ çäiéñíþ¹òüñÿ òàê. Îñêiëüêè ïðîñòið B íå ðåãó-
ëÿðíèé i çàäîâîëüíÿ¹ ïåðøó àêñiîìó çëi÷åííîñòi, òî â íüîìó ìîæíà âèáðàòè
òî÷êó z0, ¨¨ îêiëW i ñïàäíó ïîñëiäîâíiñòü ¨¨ îêîëiâWn, ÿêi óòâîðþþòü áàçó
îêîëiâ òî÷êè z0, ïðè÷îìóWn 6⊆W äëÿ êîæíîãî n. Òîäi iñíó¹ ïîñëiäîâíiñòü
òî÷îê zn ∈ Wn \W i ïîñëiäîâíîñòi ζn = (zn,k)∞k=1 òî÷îê ç Wn, äëÿ ÿêèõ
zn,k → zn ïðè k →∞. Ðîçãëÿíåìî ìíîæèíè

Gn =

{
(x, y) ∈ L2 : g(x) +

1

n+ 1
< y < g(x) +

1

n

}
.

Íåõàé Q = {rn : n ∈ N} � ÿêà-íåáóäü ïåðåíóìåðàöiÿ ðàöiîíàëüíèõ ÷èñåë áåç
ïîâòîðåíü. Ç ëåìè 2 âèïëèâà¹, ùî äëÿ êîæíîãî n iñíó¹ òàêèé ïðÿìîêóòíèê

Pn = [rn, rn + δn) × [sn, sn + εn), ùî Pn ⊆ Gn. Íåõàé S =
∞⋃
n=1

Pn. Ââåäåìî

ôóíêöiþ f : L2 → B, ïîêëàäàþ÷è f(p) = ϕPn,ζn,zn(p), ÿêùî p ∈ Pn ïðè
n = 1, 2, ..., i f(p) = z0, ÿêùî p ∈ L2 \ S. Ôóíêöiÿ f i áóäå øóêàíîþ.

Ôóíêöiÿ g0 : L→ L, g0(x) = −x, ðîçðèâíà ó êîæíié òî÷öi ç L. ×è iñíó¹
òàêå íàðiçíî íåïåðåðâíå âiäîáðàæåííÿ f : L2 → B, ó ÿêîãî D(f) = Grg0?
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Topological transitivity on non-separable spaces

Novosad Z. H.

Lviv University of Trade and Economics

zoryana.math@gmail.com

Hypercyclic operators on separable Fr�echet spaces have been a subject of
extensive study in the last decades. Hypercyclicity is related to the concept of
transitivity from topological dynamics. Godefroy and Shapiro in [1], extended
the notion of hypercyclicity to Banach spaces X not necessarily separable by
calling an operator T : X → X topologically transitive if for each pair U, V of
nonempty open subsets of X there is some n ∈ N with Tn(U) ∩ V 6= ∅. Every
hypercyclic operator is transitive, although the converse is false in general [2].

Let X be a Banach space and Hb(X) be a space of analytic functions
which are bounded on bounded subspaces. We consider translation operator
Ta : Hb(X)→ Hb(X)

Ta : f(x) 7→ f(x+ a), x, a ∈ X, a 6= 0.

Since Hb(X) is not separable space then Ta is not hypercyclic. What can we
say about of topologically transitivity?

References
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Îá îãðàíè÷åííîñòè ïðåîáðàçîâàíèÿ Ôóðüå è
ïîòåíöèàëà Ðèññà â ïðîñòðàíñòâàõ Ëîðåíöà

Ïåëåøåíêî Á.È.

Äíåïð

dsaupelesh@ukr.net

Ñåìèðåíêî Ò.Í.

Äíåïð

tsemyrenko@ukr.net

Ïóñòü Φ - îáúåäèíåíèå ôóíêöèè φ(t) = sign t è ìíîæåñòâà ïîëîæè-
òåëüíûõ, âîçðàñòàþùèõ âûïóêëûõ èëè âîãíóòûõ íà îòðåçêå [0; 1] ôóí-
êöèé φ(t), äëÿ êîòîðûõ âûïîëíÿþòñÿ óñëîâèÿ lim

t→+0
φ(t) = = φ(0) = 0

è φ(2t) = O (φ(t)), êîãäà t→ +0.

Äëÿ ôóíêöèè φ(t) ∈ Φ îáîçíà÷èìMφ(t) = sup
0<s≤min(1/t,1)

φ(st)
φ(s)

(0 < t <

∞) è αφ, βφ - ñîîòâåòñòâåííî åå âåðõíèé è íèæíèé ïîêàçàòåëè ðàñòÿæåíèÿ.

×åðåç S(0; 2π) îáîçíà÷àåòñÿ ïðîñòðàíñòâî èçìåðèìûõ ïî Ëåáåãó íà
(0; 2π) ôóíêöèé è ÷åðåç f∗(t) - íåâîçðàñòàþùàÿ ïåðåñòàíîâêà ìîäóëÿ ôóí-
êöèè f(x) ∈ S(0; 2π) îòíîñèòåëüíî íîðìèðîâàííîé ìåðû Ëåáåãà m(e) =
1

2π

∫
e

dx.

Ïóñòü LM - ìíîæåñòâî ìåäëåííî ìåíÿþùèõñÿ â íóëå è íà áåñêîíå÷íîñòè
ôóíêöèé h(t), çàäàííûõ íà (0,∞).

Ïðîñòðàíñòâî Ëîðåíöà Λφ,a(0, 2π) äëÿ çàäàííûõ φ(t) ∈ Φ è a ∈ (0;∞]
ñîñòîèò èç èçìåðèìûõ ïî ìåðå Ëåáåãà íà Rn ôóíêöèé, äëÿ êîòîðûõ êîíå÷íà

êâàçèíîðìà ‖f‖Λφ,a =

{
1∫
0

(f∗(t))
a
dφ(t)

}1/a

, åñëè φ(t) 6= signt, 0 < a < ∞,

è êâàçèíîðìà sup
0<t<1

(f∗(t)φ(t)) äëÿ a =∞.

Ôóíêöèÿ φ(t) ∈ Φ ÿâëÿåòñÿ ôóíäàìåíòàëüíîé ôóíêöèåé ïðîñòðàíñòâà
Λφ,a(0; 2π). Â ñëó÷àå, åñëè φ(t) = t

1
p , 0 < p <∞, òî Λφ,1(0; 2π) = Lp1(0; 2π),

à åñëè φ(t) = signt, òî Λφ,∞(0; 2π) = L∞(0; 2π).
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Êâàçèëèíåéíûé îïåðàòîð T îãðàíè÷åííî äåéñòâóåò èç ïðîñòðàíñòâà Ëî-
ðåíöà Λφ,1(0; 2π) â ïðîñòðàíñòâî Λψ,∞(0; 2π) ([1], c.177), åñëè ñóùåñòâó-
åò òàêîå ÷èñëî M > 0, ÷òî äëÿ ëþáîãî t ∈ (0; 1] è ëþáîé ôóíêöèè
f(x) ∈ Λφ,1(0; 2π) âûïîëíÿåòñÿ íåðàâåíñòâî

(Tf)
∗

(t)ψ(t) ≤M
1∫

0

f∗(u)dφ(u).

Èñïîëüçóÿ ðåçóëüòàòû ñòàòüè [2], â ðàáîòå äîêàçàíà èíòåðïîëÿöèÿ ïðå-
îáðàçîâàíèÿ Ôóðüå è ïîòåíöèàëà Ðèññà â ïðîñòðàíñòâàõ Ëîðåíöà.

Òåîðåìà 1. Ïóñòü 0 < a ≤ 1, 0 < t ≤ 1, h(u) - ìåäëåííî ìåíÿþùàÿñÿ
ôóíêöèÿ â íóëå è íà áåñêîíå÷íîñòè, äëÿ êîòîðîé âûïîëíÿþòñÿ óñëîâèÿ
t∫

0

du
uh(u) = ∞,

∞∫
t

du
uh(u) < ∞, è φ(t) = t

a
2

t∫
0

du
uh(u) + ta

1∫
t

du

u
a
2

+1h(u)
. Òîãäà íàé-

äåòñÿ òàêàÿ ïîñòîÿííàÿ C > 0, ÷òî äëÿ ëþáîé f(t) ∈ La,φ(0, 2π) è åå
ïðåîáðàçîâàíèÿ Ôóðüå (Ff)(t) [3] ñïðàâåäëèâî íåðàâåíñòâî

∞∑
n=1

[
(Ff)

∗
n

]a 1

nh
(

1
n

) ≤ C 1∫
0

(f∗(t))
a
dφ(t),

ãäå (Ff)
∗
n = (Ff)∗(n− 1), n = 1, 2, ....

Òåîðåìà 2. Ïóñòü 0 < a ≤ 1, 1 ≤ t < ∞, h(u) - ìåäëåííî ìåíÿþùàÿñÿ
ôóíêöèÿ â íóëå è íà áåñêîíå÷íîñòè, äëÿ êîòîðîé âûïîëíÿþòñÿ óñëîâèÿ
t∫

0

du
uh(u) < ∞,

∞∫
t

du
uh(u) = ∞, è φ(t) = t

a
2

t∫
0

du
uh(u) + ta

1∫
t

du

u
a
2

+1h(u)
. Òîãäà íàé-

äåòñÿ òàêàÿ ïîñòîÿííàÿ C > 0, ÷òî äëÿ ëþáîé f(t) ∈ La,φ(0, 2π) è åå
ïðåîáðàçîâàíèÿ Ôóðüå ñïðàâåäëèâî íåðàâåíñòâî

∞∑
n=1

[
(Ff)

∗
n

]a 1

n1− a2 h
(

1
n

) ≤ C 1∫
0

(f∗(t))
a
dφ(t).
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Îáìåæåíèé L-iíäåêñ çà ñóêóïíiñòþ çìiííèõ i
àíàëiòè÷íi ó áiêðóçi ðîçâ'ÿçêè äåÿêèõ ñèñòåì ðiâíÿíü ç

÷àñòèííèìè ïîõiäíèìè

Ïåòðå÷êî Í. B.

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà

petrechko.n@gmail.com

Ñêîðèñòà¹ìîñÿ îçíà÷åííÿìè òà ïîçíà÷åííÿìè ç [1]. Ðîçãëÿíåìî òàêó
ñèñòåìó ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè:

a1,k,0(z)F (k,0)(z) +
∑

0≤j1+j2≤k−1

a1,j1,j2(z)F (j1,j2)(z) = 0,

a2,k−1,1(z)F (k−1,1)(z) +
∑

0≤j1+j2≤k−1

a2,j1,j2(z)F (j1,j2)(z) = 0

. . .

ak+1,0,k(z)F (0,k)(z) +
∑

0≤j1+j2≤k−1

ak+1,j1,j2(z)F (j1,j2)(z) = 0.

(1)

Òåîðåìà 1 ([1]). Íåõàé L ∈ Q(D2) é äëÿ âñiõ z ∈ D2 àíàëiòè÷íi
â D2 ôóíêöi¨ ai,j1,j2(z) çàäîâîëüíÿþòü óìîâè: |ai,j1,j2(z)|lj11 (z)lj22 (z) ≤
Clk+1−i

1 (z)li−1
2 (z)|ai,k+1−i,i−1(z)|, ai,k+1−i,i−1(z) 6= 0, äå 0 ≤ j1 + j2 ≤ k− 1,

i ∈ {1, . . . , k + 1} i C > 0 äåÿêà ñòàëà. ßêùî àíàëiòè÷íà â D2 ôóíêöiÿ
F (z1, z2) ¹ ðîçâ'ÿçêîì (1), òî F (z1, z2) ¹ îáìåæåíîãî L-iíäåêñó çà ñóêóïíi-
ñòþ çìiííèõ.

Ðîçãëÿíåìî òàêå ëiíiéíå äèôåðåíöiàëüíå ðiâíÿííÿ âèùîãî ïîðÿäêó, êî-
åôiöi¹íòè ÿêîãî ¹ àíàëiòè÷íèìè â îäèíè÷íîìó êðóçi ôóíêöiÿìè:

ak(t)f (k)(t) +

k−1∑
j=0

aj(t)f
(j)(t) = 0. (2)

Äëÿ öüîãî ðiâíÿííÿ ñôîðìóëþ¹ìî îäíîâèìiðíèé íàñëiäîê.

Íàñëiäîê 1.1 ([1]). Íåõàé l ∈ Q(D) é àíàëiòè÷íi â D ôóíêöi¨ aj(t) çàäî-
âîëüíÿþòü óìîâè: (∀t ∈ C) (∀j ∈ {0, 1, . . . , k−1}) |aj(t)|lj(t) ≤ Clk(t)|ak(t)|,
ak(t) 6= 0, äå C > 0 äåÿêà ñòàëà. ßêùî àíàëiòè÷íà ôóíêöiÿ f â D çàäîâîëü-
íÿ¹ ðiâíiñòü (2) òîäi f ìà¹ îáìåæåíèé l-iíäåêñ.
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Ïðî çëi÷åííîêðàòíi B-âèìiðíi âiäîáðàæåííÿ îáëàñòåé
åâêëiäîâèõ ïðîñòîðiâ
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ßê âiäîìî, âiäêðèòå çëi÷åííîêðàòíå âiäîáðàæåííÿ ëîêàëüíî êîìïàêòíî-
ãî õàóñäîðôîâîãî ïðîñòîðó â ìåòðè÷íèé ïðîñòið ìà¹ ùiëüíó ìíîæèíó òî-
÷îê ëîêàëüíîãî ãîìåîìîðôiçìó [1]. Ùî ñòîñó¹òüñÿ çëi÷åííîêðàòíîãî íåïå-
ðåðâíîãî âiäîáðàæåííÿ äâîõ ìíîãîâèäiâ îäíàêîâî¨ âèìiðíîñòi, òî ïðèïóùå-
ííÿ ïðî âiäêðèòiñòü âiäîáðàæåííÿ ¹ çàéâèì äëÿ iñíóâàííÿ ùiëüíî¨ âiäêðè-
òî¨ ìíîæèíè òî÷îê ëîêàëüíîãî ãîìåîìîðôiçìó [2]. Áiëüø òîãî, çëi÷åííó
êðàòíiñòü òàêîãî íåïåðåðâíîãî íóëüâèìiðíîãî âiäîáðàæåííÿ ìîæíà ïðè-
ïóñòèòè ëèøå íà ìíîæèíi âñþäè äðóãî¨ êàòåãîði¨ [3]. Âèÿâëÿ¹òüñÿ, ÿêùî
çíåõòóâàòè äåÿêîþ ìíîæèíîþ ïåðøî¨ êàòåãîði¨, òî ïðè çëi÷åííîêðàòíîìó
äîâiëüíîìó B-âèìiðíîìó âiäîáðàæåííi îáëàñòi åâêëiäîâîãî ïðîñòîðó iñíó¹
ùiëüíà ìíîæèíà òî÷îê ëîêàëüíîãî ãîìåîìîðôiçìó [4].

Òåîðåìà 1. Íåõàé D ⊂ Rn - îáëàñòü i f : D → Rn1 - çëi÷åííîêðàòíå
B-âèìiðíå âiäîáðàæåííÿ. Òîäi iñíó¹ âñþäè ùiëüíà â D âiäêðèòà ìíîæè-
íà G =

⋃
j

Gj ⊂ D òàêà, ùî çâóæåííÿ âiäîáðàæåííÿ f |Qj íà ìíîæèíó

Qj ⊂ Gj äðóãî¨ êàòåãîði¨ â êîæíié êîìïîíåíòi Gj ¹ ãîìåîìîðôiçìîì.
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Ïðî ñêií÷åííi òà çëi÷åííi ðiâíi íåïåðåðâíî¨ ôóíêöi¨
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ßêùî íà âiäðiçêó [a, b] çàäàíà ôóíêöiÿ f(x), òî äëÿ äîâiëüíî¨ òî÷êè
x0 ∈ [a, b] ïîâíèé ïðîîáðàç f−1f(x0) íàçèâàòèìåìî ðiâíåì ôóíêöi¨ f . Ðî-
çóìiííÿ âëàñòèâîñòåé ñóêóïíîñòi âñiõ ðiâíiâ ôóíêöi¨ (âiäîáðàæåííÿ) ÷àñòî
äîçâîëÿ¹ îõàðàêòåðèçóâàòè ¨¨ ñòðóêòóðíi îñîáëèâîñòi. Ó çâ'ÿçêó ç öèì ïî-
ñòà¹ ïèòàííÿ ïðî âèâ÷åííÿ ìíîæèíè ðiâíiâ äiéñíèõ ôóíêöié.

Âiäîìî, ùî ðiâíi íåïåðåðâíî¨ ôóíêöi¨ f(x), x ∈ [a, b] ÿâëÿþòü ñîáîþ
çàìêíåíi ìíîæèíè â [a, b], ñêií÷åííi àáî íåñêií÷åííi. Áiëüø òîãî, iñíóþòü
íåïåðåðâíi ôóíêöi¨, ó ÿêèõ âñi ðiâíi íå òiëüêè íåñêií÷åííi, àëå é íåçëi÷åííi.

Ïîçíà÷èìî ìíîæèíè ñêií÷åííèõ òà çëi÷åííèõ ðiâíiâ âiäîáðàæåííÿ f
âiäïîâiäíî ÷åðåç E1 i E2. Â íàñòóïíèõ òâåðäæåííÿõ îõàðàêòåðèçîâàíî ìíî-
æèíó ðiâíiâ íåïåðåðâíîãî íóëüâèìiðíîãî âiäîáðàæåííÿ â òåðìiíàõ êàòåãî-
ði¨ [1].

Òåîðåìà 1. Íåõàé íåïåðåðâíå íóëüâèìiðíå âiäîáðàæåííÿ f : [a, b] → R
ìà¹ ìíîæèíó E1 ∪ E2 ñêií÷åííèõ àáî çëi÷åííèõ ðiâíiâ âñþäè äðóãî¨ êà-
òåãîði¨. ßêùî ìíîæèíà E íåñêií÷åííèõ ðiâíiâ âiäîáðàæåííÿ f ùiëüíà â
îáðàçi f([a, b]), òî ìíîæèíà çëi÷åííèõ ðiâíiâ E2 äðóãî¨ êàòåãîði¨ â f([a, b]).

Òåîðåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè òåîðåìè 1. ßêùî ìíîæèíà E2

çëi÷åííèõ ðiâíiâ âiäîáðàæåííÿ f íiäå íå ùiëüíà â îáðàçi f([a, b]), òî äëÿ
ìíîæèíè E1 ñêií÷åííèõ ðiâíiâ ìà¹ìî IntE1 6= ∅ (âiäíîñíî ïðîñòîðó R).
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Ëiïøèöåâèé àíàëîã ëåìè Iêîìè-Øâàðöà
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Íåõàé G � îáëàñòü ó êîìïëåêñíié ïëîùèíi C, òîáòî çâ'ÿçíà, âiäêðèòà
ïiäìíîæèíà C. Âiäîáðàæåííÿ f : G → C íàçèâà¹òüñÿ ðåãóëÿðíèì ó òî-
÷öi z0 ∈ G, ÿêùî ó öié òî÷öi f ìà¹ ïîâíèé äèôåðåíöiàë òà éîãî ÿêîáiàí
Jf = |fz|2 − |fz̄|2 6= 0. Ãîìåîìîðôiçì f êëàñó Ñîáîë¹âà W 1,1

loc íàçèâà¹òüñÿ
ðåãóëÿðíèì, ÿêùî Jf > 0 ìàéæå âñþäè (ì.â.).

Êàæóòü, ùî ãîìåîìîðôiçì f : G → C ìà¹ N -âëàñòèâiñòü (Ëóçiíà),
ÿêùî äëÿ äîâiëüíî¨ ìíîæèíè E ⊂ G ç óìîâè |E| = 0 âèïëèâà¹, ùî
|f(E)| = 0.

Ïîçíà÷èìî

Br = {z ∈ C : |z| 6 r} , B = {z ∈ C : |z| < 1}.

Íåõàé f : B → C � ðåãóëÿðíèé ãîìåîìîðôiçì êëàñó Ñîáîë¹âà W 1,1
loc ,

p > 1. Áóäåìî íàçèâàòè p-êóòîâîþ äèëàòàöi¹þ âiäîáðàæåííÿ f âiäíîñíî
òî÷êè z0 = 0 âåëè÷èíó:

Dp(z) = Dp(re
iθ) =

|fθ(reiθ)|p

rpJf (reiθ)
. (1)

Òóò z = reiθ, Jf � ÿêîáiàí âiäîáðàæåííÿ f .

Òåîðåìà 1. Íåõàé f : B→ B � ðåãóëÿðíèé ãîìåîìîðôiçì êëàñó Ñîáîë¹âà
W 1,1

loc , òàêèé, ùî ìà¹ N -âëàñòèâiñòü, i f(0) = 0. Ïðèïóñòèìî, ùî p > 2
òà iñíó¹ íåâiä'¹ìíå ñêií÷åííå ÷èñëî k, òàêå, ùî

lim inf
r→0

 1

|Br|

∫
Br

D
1
p−1
p (z) dxdy

p−1

6 k <∞.

Òîäi

lim inf
z→0

|f(z)|
|z|

6 cp k
1
p−2 <∞,

äå cp � äîäàòíÿ êîíñòàíòà, ÿêà çàëåæèòü òiëüêè âiä p.
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1. Entire Dirichlet series. Let β be a positive continuous function increasi-
ng to +∞ on [0,+∞), and F be an entire function of the form F (z) =∑+∞
k=0 ake

zλk , λ = (λk), 0 ≤ λk ↑ +∞ (0 ≤ k ↑ +∞). Let a0
n be coe�ci-

ents of Newton's majorant FH of Dirichlet series F , κn
def
=

ln a0
n−1−ln a0

n

λn−λn−1
. The

following theorem contains some conditions for the integral convergence∫ +∞

x0

β(x)

ln lnµ(x, F )
dx =

∫ +∞

x0

dβ∗(x)

ln lnµ(x, F )
dx < +∞, (1)

where µ(x, F ) = max{|ak|exλk : k ≥ 0}, β∗(x) =
∫ x

0
β(t)dt.

Theorem 1. In order that for an entire Dirichlet series F condition (1) holds,
it is su�cient that

+∞∑
n=1

β∗(κn+1)− β∗(κn)

(κn − κn−1)λn−1 ln((κn − κn−1)λn−1)
< +∞,

and it is necessary that

+∞∑
n=1

β∗(κn+1)− β∗(κn)

κn+1λn ln(κn+1λn)
< +∞.

A similar assertion was also established for Taylor-Dirichlet type series in [1].

2. Entire functions of several variables and Goldberg's type condition.

Let (GR)R≥0 be an exhaustion of the space Cp by a system of bounded complete

79



polycircular domains GR with the center at the origin. For an entire function
f : Cp → C, p ≥ 1, of the form

f(z) = f(z1, . . . , zn) =

+∞∑
k1+...+kp=0

ak1,...,kpz
k1
1 . . . zkpp (2)

and R > 0 we denote MG(R) = MG(R, f) = max{|f(z)| : z ∈ GR}.

Theorem 2. In order that for an entire function f : Cp → C of form (2)

the condition

∫ +∞

x0

β(ln r)

ln lnMG(r, F )
d ln r < ∞ is valid it is su�cient that

+∞∑
n=1

β∗(κn+1)− β∗(κn)

(κn − κn−1)(n− 1) ln((κn − κn−1)(n− 1))
< +∞, and it is necessary

that

+∞∑
n=1

β∗(κn+1)− β∗(κn)

κn+1n ln(κn+1n)
< +∞, where κn = lnA0

n−1 − lnA0
n, (A0

k) are

the coe�cients of Newton's majorant of the entire function
∑∞
k=0AkR

k, and
Ak = max{|aK | : ‖K‖ = k}, K = (k1, . . . , kn), ‖K‖ = k1 + . . . kn.
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Denote by Cα,rβ Lp, α > 0, r > 0, β ∈ R, 1 ≤ p ≤ ∞, the set of all
2π�periodic functions, representable for all x ∈ R as convolutions of the form

f(x) =
a0

2
+

1

π

π∫
−π

Pα,r,β(x− t)ϕ(t)dt, a0 ∈ R, ϕ ⊥ 1, (1)

where ϕ ∈ Lp and Pα,r,β(t) are �xed generated kernels

Pα,r,β(t) =

∞∑
k=1

e−αk
r

cos
(
kt− βπ

2

)
, α, r > 0, β ∈ R. (2)

If the functions f and ϕ are related by the equality (1), then function f in this
equality is called generalized Poisson integral of the function ϕ. The function
ϕ in equality (1) is called as generalized derivative of the function f and is
denoted by fα,rβ .

Let En(f)Lp be the best approximation of the function f ∈ Lp in the metric
of space Lp, 1 ≤ p ≤ ∞, by the trigonometric polynomials tn−1 of degree n−1,
i.e.,

En(f)Lp = inf
tn−1

‖f − tn−1‖Lp .

We consider a problem about obtaining of Lebesque-type inequalities, for
functions from the class Cα,rβ Lp, where norms ‖f(·)−Sn−1(f ; ·)‖C of deviations
of Fourier sums of order n−1 are estimated via best approximations En(fα,rβ )Lp .

By F (a, b; c; d) we denote Gauss hypergeometric function

F (a, b; c; z) = 1 +

∞∑
k=1

(a)k(b)k
(c)k

zk

k!
,
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(x)k :=
x

2

(x
2

+ 1
)(x

2
+ 2
)
...
(x

2
+ k − 1

)
.

For arbitrary α > 0, r ∈ (0, 1) and 1 ≤ p ≤ ∞ we denote by n0 = n0(α, r, p)
the smallest integer n such that

1

αr

1

nr
+
αrχ(p)

n1−r ≤


1
14 , p = 1,

1
(3π)3 · p−1

p , 1 < p <∞,
1

(3π)3 , p =∞,
(3)

where χ(p) = p for 1 ≤ p <∞ and χ(p) = 1 for p =∞.

The following statement holds.

Òåîðåìà 1. Let 0 < r < 1, α > 0, β ∈ R and n ∈ N. Then in the case
1 < p < ∞ for any function f ∈ Cα,rβ Lp and n ≥ n0(α, r, p), the following
inequality is true:

‖f(·)− Sn−1(f ; ·)‖C ≤ e−αn
r

n
1−r
p

(
‖ cos t‖p′

π
1+ 1

p′ (αr)
1
p

F
1
p′
(1

2
,

3− p′

2
;

3

2
; 1
)

+

+γn,p

((
1 +

(αr)
p′−1
p

p′ − 1

) 1

n
1−r
p

+
(p)

1
p′

(αr)1+ 1
p

1

nr

))
En(fα,rβ )Lp ,

1

p
+

1

p′
= 1, (4)

where F (a, b; c; d) is Gauss hypergeometric function, and in the case p = 1 for
any function f ∈ Cα,rβ L1 and n ≥ n0(α, r, 1), the following inequality is true:

‖f(·)−Sn−1(f ; ·)‖C ≤ e−αn
r

n1−r
( 1

παr
+γn,1

( 1

(αr)2

1

nr
+

1

n1−r

))
En(fα,rβ )L1

.

(5)
In (4) and (5) the quantity γn,p = γn,p(α, r, β) is such that |γn,p| ≤ (14π)2.
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Îäíîñòàéíà íåïåðåðâíiñòü îáåðíåíèõ âiäîáðàæåíü â
åâêëiäîâîìó ïðîñòîði

Ñåâîñòüÿíîâ �. Î.

Æèòîìèðñüêèé äåðæàâíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà

esevostyanov2009@gmail.com

Ñêâîðöîâ Ñ. Î.

Æèòîìèðñüêèé äåðæàâíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà

serezha.skv@yandex.ru

Óñþäè äàëi D � îáëàñòü â Rn, n > 2, m � ìiðà Ëåáåãà â Rn. Êðèâîþ γ
íàçèâà¹òüñÿ íåïåðåðâíå âiäîáðàæåííÿ γ : I → Rn, äå I ⊂ R � çàìêíåíèé,
âiäêðèòèé àáî íàïiââiäêðèòèé iíòåðâàë â R.Ìîäóëåì ñiì'¨ êðèâèõ Γ íàçèâà-
¹òüñÿ âåëè÷èíà M(Γ) = inf

ρ∈ adm Γ

∫
D

ρn(x) dm(x), äå çàïèñ ρ ∈ admΓ îçíà÷à¹,

ùî ρ : Rn → [0,∞] ¹ áîðåëåâîþ ôóíêöi¹þ ç óìîâîþ
∫
γ

ρ(x)|dx| ∀ γ ∈ Γ.

Äëÿ îáëàñòåé D,D ′ ⊂ Rn, n > 2, i äîâiëüíî¨ âèìiðíî¨ çà Ëåáåãîì ôóíêöi¨
Q(x) : Rn → [1,∞], Q(x) ≡ 0 ïðè x 6∈ D, ïîçíà÷èìî ÷åðåç RQ(D,D ′) ñiì'þ
âñiõ âiäîáðàæåíü g : D ′ → D ′ òàêèõ, ùî f = g−1 � ãîìåîìîðôiçì îáëàñòi
D íà D ′ ç óìîâîþ

M(f(Γ)) 6
∫
D

Q(x) · ρn(x) dm(x) ∀ ρ ∈ adm Γ . (1)

Òåîðåìà 1. Ïðèïóñòèìî, ùî D i D ′ � êîìïàêòè â Rn. ßêùî Q ∈ L1(D),
òî ñiì'ÿ RQ(D,D ′) ¹ îäíîñòàéíî íåïåðåðâíîþ ó D ′.

Äëÿ ÷èñëà δ > 0, îáëàñòåé D,D ′ ⊂ Rn, n > 2, êîíòèíóóìó A ⊂ D i
äîâiëüíî¨ âèìiðíî¨ çà Ëåáåãîì ôóíêöi¨ Q(x) : Rn → [1,∞], Q(x) ≡ 0 ïðè
x 6∈ D, ïîçíà÷èìî ÷åðåç Sδ,A,Q(D,D ′) ñiì'þ âñiõ âiäîáðàæåíü g : D ′ → D
òàêèõ, ùî f = g−1 � ãîìåîìîðôiçì îáëàñòi D íà D ′ ç óìîâîþ (1), ïðè
öüîìó, diam f(A) > δ.

Òåîðåìà 2. Ïðèïóñòèìî, ùî îáëàñòü D ¹ ëîêàëüíî çâ'ÿçíîþ â óñiõ òî-
÷êàõ ìåæi, D è D ′ ¹ êîìïàêòàìè â Rn, à îáëàñòü D ′ ìà¹ ñëàáî ïëîñêó
ìåæó. Ïðèïóñòèìî òàêîæ, ùî áóäü-ÿêà çâ'ÿçíà êîìïîíåíòà ∂D ′ ¹ íå-
âèðîäæåíèì êîíòèíóóìîì. ßêùî Q ∈ L1(D), òî êîæíå âiäîáðàæåííÿ
g ∈ Sδ,A,Q(D,D ′) ìà¹ íåïåðåðâíå ïðîäîâæåííÿ g : D ′ → D, g|D ′ = g, ïðè
öüîìó, g(D ′) = D i ñiì'ÿ Sδ,A,Q(D,D ′), ùî ñêëàäà¹òüñÿ ç óñiõ ïðîäîâæå-
íèõ âiäîáðàæåíü g : D ′ → D, ¹ îäíîñòàéíî íåïåðåðâíîþ ó D ′.
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ßê ïîêàçó¹ ïðèêëàä ñiì'¨ êîíôîðìíèõ âiäîáðàæåíü f−1
n (z) = z−(n−1)/n

1−z(n−1)/n

îäèíè÷íîãî êðóãà íà ñåáå, óìîâó diam f(A) > δ âiäêèíóòè íå ìîæíà.

Îäíîñòàéíà íåïåðåðâíiñòü âiäîáðàæåíü ó çàìèêàííi
îáëàñòi ó âèïàäêó, êîëè îáðàçè öi¹¨ îáëàñòi ¹ çìiííèìè

Ñêâîðöîâ Ñ. Î.

Æèòîìèðñüêèé äåðæàâíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà

serezha.skv@yandex.ru

Ñåâîñòüÿíîâ �. Î.

Æèòîìèðñüêèé äåðæàâíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà

esevostyanov2009@gmail.com

Óñþäè äàëiD � îáëàñòü â Rn, n > 2, m � ìiðà Ëåáåãà â Rn, A(x0, r1, r2) =
{x ∈ Rn : r1 < |x − x0| < r2}. Êðèâîþ γ íàçèâà¹òüñÿ íåïåðåðâíå âiäîáðà-
æåííÿ γ : I → Rn, äå I ⊂ R � çàìêíåíèé, âiäêðèòèé àáî íàïiââiäêðè-
òèé iíòåðâàë â R. Ìîäóëåì ñiì'¨ êðèâèõ Γ íàçèâà¹òüñÿ âåëè÷èíà M(Γ) =

inf
ρ∈ adm Γ

∫
D

ρn(x) dm(x), äå çàïèñ ρ ∈ admΓ îçíà÷à¹, ùî ρ : Rn → [0,∞] ¹ áîðå-

ëåâîþ ôóíêöi¹þ ç óìîâîþ
∫
γ

ρ(x)|dx| ∀ γ ∈ Γ. Áóäåìî ãîâîðèòè, ùî ñiì'ÿ

îáëàñòåé Di, i ∈ I, ¹ îäíîñòàéíî ðiâíîìiðíîþ, ÿêùî äëÿ êîæíîãî r > 0
iñíó¹ δ > 0 òàêå, ùî íåðiâíiñòü M(Γ(F ∗, F,Di)) > δ âèêîíàíî äëÿ âñiõ i ∈ I
i äîâiëüíèõ êîíòèíóóìiâ F, F ∗ ⊂ D ç óìîâàìè h(F ) > r i h(F ∗) > r, äå
h(F ), h(F ∗) � õîðäàëüíi äiàìåòðè ìíîæèí F, F ∗ ⊂ Rn. Äëÿ çàäàíîãî ÷è-
ñëà δ > 0, ôiêñîâàíî¨ îáëàñòi D, êîíòèíóóìó A ⊂ D i çàäàíî¨ (âèìiðíî¨ çà
Ëåáåãîì) ôóíêöi¨ Q : D → [0,∞] ïîçíà÷èìî ÷åðåç FQ,A,δ(D) ñiì'þ âñiõ ãî-
ìåîìîðôiçìiâ f : D → Rn, ÿêi çàäîâîëüíÿþòü äëÿ áóäü-ÿêèõ êîíòèíóóìiâ
E1 ⊂ B(x0, r1)∩D, E2 ⊂ (Rn \B(x0, r2))∩D îöiíêóM (f (Γ (E1, E2, D))) 6∫
A(x0,r1,r2)

Q(x) · ηn(|x − x0|) dm(x) ∀x0 ∈ D äëÿ áóäü-ÿêî¨ âèìiðíî¨ ôóí-

êöi¨ η : (r1, r2) → [0,∞] ç óìîâîþ
r2∫
r1

η(r) dr > 1, òàêèõ ùî h(f(A)) > δ i

h(Rn \ f(D)) > δ, äå h(f(A)), h(Rn \ f(D)) � õîðäàëüíi äiàìåòðè f(A) i
h(Rn \ f(D)), âiäïîâiäíî. Ïîêëàäåìî q ′x0

(r) := 1
ωn−1rn−1

∫
|x−x0|=r

Q ′(x) dS ,

Q ′(x) = max{Q(x), 1}, ωn−1 � ïëîùà îäèíè÷íî¨ ñôåðè â Rn.
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Òåîðåìà 1. Íåõàé δ > 0, îáëàñòü D ¹ ëîêàëüíî çâ'ÿçíîþ â êîæíié òî÷öi
x0 ∈ ∂D, i íåõàé îáëàñòi D ′f = f(D) ⊂ Rn ¹ îäíîñòàéíî ðiâíîìiðíèìè
ïî âñiõ f ∈ FQ,A,δ(D). ßêùî ôóíêöiÿ Q ìà¹ ñêií÷åííå ñåðåäí¹ êîëèâàííÿ
â D, àáî â êîæíié òî÷öi x0 ∈ D ïðè äåÿêiì β(x0) > 0 âèêîíàíî óìîâó
β(x0)∫

0

dt

t
n−1
n−1 q

′ 1
n−1

x0
(t)

=∞, òî êîæíå f ∈ FQ,A,δ(D) ìà¹ íåïåðåðâíå ïðîäîâæå-

ííÿ â D i, êðiì òîãî, ñiì'ÿ FQ,A,δ(D), ùî ñêëàäà¹òüñÿ ç óñiõ ïðîäîâæåíèõ
âiäîáðàæåíü f : D → Rn, ¹ îäíîñòàéíî íåïåðåðâíîþ â D.

Àïðîêñèìàöiÿ êëàñiâ (ψ, β̄)−äèôåðåíöiéîâíèõ ôóíêöié
iíòåðïîëÿöiéíèìè òðèãîíîìåòðè÷íèìè ïîëiíîìàìè

Ñåðäþê A. Ñ.

Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, Êè¨â

serdyuk@imath.kiev.ua

Ñîêîëåíêî I. B.

Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, Êè¨â

sokol@imath.kiev.ua

Íåõàé C i Lp, 1 ≤ p ≤ ∞, � ïðîñòîðè 2π-ïåðiîäè÷íèõ ôóíêöié çi ñòàí-
äàðòíèìè íîðìàìè ‖ · ‖C i ‖ · ‖p. ×åðåç Cψβ̄,2 ïîçíà÷èìî ìíîæèíó âñiõ
2π-ïåðiîäè÷íèõ ôóíêöié f , ÿêi çîáðàæóþòüñÿ çà äîïîìîãîþ çãîðòêè

f(x) =
a0

2
+

1

π

π∫
−π

ϕ(x− t)Ψβ̄(t)dt, a0 ∈ R, (1)

ϕ ∈ B0
2 = {g ∈ L2 : ‖g‖2 ≤ 1, ϕ ⊥ 1},

ç ôiêñîâàíèì òâiðíèì ÿäðîì Ψβ̄ ∈ L2, ðÿä Ôóð'¹ ÿêîãî ìà¹ âèãëÿä
∞∑
k=1

ψ(k) cos
(
kt− βkπ

2

)
, äå ψ = ψ(k) i β̄ = βk, k = 1, 2, . . . , � ïîñëiäîâ-

íîñòi äîâiëüíèõ äiéñíèõ ÷èñåë. ßêùî ψ(k) 6= 0, k ∈ N, òî ôóíêöiþ ϕ ó
çîáðàæåííi (1) íàçèâàþòü (ψ, β̄)-ïîõiäíîþ ôóíêöi¨ f i ïîçíà÷àþòü fψ

β̄
(x).

Ïîíÿòòÿ (ψ, β̄)-ïîõiäíî¨ íàëåæèòü Î. I. Ñòåïàíöþ [1]. ßêùî ψ(k) = k−r i
βk ≡ r, r ∈ N, òî êëàñè Cψ

β̄,2
¹ âiäîìèìè êëàñàìè äèôåðåíöiéîâíèõ ôóí-

êöié W r
2 . ßêùî ψ(k) = qk, 0 < q < 1, òî êëàñè Cψ

β̄,2
áóäåìî ïîçíà÷àòè Cq

β̄,2
.
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Ïðè βk ≡ β, β ∈ R, Cq
β̄,2

¹ âiäîìèìè êëàñàìè iíòåãðàëiâ Ïóàññîíà Cqβ,2.
Çðîçóìiëî, ùî óìîâà âêëþ÷åííÿ Ψβ̄ ∈ L2 åêâiâàëåíòíà íàñòóïíié óìîâi:

∞∑
k=1

ψ2(k) <∞. (2)

Íåõàé f ∈ C i S̃n(f ;x) � òðèãîíîìåòðè÷íèé ïîëiíîì ïîðÿäêó n, ùî
iíòåðïîëþ¹ f(x) ó òî÷êàõ x

(n)
k = 2kπ/(2n+ 1), k = 0, 1, . . . , 2n, òîáòî

S̃n(f ;x) =
a

(n)
0

2
+

n∑
k=1

(a
(n)
k cos kx+ b

(n)
k sin kx),

äå a(n)
k i b(n)

k � êîåôiöi¹íòè Ôóð'¹�Ëàãðàíæà ôóíêöi¨ f (äèâ.[2, c. 128-129]).

Pîçãëÿäàþòüñÿ çàäà÷i ïðî çíàõîäæåííÿ òî÷íèõ çíà÷åíü âåëè÷èí

E(Cψ
β̄,2

; S̃n;x) = sup
f∈Cψ

β̄,2

|f(x)− S̃n(f ;x)|, n ∈ N, x ∈ R, (3)

E(Cψ
β̄,2

; S̃n)C = sup
f∈Cψ

β̄,2

‖f(·)− S̃n(f ; ·)‖C , n ∈ N. (4)

Ìàþòü ìiñöå íàñòóïíi òâåðäæåííÿ.

Òåîðåìà 1 ([3]). Íåõàé ïîñëiäîâíiñòü äiéñíèõ ÷èñåë ψ(k) çàäîâîëüíÿ¹ óìî-
âó (2). Òîäi äëÿ äîâiëüíî¨ ïîñëiäîâíîñòi β̄ = βk, βk ∈ R, i äîâiëüíîãî n ∈ N
â êîæíié òî÷öi x ∈ R

E(Cψ
β̄,2

; S̃n;x) =
2√
π

 ∞∑
m=1

sin2 (2n+ 1)mx

2

m(2n+1)+n∑
k=m(2n+1)−n

ψ2(k)

1/2

.

Òåîðåìà 2 ([4]). Íåõàé n ∈ N, à ïîñëiäîâíiñòü äiéñíèõ ÷èñåë ψ(k) çàäî-

âîëüíÿ¹ óìîâó (2) i òàêà, ùî ïîñëiäîâíiñòü αm = m
m(2n+1)+n∑

k=m(2n+1)−n
ψ2(k) ¹

îïóêëîþ äîíèçó. Òîäi äëÿ äîâiëüíî¨ β̄ = βk, βk ∈ R,

E(Cψ
β̄,2

; S̃n)C = E(Cψ
β̄,2

; S̃n;
π

2n+1
) =

2√
π

 ∞∑
l=1

(2l−1)(2n+1)+n∑
k=(2l−1)(2n+1)−n

ψ2(k)

 1
2

.

Iç îçíà÷åíü (3) i (4) âèïëèâàþòü î÷åâèäíi ñïiââiäíîøåííÿ

E(Cψ
β̄,2

; S̃n;x) ≤ max
x∈R
E(Cψ

β̄,2
; S̃n;x) = E(Cψ

β̄,2
; S̃n)C .
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ßê âèïëèâà¹ ç òåîðåìè 2, îïóêëiñòü äîíèçó ïîñëiäîâíîñòi

αm = m
m(2n+1)+n∑

k=m(2n+1)−n
ψ2(k) ¹ äîñòàòíüîþ óìîâîþ òîãî, ùî âåëè÷èíè

E(Cψ
β̄,2

; S̃n;x) äîñÿãàþòü çíà÷åíü E(Cψ
β̄,2

; S̃n)C ðiâíî ïîñåðåäèíi ìiæ

âóçëàìè iíòåðïîëÿöi¨, òîáòî ïðè x =
π

2n+1
+

2jπ

2n+1
, j ∈ Z. Íåâàæêî

ïåðåêîíàòèñü, ùî ïðè äîñòàòíüî âåëèêèõ n óìîâó îïóêëîñòi ïîñëiäîâíîñòi
αm çàäîâîëüíÿþòü ψ(k) = qk, q ∈ (0, 1). Óòiì, íàñòóïíå òâåðäæåííÿ
ïîêàçó¹, ùî äëÿ çàçíà÷åíèõ ψ(k) ðiâíîñòi

E(Cψ
β̄,2

; S̃n;
π

2n+1
) = E(Cψ

β̄,2
; S̃n)C , (5)

ìàþòü ìiñöå ïðè âñiõ n ∈ N.

Òåîðåìà 3 ([4]). Íåõàé q ∈ (0, 1), β̄ = βk � äîâiëüíà ïîñëiäîâíiñòü äié-
ñíèõ ÷èñåë i n ∈ N. Òîäi

E(Cq
β̄,2

; S̃n)C = E(Cq
β̄,2

; S̃n;
π

2n+1
) =

2qn+1√
π(1− q2)(1 + q2(2n+1))

.

Íàñòóïíå òâåðäæåííÿ ïîêàçó¹, ùî (5) ìà¹ ìiñöå i äëÿ ψ(k) = k−r, r >
1/2.

Òåîðåìà 4 ([4]). Íåõàé ψ(k) = k−r, r > 1/2, β̄ = βk � äîâiëüíà ïîñëiäîâ-
íiñòü äiéñíèõ ÷èñåë i n ∈ N. Òîäi

E(W r
β̄,2; S̃n)C = E(W r

β̄,2; S̃n;
π

2n+1
) =

=
2√

πΓ(2r)(2n+ 1)r

 1∫
0

ρ−n/(2n+1) ln2r−1 ρ−1

(1− ρ1/(2n+1))(1 + ρ)
dρ

1/2

,

äå Γ(x) � ãàììà-ôóíêöiÿ.
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Íåõàé H = {z : Im z > 0} i H∗ = H\{0}. Çàôiêñó¹ìî q: 0 < q < 1.
Ïîçíà÷èìî At = {z ∈ H : qt < |z| ≤ t}, t > 0. Çàóâàæèìî, ùî

⋃
t>0
At = H∗.

Îçíà÷åííÿ 0.1. Ôóíêöiÿ f íàçèâà¹òüñÿ ìåðîìîðôíîþ â H∗, ÿêùî âîíà
ìåðîìîðôíà â çàìèêàííi êîæíîãî ïiâêiëüöÿ At.

Îçíà÷åííÿ 0.2. Ìåðîìîðôíà â H∗ ôóíêöiÿ f íàçèâà¹òüñÿ ìóëüòèïëiêà-
òèâíî ïåðiîäè÷íîþ ç ìóëüòèïëiêàòîðîì q, 0 < q < 1, ÿêùî äëÿ âñiõ z ∈ H∗
âèêîíó¹òüñÿ ðiâíiñòü

f(qz) = f(z).
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Êëàñ òàêèõ ôóíêöié ïîçíà÷èìî ÷åðåçMq.

Íåõàé f ìóëüòèïëiêàòèâíî ïåðiîäè÷íà ìåðîìîðôíà ôóíêöiÿ â H∗. Ïðè-
ïóñòèìî, ùî f íå ìà¹ íi íóëiâ, íi ïîëþñiâ íà R\{0}. Íåõàé z0 ∈ H∗, f(z0) 6=
0,∞, i log f(z) âèçíà÷åíèé ñïiââiäíîøåííÿì

log f(z) = log f(z0) +

z∫
z0

f ′(ζ)

f(ζ)
dζ,

äå iíòåãðàë áåðåòüñÿ âçäîâæ øëÿõó, ùî ç'¹äíó¹ òî÷êè z0 i z, ó H∗ ç ðàäi-
àëüíèìè ðîçðiçàìè âiä íóëiâ òà ïîëþñiâ ôóíêöi¨ f .

Ñïðàâåäëèâà íàñòóïíà òåîðåìà.

Òåîðåìà 1. Íåõàé f ∈ Mq, f 6= const i f(z) 6= 0,∞ íà R\{0}. Íåõàé
a ∈ C, zn = rne

iαn � a-òî÷êè ôóíêöi¨ f , à wn = ρne
iβn � ïîëþñè f â

At = {z ∈ H : qt < |z| ≤ t}.
Òîäi

r∫
qr

∑
qt<rn≤t

(
qktk−1

rnk
− rn

k

tk+1

)
sin kαndt =

r∫
qr

∑
qt<ρn≤t

(
qktk−1

ρnk
− ρn

k

tk+1

)
sin kβndt, (1)

äëÿ âñiõ r > 0 ïðè êîæíîìó k ∈ Z.

Ñïiââiäíîøåííÿ (1) � öå ðiâíiñòü Êàðëåìàíà äëÿ ìóëüòèïëiêàòèâíî ïå-
ðiîäè÷íî¨ ìåðîìîðôíî¨ ôóíêöi¨ â ïðîêîëåíîìó çàìèêàííi âåðõíüî¨ ïiâïëî-
ùèíè.

Íàñëiäîê 1.1. Íåõàé ôóíêöiÿ f ¹ ãîëîìîðôíîþ i ìóëüòèïëiêàòèâíî ïåði-
îäè÷íîþ ç ìóëüòèïëiêàòîðîì q, 0 < q < 1, ó H∗, f 6= const i f(z) 6= 0,∞ íà
R\{0}. Íåõàé, êðiì òîãî, òî÷êè zn = rne

iαn ¹ a-òî÷êàìè ôóíêöi¨ f , a ∈ C.
Òîäi äëÿ âñiõ r > 0 òà êîæíîãî k ∈ Z, ñïðàâåäëèâå ñïiââiäíîøåííÿ

r∫
qr

∑
qt<rn≤t

(
qktk−1

rnk
− rn

k

tk+1

)
sin kαndt = 0.
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Ðiâíÿííÿ çãîðòêè òà òåîðåìè ç äâîìà ðàäióñàìè äëÿ
ðîçâ'ÿçêiâ ëiíiéíèõ åëiïòè÷íèõ ðiâíÿíü çi ñòàëèìè

êîåôiöi¹íòàìè

Òðîôèìåíêî Î. Ä.

Äîíåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Âàñèëÿ Ñòóñà

odtro�menko@gmail.com

Ðîáîòà ïðèñâÿ÷åíà òåîðåìàì ïðî ñåðåäí¹ çíà÷åííÿ äëÿ ðîçâ'ÿçêiâ îäíî-
ðiäíèõ ëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü çi ñòàëèìè êîåôiöi¹íòàìè íà
êîìïëåêñíié ïëîùèíi, ëiâà ÷àñòèíà ÿêèõ ïðåäñòàâëåíà ó âèãëÿäi äîáóòêó
äåÿêèõ íåâiä'¹ìíèõ öiëèõ ñòåïåíiâ ôîðìàëüíèõ ïîõiäíèõ Êîøi. Iíøèìè
ñëîâàìè, ìîâà éäå ïðî äîñëiäæåííÿ ðîçâ'ÿçêiâ îäíîðiäíîãî ðiâíÿííÿ çãîð-
òêè, ïîðîäæåíîãî êîíêðåòíîãî âèãëÿäó ðîçïîäiëîì ç êîìïàêòíèì íîñi¹ì.

Ó ÷àñòêîâîìó âèïàäêó ðåçóëüòàòè âè÷åðïóþòüñÿ âiäîìèìè ðåçóëüòàòà-
ìè Â. Â. Âîë÷êîâà, ÿêi âiäíîñÿòüñÿ äî òåîði¨ ðiâíÿíü çãîðòêè iç ðàäiàëüíèì
ðîçïîäiëîì. Â çàãàëüíîìó æ âèïàäêó öÿ òåîðiÿ áåñïîñåðäíüî íå ìîæå áó-
òè çàñòîñîâàíà äî âèõiäíîãî ðiâíÿííÿ, i òîìó ðåäóêöiÿ çàãàëüíîãî âèïàäêó
ïîâ'ÿçàíà ç äîâåäåííÿì òîãî, ùî ôóíêöiÿ g(z) := ∂m−s∂̄mf(z) (m ∈ N
òà s ∈ N0 := N ∪ {0}, s ≤ m) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ çãîðòêè iç êîíêðå-
òíèì ðàäiàëüíèì ðîçïîäiëîì ç êîìïàêòíèì íîñi¹ì. Íà ïiäñòàâi öüîãî äàíî
îïèñ äèôåðåíöiéîâíèõ ôóíêöié f ó êðóçi â òåðìiíàõ ðîçêëàäó êîåôiöi¹í-
òiâ Ôóð'¹ ôóíêöi¨ g(z) â ðÿäè ïî ïîñèëåíî ëiíiéíî íåçàëåæíèì ñèñòåìàì
ñïåöiàëüíèõ ôóíêöié.
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Dual spaces to spaces of entire functionsof bounded type
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By Hb(X) we denote the algebra of all analytic functions of bounded type
de�ned on a complex Banach space X. By a symmetric function on `p we
mean a function which is invariant under any reordering of the sequence in `p.
The algebra of symmetric analytic functions with the topology of the uniform
convergence on bounded sets will be denoted Hbs(`p).

In the talk we investigate dual spaces of Hb(X) and Hbs(X).

Ïðî ïîñëiäîâíîñòi íóëiâ i êðèòè÷íèõ òî÷îê öiëèõ
ðîçâ'ÿçêiâ ðiâíÿííÿ f (n) + Afm = 0

Øàâàëà Î. Â.

Äðîãîáèöüêèé äåðæàâíèé ïåäàãîãi÷íèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà

olena.shvl@gmail.com

Ïðîô. À.À.Êîíäðàòþê (äèâ. íàïðèêëàä [1]) çâåðíóâ óâàãó íà òå, ùîá
äîñëiäæóâàòè âëàñòèâîñòi ðîçâ'ÿçêiâ íåëiíiéíîãî ðiâíÿííÿ

f (n) +Afm = 0, n,m ∈ N. (1)

Íåõàé Λ = {λk} � ïîñëiäîâíiñòü êîìïëåêñíèõ ÷èñåë λk, ÿêà íå ìà¹ òî÷îê
ñêóï÷åííÿ â C, P = {pk} i Q = {qk} � ïîñëiäîâíîñòi íàòóðàëüíèõ ÷èñåë, M =
{µk} � ïîñëiäîâíiñòü êîìïëåêñíèõ ÷èñåë µk, ÿêà íå ìà¹ òî÷îê ñêóï÷åííÿ â
C.

Ìè îòðèìàëè íàñòóïíèé ðåçóëüòàò

Òåîðåìà 1. Äëÿ çàäàíèõ ïîñëiäîâíîñòåé Λ, P, M i Q, òàêèõ, ùî λl 6= µk,
l, k ∈ N iñíó¹ ìåðîìîðôíà ôóíêöiÿ A òàêà, ùî ðiâíÿííÿ (1) ìà¹ öiëèé
ðîçâ'ÿçîê f ç íóëÿìè â òî÷êàõ λk êðàòíîñòi pk, ïîõiäíà ÿêîãî f ′ ìà¹ íóëi
â òî÷êàõ µk êðàòíîñòi qk.

Ïîäiáíi çàäà÷i ðîçãëÿäàëèñü ó ïðàöÿõ [2] i [3].

Çàëèøà¹òüñÿ âiäêðèòèì ïèòàííÿ, ÷è ìîæíà çàçíà÷åíó âèùå òåîðåìó
ïîøèðèòè íà øèðøèé êëàñ íåëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü.
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Òåîðåìà òèïó Ñiëi â êëàñi øâèäêî ñïàäíèõ
íåñêií÷åííî äèôåðåíöiéîâíèõ ôóíêöié

Øàðèí Ñ. Â.

Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Âàñèëÿ Ñòåôàíèêà

sharyn.sergii@gmail.com

Âiäîìî [1], ùî íåñêií÷åííî ãëàäêó ôóíêöiþ, çàäàíó íà ïiäïðîñòîði, ìî-
æíà ïðîäîâæèòè íà âåñü ïðîñòið iç çáåðåæåííÿì êëàñó ãëàäêîñòi. Ìè äî-
âîäèìî òåîðåìó òèïó Ñiëi, ÿêà ñòâåðäæó¹, ùî øâèäêî ñïàäíó ôóíêöiþ,
çàäàíó íà Rd+, ìîæíà ïðîäîâæèòè íà âåñü ïðîñòið çáåðiãøè êðiì íåñêií-
÷åííî¨ ãëàäêîñòi ùå é âëàñòèâiñòü øâèäêîãî ñïàäàííÿ.

Äëÿ äîâiëüíèõ t ∈ Rd òà m, k ∈ Zd+ ïîçíà÷èìî tm = tm1
1 . . . tmdd i ∂k :=

∂k1
1 · · · ∂

kd
d , äå ∂kjj := ∂kj

∂t
kj
j

, j = 1, . . . , d; çàïèñ m 4 k îçíà÷à¹ mj ≤ kj äëÿ

âñiõ j = 1, . . . , d.

Íåõàé Sα,β ïîçíà÷à¹ áàíàõîâèé ïðîñòið ôóíêöié íà Rd çi ñêií÷åííîþ
íîðìîþ

‖ϕ‖Sα,β := max
m4α; k4β

sup
t∈Rd

∣∣tm∂kϕ(t)
∣∣ , α, β,m, k ∈ Zd+.

Êîæíå âêëàäåííÿ Sα,β # Sη,γ ïðè η 4 α i γ 4 β öiëêîì íåïåðåðâíå
(äèâ. [2]). Òîìó ïðîñòið Øâàðöà S := S(Rd) =

⋂
α,β∈Zd+

Sα,β íåñêií÷åííî

äèôåðåíöiéîâíèõ øâèäêî ñïàäíèõ ôóíêöié íà Rd ìîæíà íàäiëèòè òîïîëî-
ãi¹þ ïðîåêòèâíî¨ ãðàíèöi lim pr

α,β
Sα,β âiäíîñíî öèõ âêëàäåíü.
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Íåõàé S ′+ � çàìêíóòèé ïiäïðîñòið â S ′ òèõ ðîçïîäiëiâ, íîñi¨ ÿêèõ ìiñòÿ-
òüñÿ â Rd+. Âèçíà÷èìî ïðîñòið S

α,β
+ = {ψ|Rd+ : ψ ∈ Sα,β}, i íàäiëèìî éîãî

íîðìîþ

‖ϕ‖Sα,β+
:= max

m4α; k4β
sup
t∈Rd+

∣∣tm∂kϕ(t)
∣∣ , α, β,m, k ∈ Zd+.

Òóò ψ|Rd+ ïîçíà÷à¹ çâóæåííÿ ôóíêöi¨ ψ íà êîíóñ Rd+. Çàóâàæèìî, ùî âñi

ïîõiäíi ∂kϕ(t) â òî÷êàõ ãðàíèöi êîíóñà Rd+ ìè ðîçóìi¹ìî ÿê îäíîñòîðîííi.
Ïîçíà÷èìî S+ :=

⋂{
Sα,β+ : α, β ∈ Zd+

}
i íàäiëèìî öåé ïðîñòið òîïîëîãi¹þ

ïðîåêòèâíî¨ ãðàíèöi lim pr
α,β

Sα,β+ âiäíîñíî êîìïàêòíèõ âêëàäåíü Sα,β+ # Sη,γ+

ïðè η 4 α i γ 4 β.

Òåîðåìà 1. Iñíó¹ ëiíiéíèé íåïåðåðâíèé îïåðàòîð ðîçøèðåííÿ

Λ: S+ 3 ϕ 7−→ Λϕ ∈ S

òàêèé, ùî Λϕ(t) = ϕ(t) äëÿ âñiõ t ∈ Rd+.

Âiäêðèòèì äëÿ àâòîðà çàëèøà¹òüñÿ ïèòàííÿ: ÷è ïðàâèëüíîþ ¹ òåîðåìà
òèïó Ñiëi äëÿ óëüòðàäèôåðåíöiéîâíèõ ôóíêöié?
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Ñåêöiÿ äèôåðåíöiàëüíèõ ðiâíÿíü òà

ìàòåìàòè÷íî¨ ôiçèêè

Äâîòî÷êîâà çàäà÷à äëÿ ðiâíÿíü iç ÷àñòèííèìè
ïîõiäíèìè ó íåîáìåæåíié ñìóçi

Âîëÿíñüêà I. I.
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Íåõàé Π(T ) = {(t, x) ∈ R2 : t ∈ (0;T ), x ∈ R}, T > 0, Eα,β , α, β ≥ 0, �
ïðîñòið ôóíêöié ϕ ∈ L2(R), äëÿ ÿêèõ ¹ ñêií÷åííîþ íîðìà

‖ϕ‖Eα,β =

√
1

2π

∫ +∞

−∞
(1 + |ξ|)2α exp(2β|ξ|)|ϕ̃(ξ)|2dξ,

äå ϕ̃(ξ) � ïåðåòâîðåííÿ Ôóð'¹ ôóíêöi¨ ϕ(x), Cn([0, T ];Eα,β), α, β ≥ 0, n ∈
N, � ïðîñòið ôóíêöié u(t, x) : Π(T ) → C, ùî ïîõiäíi ∂ru(t, x)/∂tr, r =
0, 1, . . . , n, äëÿ êîæíîãî t ∈ [0, T ] íàëåæàòü äî ïðîñòîðiâ Eα,β âiäïîâiäíî i
íåïåðåðâíi çà çìiííîþ t ó öèõ ïðîñòîðàõ. Íîðìó â ïðîñòîði Cn([0, T ];Eα,β)
âèçíà÷à¹ìî çà ôîðìóëîþ

‖u(t, x);Cn([0, T ];Eα,β)‖ =

n∑
r=0

max
t∈[0,T ]

∥∥∥∂ru(t, x)

∂tr

∥∥∥
Eα,β

.

Â îáëàñòi Π(T ) äëÿ ðiâíÿííÿ

n∑
j=0

an−j
∂nu(t, x)

∂tj∂xn−j
= 0, (t, x) ∈ Π(T ), (1)
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äîñëiäæåíî çàäà÷ó ç äâîòî÷êîâèìè óìîâàìè
∂lj−1u(t, x)

∂tlj−1

∣∣∣
t=0

= ϕj(x), j = 1, . . . ,m,

∂rj−1u(t, x)

∂trj−1

∣∣∣
t=T

= ϕm+j(x), j = 1, . . . , n−m,
(2)

äå a0 = 1, a1, . . . , an ∈C, 1 ≤ l1 < . . . < lm ≤ n, 1 ≤ r1 < . . . < rn−m ≤ n.
Âñòàíîâëåíî óìîâè îäíîçíà÷íî¨ ðîçâ'ÿçíîñòi çàäà÷i (1), (2) ó ïðîñòîðàõ

Cn([0, T ];Eα,β), ÿêùî êîðåíi ìíîãî÷ëåíà
n∑
j=0

an−jλ
j ñïðàâäæóþòü ïåâíi äî-

äàòêîâi âèìîãè.

Àñèìïòîòè÷íà ïîâåäiíêà ñïîñòåðåæóâàíèõ äëÿ ïëèíiâ
òâåðäèõ êóëü

Ãàï'ÿê I.Â.

Êè¨âñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Òàðàñà Øåâ÷åíêà
gapjak@ukr.net

Ãåðàñèìåíêî Â.I.

Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè
gerasym@imath.kiev.ua

Â äîïîâiäi ðîçãëÿäà¹òüñÿ íîâèé ïiäõiä äëÿ îïèñó êiíåòè÷íî¨ åâîëþöi¨
ïëèíiâ òâåðäèõ êóëü çà äîïîìîãîþ ñêåéëií îâî¨ ãðàíèöi Áîëüöìàíà � �ðåäà
äëÿ ìàðãiíàëüíèõ ñïîñòåðåæóâàíèõ. Äëÿ ïî÷àòêîâèõ äàíèõ, ÿêi âèçíà÷à-
þòüñÿ â òåðìiíàõ îäíî÷àñòèíêîâî¨ ôóíêöi¨ ðîçïîäiëó âñòàíîâëåíî çâ'ÿçîê
ìiæ àñèìòîòè÷íîþ ïîâåäiíêîþ íåïåðòóðáàòèâíîãî ðîçâ'ÿçêó çàäà÷i Êîøi
äëÿ äóàëüíî¨ i¹ðàðõi¨ ðiâíÿíü ÁÁ�ÊI ñèñòåìè òâåðäèõ êóëü òà ðîçâ'ÿçêó
êiíåòè÷íîãî ðiâíÿííÿ Áîëüöìàíà.

Ðîçãëÿäà¹òüñÿ ïîáóäîâà êiíåòè÷íîãî ðiâíÿííÿ òèïó Áîëüöìàíà ç ïî÷à-
òêîâèìè êîðåëÿöiÿìè, ÿêi ìîæóòü îïèñóâàòè êîíäåíñîâàíi ñòàíè ïëèíiâ
òâåðäèõ êóëü. Òàêîæ, â äîïîâiäi îïèñó¹òüñÿ ïðîöåñ ïîøèðåííÿ ïî÷àòêîâèõ
êîðåëÿöié â ñêåéëi îâié ãðàíèöi Áîëüöìàíà � �ðåäà.
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Ó ïðÿìîêóòíèêó D = {(t, x) : t ∈ [0, T ], x ∈ [0, L]} äîñëiäæóþòüñÿ óìîâè
êëàñè÷íî¨ êîðåêòíîñòi çàäà÷i

utt(t, x) + a2uxxxx(t, x) + buxx(t, x) + cu(t, x) = 0, (1)

u(t, 0) = ux(t, 0) = uxx(t, L) = uxxx(t, L) = 0, (2)

u(0, x) + u(T, x) = ϕ(x), ut(0, x) + ut(T, x) = ψ(x), (3)

äå a, b, c ∈ R, ϕ(x), ψ(x) � çàäàíi ôóíêöi¨ çi øêàëè ïðîñòîðiâ {Hq[0, L]}q∈R,
Hq[0, L] � ïðîñòið óñiõ òðèãîíîìåòðè÷íèõ ðÿäiâ âèãëÿäó ω(x) =

∑
k∈N

ωkYk(x)

çi ñêií÷åííîþ íîðìîþ ‖ω‖Hq [0,L] =

(∑
k∈N

(1 + k)2q|ωk|2
)1/2

, q ∈ R, Yk(x) �

ïîâíà îðòîíîðìîâàíà ñèñòåìà ç ïðîñòîðó L2[0, L].

Ðîçâ'ÿçîê u(t, x) çàäà÷i (1)�(3) øóêà¹ìî ó ïðîñòîði C2([0, T ];Hq[0, L]).

Êîðåêòíà ðîçâ'ÿçíiñòü çàäà÷i (1)�(3) çàëåæèòü âiä äiîôàíòîâèõ âëà-
ñòèâîñòåé ïîñëiäîâíîñòi {1 − cosβkT}k∈N, äå βk =

√
a2r4

k − br2
k + c,

rk ≈ π
L (2k − 1) � íàáëèæåíèé êîðiíü ðiâíÿííÿ ch rL · cos rL = 1. ßêùî öÿ

ïîñëiäîâíiñòü íå ìiñòèòü íóëüîâèõ ÷ëåíiâ, òîáòî äëÿ äîâiëüíèõ (k,m) ∈ N2

βk 6= 2πm/T,
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òî çàäà÷à (1)�(3) ìà¹ ¹äèíèé ðîçâ'ÿçîê

u(t, x) =

∞∑
k=1

sin (2t+T )βk
2 cos βkT2 · ψk − sin (2t−T )βk

2 sin βkT
2 · βkϕk

2βk sin2 βkT
2

· Yk(x),

äå ϕk i ψk � êîåôiöi¹íòè Ôóð'¹ ôóíêöié ϕ i ψ âiäïîâiäíî,

Xk(x) =
sin rkL− sh rkL

cos rkL− ch rkL
(ch rkx− cos rkx) + sh rkx− sin rkx,

‖Xk(x)‖ =

L∫
0

(
sin rkL− sh rkL

cos rkL− ch rkL
(ch rkx− cos rkx) + sh rkx− sin rkx

)2

dx = C,

äå C � äåÿêà ñòàëà, Yk(x) = Xk(x)
‖Xk(x)‖ .

Çà äîïîìîãîþ ìåòðè÷íîãî ïiäõîäó [1] îòðèìàíî òàêi òâåðäæåííÿ.

Òåîðåìà 1. Äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â R) ÷èñåë a ∈ [a1, a2]
íåðiâíiñòü

|1− cosβkT | ≥ 2k−γ

âèêîíó¹òüñÿ äëÿ âñiõ (êðiì ñêií÷åííî¨ êiëüêîñòi) çíà÷åíü k ∈ N i γ > 0.

Òåîðåìà 2. Äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â R) ÷èñåë T > 0
íåðiâíiñòü

|1− cosβkT | ≥ T 2k−γ

âèêîíó¹òüñÿ äëÿ âñiõ (êðiì ñêií÷åííî¨ êiëüêîñòi) çíà÷åíü k ∈ N ïðè γ > 2.

Òåîðåìà 3. Íåõàé äëÿ äîâiëüíèõ (k,m) ∈ N2 βk 6= 2πm/T òà iñíóþòü
÷èñëà C1 > 0 i γ ∈ R òàêi, ùî íåðiâíiñòü

|1− cosβkT | ≥ C1k
−γ

âèêîíó¹òüñÿ äëÿ âñiõ (êðiì ñêií÷åííî¨ êiëüêîñòi) íàòóðàëüíèõ k. Òîäi,
ÿêùî ϕ ∈ Hq+γ+4[0, L] i ψ ∈ Hq+γ+2[0, L], äå γ > 2, òî iñíó¹ ¹äèíèé
ðîçâ'ÿçîê çàäà÷i (1)�(3), ùî íåïåðåðâíî çàëåæèòü âiä ïðàâèõ ÷àñòèí óìîâ
(3), òîáòî

‖u‖2C2([0,T ];Hq [0,L]) ≤ C2

(
‖ϕ‖2Hq+γ+4[0,L] + ‖ψ‖2Hq+γ+2[0,L]

)
,

äå C2 � íåçàëåæíà âiä k ñòàëà.
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Íåõàé f(t) =
∑
k=0

fkt
k � öiëà ôóíêöiÿ ç íåíóëüîâèìè êîåôiöi¹íòàìè fk,

k ≥ 0. Äëÿ öiëî¨ ôóíêöi¨ ϕ(t) =
∞∑
k=0

ϕkt
k îïåðàòîð

Df(t)ϕ(t) =
∞∑
k=1

ϕk
fk−1

fk
tk−1,

íàçèâà¹òüñÿ îïåðàòîðîì óçàãàëüíåíîãî äèôåðåíöiþâàííÿ ôóíêöi¨ ϕ, ùî
âiäïîâiäà¹ ôóíêöi¨ f [1].

Íåõàé H � ñåïàðàáåëüíèé ãiëüáåðòiâ ïðîñòið çi çëi÷åííîþ áàçîþ {ek}∞k=1

òà ñêàëÿðíèì äîáóòêîì (·, ·)H . Ôóíêöiÿ u(t) : C→ H ÷èñëîâîãî àðãóìåíòó
t ∈ C çi çíà÷åííÿìè â ïðîñòîði H íàçèâà¹òüñÿ öiëîþ, ÿêùî äëÿ êîæíîãî
k ∈ N ôóíêöiÿ (u(t), ek)H ¹ öiëîþ.

Äîïîâiäü ïðèñâÿ÷åíà âèêëàäó ðåçóëüòàòiâ, îòðèìàíèõ ïðè äîñëiäæåííi
òàêî¨ íåëîêàëüíî¨ çàäà÷i:

Df(t)u(t) = Au(t), t ∈ C, (1)

u(0)− µu(T ) = ϕ, µ ∈ C\{0}, ϕ ∈ H, (2)

äå A : H → H � òàêèé ëiíiéíèé îïåðàòîð, ùî Aek = λkek, k ∈ N, λj 6= λq
(j 6= q), ïðè÷îìó |λk| ≥ 1, lim

k→∞
|λk| = ∞. Âñòàíîâëåíî óìîâè ðîçâ'ÿçíîñòi

çàäà÷i (1), (2) ó êëàñàõ öiëèõ çà tôóíêöié u(t) : C→ H, ÿêùî ïðàâà ÷àñòèíà
ϕ íåëîêàëüíèõ óìîâ (2) íàëåæèòü äî ïåâíîãî ïiäïðîñòîðó, ïîðîäæåíîãî
îïåðàòîðîì A, ïðîñòîðó H.
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Â îáëàñòi (t, x) ∈ R1+s, x = (x1, . . . , xs), s ∈ N, çà äîïîìîãîþ äèôå-
ðåíöiàëüíî-ñèìâîëüíîãî ìåòîäó [1] äîñëiäæåíî ðîçâ'ÿçíiñòü äâîòî÷êîâî¨ çà
÷àñîì çàäà÷i äëÿ íåîäíîðiäíîãî ðiâíÿííÿ[ ∂2

∂t2
+ 2 a

( ∂
∂x

) ∂
∂t

+ b
( ∂
∂x

)]
U(t, x) = f(t, x) (1)

ç îäíîðiäíèìè ëîêàëüíèìè óìîâàìè

Aj1

( ∂
∂x

)
U(h(j − 1), x) +Aj2

( ∂
∂x

)∂U
∂t

(h(j − 1), x) = 0, j = 1, 2, h > 0. (2)

Ó ðiâíÿííi (1) âèðàçè a
(
∂
∂x

)
, b
(
∂
∂x

)
� öå äèôåðåíöiàëüíi âèðàçè çi ñòàëè-

ìè êîìïëåêñíèìè êîåôiöi¹íòàìè, ñèìâîëè ÿêèõ a(ν), b(ν) ¹ öiëèìè ôóíê-
öiÿìè äëÿ ν = (ν1, . . . , νs) ∈ Cs, f(t, x) � çàäàíà öiëà íåíóëüîâà ôóíêöiÿ.

Â óìîâàõ (2) Aj1
(
∂
∂x

)
, Aj2

(
∂
∂x

)
, j = 1, 2, � äèôåðåíöiàëüíi ïîëiíî-

ìè ç êîìïëåêñíèìè êîåôiöi¹íòàìè, ñèìâîëè ÿêèõ ñïðàâäæóþòü óìîâó(
|A11 (ν)|2 + |A12 (ν)|2

)(
|A21 (ν)|2 + |A22 (ν)|2

)
6= 0 äëÿ êîæíîãî ν ∈ Cs.

Ðîçãëÿíóòî âèïàäîê, êîëè õàðàêòåðèñòè÷íèé âèçíà÷íèê çàäà÷i (1), (2)
òîòîæíüî äîðiâíþ¹ íóëþ. Äîâåäåíî, ÿêùî iñíó¹ x ∈ Rs, äëÿ ÿêîãî âèêîíó-
¹òüñÿ õî÷à á îäíà ç óìîâ

f

(
∂

∂λ
,
∂

∂ν

){
A1k(ν)Φ(λ, ν)eν1x1+ν2x2+...+νsxs

}∣∣∣
λ=0, ν=O

6= 0, k = 1, 2,

äå Φ(λ, ν) � äåÿêà öiëà ôóíêöiÿ, òî ðîçâ'ÿçîê çàäà÷i (1), (2) ó êëàñi öiëèõ
ôóíêöié íå iñíó¹.
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Ó öèëiíäði D = [0, h] × Ω, äå h > 0, Ω � îäíîâèìiðíèé òîð R/2πZ,
ðîçãëÿäà¹òüñÿ çàäà÷à ç äâîòî÷êîâèìè óìîâàìè

∂2
t u− 2a(∂x)∂tu+ b(∂x)u = 0, (1)

a1(∂x)∂tu+ b1(∂x)u
∣∣
t=0

= ϕ1, (2)

a2(∂x)∂tu+ b2(∂x)u
∣∣
t=h

= ϕ2, (3)

äå äèôåðåíöiàëüíi âèðàçè a(∂x) = a0∂x + a1, b(∂x) = b0∂
2
x + b1∂x + b2,

aα(∂x) = aα0∂x + aα1, bα(∂x) = bα0∂
2
x + bα1∂x + bα2, ìàþòü êîìïëåêñíi
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êîåôiöi¹íòè aα, bα, aαβ , bαβ ; ôóíêöi¨ ϕ1 = ϕ1(x) i ϕ2 = ϕ2(x)� çàäàíi, à
ôóíêöiÿ u = u(t, x)�øóêàíèé ðîçâ'ÿçîê.

Äëÿ äiéñíèõ ÷èñåë q, α i ôóíêöi¨ β : [0;T ] → R âèêîðèñòîâó¹òüñÿ ïà-
ðà øêàë {Eqα}q∈R i {E2,q

β }q∈R, äå Eqα = Eqα(Ω)�ïðîñòið ïåðiîäè÷íèõ çà x

ôóíêöié v =
∑
k∈Z vke

ikx ç íîðìîþ ‖v‖Eqα =
(∑

k∈Z(1 + k2)qe2α|k||vk|2
)1/2

;

E2,q
β = E2,q

β (D)�ïðîñòið ôóíêöié u = u(t, x), ïîõiäíi ÿêèõ ∂rt u(t, ·) äëÿ

êîæíîãî r = 0, 1, 2 i äëÿ êîæíîãî t ∈ [0, T ] íàëåæàòü äî ïðîñòîðiâ Eq−rβ(t)(Ω)
i íåïåðåðâíi çà çìiííîþ t ó öèõ ïðîñòîðàõ.

Çà óìîâè, ùî êîðåíi êâàäðàòíîãî òðè÷ëåíà λ2 − 2a0λ + b0 ¹ íåíóëüî-
âèìè, íå ëåæàòü íà ãîðèçîíòàëüíié ïðÿìié i íå ¹ êîðåíÿìè êâàäðàòíîãî
òðè÷ëåíà (a10λ+ b10)(a20λ+ b20), âñòàíîâëåíî ðîçâ'ÿçíiñòü çàäà÷i (1)�(3) ó
âêàçàíèõ øêàëàõ ïðîñòîðiâ. Çíàéäåíî âèãëÿä ðîçâ'ÿçêó, éîãî ãëàäêiñòü ó
øêàëi i äîâåäåíî ñêií÷åíó âèìiðíiñòü ÿäðà çàäà÷i.

Ïîêàçàíî âiäñóòíiñòü ïðîáëåìè ìàëèõ çíàìåííèêiâ [1], ÿêà çàçâè÷àé âè-
íèêà¹ ó âèïàäêó áàãàòîâèìiðíî¨ çìiííî¨ x.
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Îá÷èñëåííÿ ðåçåðâó íåçàðîáëåíî¨ ïðåìi¨ ïðè
ñòðàõóâàííi ðiçíèõ òèïiâ ðåíò

Äàíèëþê Ð. Â.

Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Âàñèëÿ Ñòåôàíèêà

mfa@pu.if.ua

Ìàðöiíêiâ Ì. Â.

Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Âàñèëÿ Ñòåôàíèêà

mariadubey@gmail.com

Ó ìiæíàðîäíié ïðàêòèöi ñòðàõóâàííÿ æèòòÿ ïîäiëÿþòü íà: ñòðàõóâàííÿ
êàïiòàëiâ òà ñòðàõóâàííÿ ðåíò. Ïðè ðåíòíîìó ñòðàõóâàííi ïåâíà îáóìîâ-
ëåíà äîãîâîðîì ÷àñòêà âèïëà÷ó¹òüñÿ ñòðàõóâàëüíèêîâi (çàñòðàõîâàíîìó)
ó âèãëÿäi ðåãóëÿðíèõ ïåðiîäè÷íèõ âèïëàò, à çàãàëüíà ñóìà òàêèõ âèïëàò
çàëåæèòü âiä òðèâàëîñòi æèòòÿ ñòðàõóâàëüíèêà (çàñòðàõîâàíîãî). Ðiçíî-
âèäàìè ðåíòíèõ âèïëàò ¹: ùîði÷íà ðåíòà, ïîìiñÿ÷íà ðåíòà, âiäñòðî÷åíà
ðåíòà, ñiìåéíà ðåíòà, äîâi÷íà ðåíòà òà iíøi.Ñòðàõóâàííÿ ðåíòè (àíó¨òåòó)
ïåðåäáà÷à¹, ùî ñòðàõóâàëüíèê âíîñèòü äî ñòðàõîâî¨ êîìïàíi¨ çà îäèí ðàç
àáî ðîçñòðî÷åíèìè ïëàòåæàìè ïåâíó ñóìó, ÿêó âîíà âèêîðèñòîâó¹ äëÿ öi-
ëåé iíâåñòóâàííÿ. Íåîáõiäíiñòü íàÿâíîñòi ñòðàõîâèõ ðåçåðâiâ îáóìîâëåíà
òèì÷àñîâèì ðîçðèâîì ìiæ íàäõîäæåííÿì ñòðàõîâî¨ ïðåìi¨ i ¨¨ âèòðàòîþ íà
ñòðàõîâi âèïëàòè. Îñêiëüêè ñòðàõîâà ïðåìiÿ ïî äîãîâîðàõ ñòðàõóâàííÿ çàâ-
æäè íàäõîäèòü ðàíiøå, íiæ âiäáóâàþòüñÿ ñòðàõîâi âèïàäêè i ïðîâàäÿòüñÿ
ñòðàõîâi âèïëàòè, òå íåîáõiäíî ðåçåðâóâàòè ¨¨ íà ìàéáóòí¹ äëÿ çàáåçïå-
÷åííÿ ñòðàõîâèõ âèïëàò øëÿõîì ñòâîðåííÿ ñòðàõîâîãî ôîíäó. Ïiä íåçà-
ðîáëåíîþ ïðåìi¹þ íà ñó÷àñíèé ìîìåíò ÷àñó ðîçóìiþòü ÷àñòèíà òåõíi÷íî¨
ïðåìi¨, ïðèçíà÷åíî¨ äëÿ çäiéñíåííÿ ìàéáóòíiõ ñòðàõîâèõ âèïëàò ïî äiþ÷èì
äîãîâîðàõ ñòðàõóâàííÿ ç óðàõóâàííÿì àäìiíiñòðàòèâíèõ âèòðàò. Ó äîïî-
âiäi ðîçãëÿäàòèìóòüñÿ ðiçíi òèïè àíó¨òåòiâ òà ìåòîäè îá÷èñëåííÿ ðåçåðâó
íåçàðîáëåíî¨ ïðåìi¨, çîêðåìà ìåòîä 365 ÷àñòîê, ìåòîä 24 ÷àñòîê, ìåòîä 8
÷àñòîê, à òàêîæ îá÷èñëåííÿ ñåðåäíüîãî ðiâíÿ ðåçåðâó íåçàðîáëåíî¨ ïðåìi¨.
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Äåêîìïîçèöiÿ íåïåðåðâíîñòi n-ëiíiéíèõ i
ïîëiíîìiàëüíèõ âiäîáðàæåíü
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Ó ïðàöi [1] áóëî ââåäåíî ïîíÿòòÿ ïåðåõiäíîñòi âiäîáðàæåíü f : X → Y
ìiæ òîïîëîãi÷íèìè i áóëà äîâåäåíà çàãàëüíà òåîðåìà ïðî äåêîìïîçèöiþ íå-
ïåðåðâíîñòi ç ó÷àñòþ ïåðåõiäíîñòi i ñëàáêî¨ âëàñòèâîñòi Äàðáó äëÿ ëîêàëü-
íî çâ'ÿçíîãî ïðîñòîðó X. Ïîòiì â ðîáîòi [2] áóëî âñòàíîâëåíî, ùî êîæíå
ëiíiéíå âiäîáðàæåííÿ f : X → Y ìiæ òîïîëîãi÷íèìè âåêòîðíèìè ïðîñòî-
ðàìè (êîðîòêî: ÒÂÏ) ìà¹ ñëàáêó âëàñòèâiñòü Äàðáó, òîáòî ïåðåâîäèòü
êîæíó îáëàñòü ó çâ'ÿçíó ìíîæèíó, i òîìó ïåðåõiäíiñòü ëiíiéíîãî âiäîáðà-
æåííÿ ðiâíîñèëüíà éîãî íåïåðåðâíîñòi. Òóò ìè ïåðåíîñèìî öåé ðåçóëüòàò
íà n-ëiíiéíi i ïîëiíîìiàëüíi âiäîáðàæåííÿ.

Íåõàé X = X1× ...×Xn � äîáóòîê âåêòîðíèõ ïðîñòîðiâ Xk íàä îäíèì i
òèì æå ïîëåì K äiéñíèõ àáî êîìïëåêñíèõ ÷èñåë i Y � ùå îäèí âåêòîð-
íèé ïðîñòið íàä ïîëåì K. Íàãàäà¹ìî, ùî íàðiçíî ëiíiéíi âiäîáðàæåííÿ
f : X → Y íàçèâàþòüñÿ n-ëiíiéíèìè. ßêùî Xk ïðè k = 1, ..., n � öå ÒÂÏ,
òî i ¨õ äîáóòîê X ç òîïîëîãi¹þ äîáóòêó � öå òåæ ÒÂÏ.

Ðîçâèâàþ÷è ìåòîä, çàñòîñîâàíèé ó [2] iíäóêöi¹þ âiäíîñíî n íåñêëàäíî
äîâîäèòüñÿ

Òåîðåìà 1. Äëÿ äîâiëüíèõ ÒÂÏ X1, ..., Xn i Y êîæíå n-ëiíiéíå âiäîáðà-
æåííÿ f : X1 × ...×Xn → Y ìà¹ ñëàáêó âëàñòèâiñòü Äàðáó.
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Íàãàäà¹ìî, ùî âiäîáðàæåííÿ f : X → Y ìiæ òîïîëîãi÷íèìè ïðîñòîðà-
ìè íàçèâà¹òüñÿ ïåðåõiäíèì ó òî÷öi x0, ÿêùî äëÿ êîæíîãî îêîëó V òî÷êè
y0 = f(x0) ó ïðîñòîði Y iñíóþòü îêië U òî÷êè x0 ó ïðîñòîði X i âiäêðèòèé
îêië W òî÷êè y0 ó ïðîñòîði Y , òàêi, ùî W ⊆ V i f(U) ⊆ W t (Y \W ), i
ïðîñòî ïåðåõiäíèì, ÿêùî âîíî ¹ òàêèì ó êîæíié òî÷öi ç ïðîñòîðó X.

Ç äîïîìîãîþ òåîðåìè 1 i çàãàëüíî¨ òåîðåìè ïðî äåêîìïîçèöiþ íåïåðåðâ-
íîñòi ç [1] îòðèìó¹òüñÿ

Òåîðåìà 2. Íåõàé X = X1 × ... × Xn � äîáóòîê ÒÂÏ, Y � ÒÂÏ i
f : X → Y � n-ëiíiéíå âiäîáðàæåííÿ. Òîäi f áóäå ïåðåõiäíèì ó òîìó i
òiëüêè òîìó âèïàäêó, êîëè f íåïåðåðâíå.

Íàãàäà¹ìî, ùî âiäîáðàæåííÿ f : X → Y ìiæ âåêòîðíèìè ïðîñòîðà-
ìè íàä ïîëåì K íàçèâà¹òüñÿ n-îäíîðiäíèì ïîëiíîìîì, ÿêùî iñíó¹ òàêå n-
ëiíiéíå âiäîáðàæåííÿ g : Xn → Y , ùî f(x) = g(x, ..., x) íà X. Ïîëiíîì

f : X → Y ñòåïåíÿ ≤ n � öå ñóìà f =
n∑
k=0

fk, äå fk : X → Y � öå k-

îäíîðiäíèé ïîëiíîì ïðè k = 0, ..., n.

Ïîäiáíî äî òåîðåìè 1 äîâîäèòüñÿ i

Òåîðåìà 3. Íåõàé X òà Y � ÒÂÏ i f : X → Y � ïîëiíîì ñòåïåíÿ ≤ n.
Òîäi f ìà¹ ñëàáêó âëàñòèâiñòü Äàðáó.

Çâiäñè âèïëèâà¹

Òåîðåìà 4. Íåõàé X òà Y � ÒÂÏ i f : X → Y � ïîëiíîì ñòåïåíÿ ≤ n.
Òîäi f áóäå ïåðåõiäíèì ó òîìó i òiëüêè òîìó âèïàäêó, êîëè f íåïåðåðâíå.
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